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Math 1352-11 — WWO06 Solutions
October 25, 2008

Assigned problems: 7.5 — 2, 12, 14, 20, 66; 7.6 — 4, 6, 8; 7.7 — wwint3, 4, 12, 20, 36

Always read through the solution sets even if your answer was correct.

Note that with these and many of the integrals in this course, there is more than one way to do the problems. Your
solution may be correct even if you used a different method than what I chose. If so, your answer should be mathematically
the same as mine, although it can take some algebra and trig identities to see it. If you ever have questions about the method
you tried and whether it is correct, please ask.

1. (7.5 #2)
2z +3 de — du
Va2 + 3z Vu
(Where we let u = 2* + 3z and du = (22 + 3)dx)
= u'?24C

|2\/x2 + 3z + C|

2. (7.5 #12) First note that sin 2z = 2sinx cosz, so we have
/ Sin.&i de — / 2sin as- C(is:c e
1+4sin" 2 1+sin"z
(Now let u = sin® z and du = 2sinz cos z dx)

_ / du
B 14 u?
= tan lu+C

|tan_1(sin2 r) + C’|

3. (7.5 #14) We'll use a trig substitution letting = 2sinf and dx = 2 cos 6 db:

3z +2 /(3-251n9+2)
——dx = ————+(2cosf) df
Vi —a? V4 —4sin?
12sin 0 cos 6 4 cosf
= —df+ | ———= df
V4cos? 6 V4cos?6
_ 6/81119(;039 d0+2/c0s0 20
cosf cosf
= 6/Sin9d0+2/d0
= —6cosf+20+C
1
(From the substitution, sin@ = x/2, therefore cos = 3V 4 — 22 and 0 = sin"'(2/2).)
= |-3v4 — 22 +2sin! (%) +C
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4. (7.5 #20)

/ dx - / dx i

4—e 4 —eT \ e®
e$

- /4ez—ld$

(Let u=4e® — 1 and du = 4€” dz)

1 [du

N

= 1ln|u|—|—C'
4

= |fInl4e”" - 1|+ C

5. (7.5 #66)

522 4+ 3z — 2
—_————dx
3 4+ 222

Nothing cancels and we don’t have a simple substitution, so try partial fractions.

5$2+3$—2 - A1$+B1+ A2
3 + 222 B x2 T+ 2
522 +3x—2 = (Aiz+ By)(z+2) + Aga?

= (A1 + A2)$2 + (2A1 + Bl)x + 231
Now we equate coefficients of each degree of x giving us equations for Ay, By, As:

AL+ Ay
2A1+B; =
B, = -1

Solving these equations gives A1 =2, By = —1, and As; = 3. So we have:
522 + 3z — 2 20 — 1 3
—————dr = —_— d
/ 3 + 222 v / 72 + T+ 2 v
2 1 3
= -—— =+ ——d
/ x 2 + T+ 2 v

= 2njz[+ 1 +3mjz+2[+C
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6. (7.6 #4)
dy
2
i - 92
x dx—i-xy
dy 'y _ 2
de =z 2
Yy Pay = QW

where P(z) = 1/z and Q(x) = 2272,

I($) _ ef P(z) dx
_ ef% dx

eln x

= X

‘ -

y(z) = [/ ()(ﬁu+c]

o]

2In|z| + C]

| BI= B 8Im M~

:T

_ Ix\+c

7. (7.6 #6)

d 2 1
y+(l'+ )y:€2z
dzx T

P(z) = 22t and Q(z) = e *

I(IE) _ ef P(z) dx

ef 21':»1 dx

2+l, dx
of 242

2z+lnr

621,61119:

= ze*
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yz) = [/Q m+4

—_ .’L‘_l —2z /e—2$ 2z d.’L‘—‘rC:|

= g le %@ /xdm—l—C]

1
_ 1'71672:” 5.%2 + C:|

1
= ixe_% +Czx e

T C
= 262w + $e2x
8. (7.6 #8)
dy 2y _Inw
dx x oz

P(z) =2 and Q(z) = 1“7””

I($) _ efP(r)d:r
_ i
621111:

_ (elnac)2

= [1:‘2

yz) = Il{/Q <m+c]

L x

= g2 /:vlnxd:t—i—C}

1 1
(We’'ll use integration by parts on the integral. Let w = Inz and dv = x dz, giving du = — dx and v = 53:2)
x

1 1
= g2 _2m2lnx—/2x dx—i—C]

1 1
= z72 2x21nz4$2+0}

_ |1 _1, C
= 2hax y it
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9. (7.7 webwork)

9.1. This integral is improper since the upper limit of integration is co. So we need to decide if it converges or diverges.

o0 2 N 2
se** ds = lim se*” ds
1 N—oo Jq
(let w = 4s* and du = 8s ds)
s=N
= lim —e* du
N —oo s=1 8
s=N
= lim -e€*
N —oo 8 s=1
. 2
= lim Ze*
N —oo 8 1
o1 2 1
= lim - — ¢t >

The limit goes to infinity, so the improper integral diverges. @I

9.2. This integral is improper because the integrand is unbounded at x = 4. So we need to split into two improper
integrals.

/9 L /4 de /9 dz
0 \3/$—4 N 0 \3/37—4 4 \S/x—4
toda

I + i / e
= 1m p—— 1m ppy—
t—4— 0 \3/ €Xr — 4 t—4+ t \3/,],' — 4

t 9

o 3 2/3 .3 2/3
= lim 2(93 4) +t1~1>14111+2(:c 4)

t—4— 0 t
0 0
_ 3 53 3 2/3 - 3 2/3 3 5/3
= im0 O 477+ i | 5O —4) (t

= (The left and right limits both go to zero.)
- Vi LV

Both improper integrals converge, so the original improper integral converges.
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9.3. This integral is improper since both limits of integration are unbounded. The integrand is bounded at x = 0, so
we will split the integration at that point.

* gz 0 T oo g
" dr = —d —d
/_Ooas2+5 “ /_Oo:c2+5 x+/0 22157

o g N
- tl”lnoo/t $2+5d$+1\}£noo/0 :z:2+5dglj

= (Letu=2>+5 and du =2z dx.)

. 1 (% qu . 1 N du
= lim — — + lim = —
t——o0 2 =t U N—oo 2 t=0 u

=0

1
= lim —lIny
t——o00 2

r=t
0
t

1 1
= lim —Injz® +5|| lim —In|z?+ 5|
t——o0 2 N—oo 2

Both limits go to infinity, therefore the original improper integral diverges. In order to converge, both limits
would have to converge.

9.4.

97 /2
/ tan?(4z) dx

—m/4

This integral is improper because tan 6 is unbounded whenever cos# = 0, and the limits of integration include such
values of §. To do this integral, we would need to split the integral at every x value where tan(4z) is unbounded.
All of these integrals would need to converge for the original improper integral to converge. So we will look at the
first interval. Starting at the lower limit 2 = —7, the first value of x for which tan(4z) is unbounded is at x = §

which gives tan(7/2) which is unbounded.

/8 N
/ tan?(4r) dr = lim tan?(4x) de  (We'll used Formula 404 with a =4 and u = x.)
—m/4 N—%~J_x/4
N
_ g {tanl(fx) B m}
N—g~ —7/4
B tan(4N) tan(—m) 7
= { 4 N} { 4 1
T 7r
-5 - lo+ ]
= o

This limit diverges. Therefore, this one improper integral on [—m/4, 7/8] diverges and therefore the entire original
improper integral diverges.
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9.5.
9
/ In(z —4) dx
4
This integral is improper because the integrand In(x — 4) is unbounded at one of the limits of integration, x = 4.
9 9
In(x —4)dx = i In(x —4)d
A n(z —4) dx Jlim t n(z —4) dx
9

= lim [(z —4)In(x — 4) — (z — 4)]

t—4+ ¢

. 0
= 5In5—5— lim |(t—4)In(t—4)—
t—4+
= 5lnb—-5+0—- 1 t—4)In(t—4
05— 5+0— lim (¢~ 4)In(t - 4
(This limit has indeterminate form 0 - (—oc). We’ll rewrite it to have form %
so we can apply L’hopital’s rule.)
In(t — 4 —
= 5ln5-5-— tliiﬂ [(;1(_4)_)1] (This limit now has form g; use L’hopital )
0
= 5In5—5— lim+M
t—4
= 5ln5-5
Therefore, this improper integral converges to 5In5 — 5.
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9.6.

oo
/ N
14 Vt2—16
This integral is improper since the upper limit of integration is unbounded and the integrand is unbounded at the

lower limit of integration. We’ll try splitting it up at an unspecified value of M > 4 and see if the split integral
converges.

/OO ! dt li /N ! dt
- —  lim -
M V2 —16 N—oo Jor V12 —16
(Let w = 4sec and du = 4secftanb)
~ lim N 4secOtanf db
N—oo Jar v/16sec? 6 — 16
i /N A sec Otarr® db
= lim —_
M M
N
= lim secl df (Use Formula 425.)
N—oo M

N—oo

t=N
= lim ln|sec€—|—tan9|‘
N—oo t=M

t 1
(Note that since sec§ = 1 e know that tanf = ZV t2 —16)

¢ 1 t=N
= lim In|-+-vt2—-16
N—oo 4 4 =M
N 1 /=7 M 1

The limit goes to oo, so the integral diverges. This integral diverges regardless of the value of M. Therefore the
original improper integral diverges. @

9.7.
o0
/ sindx dz
—o00
This integral is improper because the limits of integration are unbounded. We’ll try splitting at = 0.
00 0 oo
/ sindx der = / sindx dr + / sindx dx
0 N
= lim sindx dr + lim sindx dz
t——o0 + N—oo 0
1 0 N
= lim —-cosdz| + lim —-cosdx
t——oco 4 ¢ N—oco 4 0
The limits diverge. In order for the original integral to converge, both of these integrals would have to converge.
Therefore, the original improper integral diverges.
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9.8.
457
/ sinztan~!z dx
The limits of integration are both bounded and the integrand is bounded for all values of x, so the integral is
proper.
10. (7.7 #4)
0o N
/ dz = lim V3 da
1 Ve N—oo Jy
N
= lim §x2/3
N—oo 2 1
~ lim SN2 3

The limit goes to oo, therefore the improper integral diverges.

11. (7.7 #12)
[eS) N
/ e Pdr = lim e " dx
0 N=o0 Jo
N
= lim —e™®
N—o00 0
0
_ li 1
o Ngnoo 76N + E
=1
|Converges to 1.|
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12. (7.7 #20)

o0
/ ze Ydr =
0

|Converges to 1.]

13. (7.7 #36)

N

lim re ¥ dx
N—oo 0

(Integrate by parts. Let u =z and dv = e~ " dx, which gives du = dx and v = —e"*.)

N
. _oIN _
lim | —=zxe ”’| + e " dx
N—oo 0 0

lim _—Ne_N—O—e_””{éV]
N—oo L

. [ N 1 1
N TN 0T T

: N . 1 b . (00
A}gnoo N~ ngnoo g +1 (Use L’hopital on first limit (£> .)

0 0
. . 1
]\}gnooieNingnoo N+1

1

The integrand is unbounded at z = 1, so we need to split up the integral.

P A
No1- Sy (1—2)2  —1v ), (1—2)2

(Let u=1— 2z and du = —dz)

) N _du . 2 _du
hm —s —+ hm 5
N—1~Jg u t—1+ t u
N 2
lim v + lim w~ !
N—1— 0 t—1+ t
N 2
li —_— lim —
T, Ten oo,
1
1+ L 1
R R 11—
o0 00

1 1
I Vé lim — i
R 7 v e SR pZa

|The integral diverges.|

Copyright 2008, Victoria Howle and Department of Mathematics & Statistics, Texas Tech University.

All rights reserved. No part of this document may be reproduced, redistributed, or transmitted
in any manner without the permission of the instructor.

10



