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Abstract. In this paper we initiate a study of the non-abelian theta
functions of the SU(2)-Chern-Simons theory with the methods used by
A. Weil for studying classical theta functions. As corollar ies, we obtain
a description of the Reshetikhin-Turaev representation of the mapping
class group of a closed surface, which identi�es it as a Fourier transform,
we prove a Stone-von Neumann theorem on the torus, and we give a
general formula for the Reshetikhin-Turaev representatio n on the torus.
Additionally, we outline a skein theoretic description of c lassical theta
functions, the action of the �nite Heisenberg group and the d iscrete
Fourier transform.
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1. Introduction

In this paper we initiate a study of non-abelian theta functions that arise
in Chern-Simons theory by adapting the method that Andr�e We il used for
studying classical theta functions [26]. We only discuss the case of the gauge
group SU(2), which is important because it corresponds to the Witten-
Reshetikhin-Turaev topological quantum �eld theory, and i s therefore re-
lated to the Jones polynomial of knots. The methods can be applied to
more general gauge groups, which will be done in subsequent work.

From the perspective of this paper, the theory of non-abelian theta func-
tions for the Chern-Simons theory on a closed surface and fora compact
simple Lie group consists of three objects:

� the Hilbert space of non-abelian theta functions, namely the holo-
morphic sections of the Chern-Simons line bundle;

� an irreducible representation on the space of theta functions of the
algebra of quantized Wilson lines (i.e. of the quantizations of traces
of holonomies of simple closed curves);

� a projective representation of the mapping class group of the surface
on the space of non-abelian theta functions.

The representation of the mapping class group intertwines the quantized
Wilson lines; in this sense the two representations satisfythe exact Egorov
identity.

Each of these objects has been studied before in its own right, our contri-
bution is the suggestion that they should be studied together. The paradigm
of this approach is that the quantum group quantization of the moduli space
of 
at SU(2)-connections on a surface and the Reshetikhin-Turaev repre-
sentation of the mapping class group are the analogues of theSchr•odinger
representation of the Heisenberg group and of the metaplectic representa-
tion. The Schr•odinger representation arises from the quantization of a free
particle with one degree of freedom and is a consequence of a fundamental
postulate in quantum mechanics. It is a unitary irreducible representation
of the Heisenberg group, and the Stone-von Neumann theorem shows that
it is unique. This uniqueness implies that linear changes ofcoordinates
are also quantizable, and their quantization yields an in�nite dimensional
representation of the metaplectic group.

Andr�e Weil [26] observed that when looking at a particle wit h periodic
position and momentum, that is when working on the torus, this approach
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produces the classical theory of theta functions, an actionof the �nite
Heisenberg group, and the well known Hermite-Jacobi actionof SL(2; Z)
on theta functions. Later it has been observed that classical theta func-
tions are holomorphic sections of a line bundle over the moduli space of 
at
U(1)-connections on the torus. By analogy, the holomorphic sections of the
similar line bundle over the moduli space of 
at G-connections over a sur-
face (whereG is a compact simple Lie group) were called non-abelian theta
functions. Edward Witten [29] established a relationship between confor-
mal �eld theory and the theory of non-abelian theta function s. This had a
tremendous impact on the latter theory, in the guise of the Verlinde formula
which computes the dimension of the space of non-abelian theta functions.

In what follows we will concentrate on the Lie group SU(2) and explain
the analogy between Andr�e Weil's quantum mechanical approach to theta
functions and the quantum mechanics of the quantum group quantization
of the moduli space of 
at SU(2)-connections on a surface.

In order to better illustrate this analogy, we brie
y recall the Schr•odinger
and metaplectic representations, then proceed with a detailed discussion of
classical theta functions. What we bring new to this theory is a description
of the Schr•odinger representation of the �nite Heisenberggroup and of the
�nite Fourier transform from an entirely topological persp ective. We do
this using the language of skein modules - algebraic structures de�ned by
knots and links and combinatorial relations among them, which were �rst
introduced by Turaev [25] for cylinders over surfaces, and by Przytycki [19]
for general 3-dimensional manifolds. The skein modules used here are those
corresponding to the linking number. The fact that skein modules can be
used to describe classical theta functions is a corollary ofWitten's Feynman
integral approach to the Chern-Simons theory with gauge group U(1).

We proceed with a description of the quantum group quantization of the
moduli space of 
at SU(2)-connections on a surface, then rephrase this into
the language of skein modules. We obtain that this quantization is a repre-
sentation given as the left action of a skein algebra on a quotient of itself.
We prove that this representation is irreducible (as required by a postulate
of quantum mechanics). Then, we recall the Reshetikhin-Turaev represen-
tation of the mapping class group and observe that, as a consequence of
Schur's lemma, it is the only such representation that intertwines the oper-
ators of the quantum group quantization. As a corollary, we give a simpler
description of the Reshetikhin-Turaev representation, which establishes it
as an analogue of the Fourier-Mukai transform.

Next, we discuss the case of the torus. Here the moduli space of 
at
SU(2)-connections is the quotient of the torus by the antipodal map, so we
can do equivariant Weyl quantization on the torus. We recall our previous
result that this quantization coincides with the quantum gr oup quantization.
We explain this coincidence through a Stone-von Neumann theorem. While
we are able to prove a Stone-von Neumann theorem for the quantization of
the moduli space of 
at SU(2)-connections on the torus, we don't know if
such a theorem is true for higher genus surfaces. We suspect that such a
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theorem holds in general, giving the reason for existence ofthe Reshetikhin-
Turaev representation, which was constructed ad hoc by its authors.

The paper concludes with a formula for the Reshetikhin-Turaev represen-
tation of an arbitrary element of the mapping class group of the torus. This
is a corollary of a formula obtained by Ka�c and Peterson for the Hermite-
Jacobi action.

2. The prototype

In this section we brie
y review the Schr•odinger and the metaplectic rep-
resentations. For a detailed discussion we suggest [16] and[18].

In the canonical formalism, a classical mechanical system is described by
a symplectic manifold (M 2n ; ! ), which is the phase space of the system. The
classical observables areC1 functions on M . To each f 2 C1 (M 2n ; R) one
associates a Hamiltonian vector �eld X f on M 2n by

df (�) = ! (X f ; �):

This vector �eld de�nes a Hamiltonian 
ow on the manifold whi ch preserves
the form ! .

The symplectic form ! de�nes a Poisson bracket byf f; g g = ! (X f ; X g).
There is a special observableH , called the Hamiltonian (total energy) of the
system. The time evolution of an observable is described by the equation

df
dt

= f f; H g:

Quantization replaces the symplectic manifold by a Hilbert space, real-
valued observablesf by self-adjoint operators op(f ) called quantum observ-
ables, Hamiltonian 
ows by semigroups of unitary operators, and the Poisson
bracket of f f; g g by ~

i [op(f ); op(g)], where ~ is Planck's constant and [�; �] is
the commutator of operators. This should be done so that Dirac's conditions
hold:

1. op(1) = Id ,
2. op(f f; g g) = i

~ [op(f ); op(g)] + O(~).

The time evolution of a quantum observable is described by Schr•odinger's
equation

i~
dop(f )

dt
= [op( f ); op(H )]:

2.1. The Schr•odinger representation. A fundamental example is that
of a particle in a 1-dimensional space, which we will discussin the case
where Planck's constant is set to be equal to one. The phase space isR2,
with coordinates the position x and the momentum y, and symplectic form
! = dy ^ dx. The associated Poisson bracket is

f f; g g =
@f
@y

@g
@x

�
@f
@x

@g
@y

:
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The symplectic form ! induces a nondegenerate antisymmetric bilinear form
on R2, also denoted by! , which is explicitly given by

! ((y; x); (y0; x0)) = det
�

y x
y0 x0

�
:

The Lie algebra of observables has a subalgebra generated byQ(x; y) = x,
P(x; y) = y, and E(x; y) = 1, called the Heisenberg Lie algebra. Abstractly,
this algebra is de�ned by

[P; Q] = E; [P; E] = [ Q; E ] = 0 :

It is one of the postulates of quantum mechanics that the quantization of
the position, the momentum, and the constant functions is the representa-
tion of the Heisenberg Lie algebra onL 2(R; dx) de�ned by

Q ! M x ; P !
1
i

@
@x

; E !
1
i
Id:

Here M x denotes the operator of multiplication by the variable: � (x) !
x� (x). This is the Schr•odinger representation of the Heisenberg Lie algebra.

The Lie group of the Heisenberg Lie algebra is the Heisenberggroup. It
is de�ned as R3 with the multiplication rule

(y; x; t )(y0; x0; t0) =
�

y + y0; x + x0; t + t0+
1
2

! ((y; x); (y0; x0))
�

:

It is standard to denote exp(yP + xQ+ tE ) = ( y; x; t ). By exponentiating the
Schr•odinger representation of the Lie algebra one can obtain a representation
of the Heisenberg group:

exp(Q) ! e2�iM x ; exp(P) ! e� @
@x; exp(E) ! e2�iId :

Speci�cally, for � 2 L 2(R; dx),

exp(y0P)� (x) = � (x � y0);

exp(x0Q)� (x) = e2�ixx 0 � (x);

exp(tE )� (x) = e2�it � (x);

meaning that exp(y0P) acts as a translation, exp(x0Q) acts as the multipli-
cation by a character, and exp(tE ) acts as the multiplication by a scalar.
On the one hand this gives the quantization rules for the evolution opera-
tors of the position and the momentum, on the other hand this is a rule for
quatizing the exponential functions

(x; y) ! exp 2�i (x0x + y0y):

Extending by linearity we obtain the quantization of the gro up ring of
the Heisenberg group. This was further generalized by Hermann Weyl, who
gave a method for quantizing all functionsf 2 C1 (R2) by using the Fourier
transform

f̂ (�; � ) =
ZZ

f (x; y) exp(� ix� � iy� )dxdy
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and then de�ning

op(f ) =
ZZ

f̂ (�; � ) exp(�P + �Q )d�d�;

where for exp(�P + �Q ) he used the Schr•odinger representation.

Theorem (Stone-von Neumann) The Schr•odinger representation of the
Heisenberg group is the unique irreducible unitary representation of this
group such that exp(tE ) acts ase2�it Id for all t 2 R.

There are two other important realizations of the irreducible representa-
tion that this theorem characterizes. One comes from the quantization of
the plane in a holomorphic polarization. The Hilbert space is the Bargmann
space,

Bargmann(C) =
�

f : C ! C holomorphic ;
Z

C
jf (z)j2e� 2� jIm zj2 dz ^ d�z < 1

�
;

where the Heisenberg group acts by

exp(x0P)f (z) = f (z � x0)

exp(y0Q)f (z) = e� (y2
0 � 2iy 0z) f (z + iy0)

exp(tE )f (z) = e2�it f (z):

For the other we need to choose a Lagrangian subspaceL of RP + RQ
(which in this case is just a one-dimensional subspace). Then exp(L + RE) is
a maximal abelian subgroup of the Heisenberg group. Consider the character
of this subgroup de�ned by

� L (exp(l + tE )) = e2�it ; l 2 L:

The Hilbert space of the quantization H(L) is de�ned as the space of func-
tions � (u) on H (R) satisfying

� (uu0) = � L (u0)� 1� (u) for all u0 2 exp(L + RE)

and such that u ! j � (u)j is a square integrable function on the left equiv-
alence classes modulo exp(L + RE). The representation of the Heisenberg
group is given by

u0� (u) = � (u� 1
0 u):

If we choose an algebraic complementL 0 of L , meaning that we write
RP + RQ = L + L 0 = R + R, then H(L) can be realized asL 2(L 0) �= L 2(R).
Under a natural isomorphism,

exp(x0)� (x) = � (x � x0); x; x 0 2 L 0

exp(y0)� (x) = e2�i! (y0 ;x ) � (x); x 2 L 0; y0 2 L

exp(tE )� (x) = e2�it � (x)

where ! is the standard symplectic form on RP + RQ. For L = RQ and
L 0 = RP, one obtains the standard representation.

Thus there are three models for the Schr•odinger representation of the
Heisenberg group: one arising from the quantization in a real polarization,
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one arising from the quantization in a complex polarization, and one de�ned
by the right action on equivariant functions on the Heisenberg group given
by a choice of a Lagrangian subspace ofR2.

2.2. The metaplectic representation. A corollary of the Stone-von Neu-
mann theorem is that if we compose the Schr•odinger representation with
an automorphism of the Heisenberg group and then quantize, we obtain
a unitarily-equivalent representation. A linear symplectic transformation
of R2 induces an automorphism of the Heisenberg group. Therefore, the
Stone-von Neumann theorem implies that linear symplectomorphisms can
be quantized, giving rise to unitary operators. A corollary of the Stone-von
Neumann theorem is, by Schur's lemma, that these unitary operators are
unique up to a multiplication by a constant, hence we have a projective
representation of the linear symplectic group, which in this case isSL(2; R).
We thus have a projective representation � of SL(2; R) on L 2(R). This
can be made into a true representation if we pass to the doublecover of
SL(2; R), namely to the metaplectic group Mp(2; R). The representation
of the metaplectic group is known as themetaplectic representationor the
Segal-Shale-Weil representation.

The fundamental symmetry that Weyl quantization has is that , if h 2
Mp(2; R), then

op(f � h) = � (h)op(f )� (h)� 1;

for every observablef 2 C1 (R2), where op(f ) is the operator associated to
f through Weyl quantization. For other quantization models t his relation
holds only modO(~), (Egorov's theorem). When it is satis�ed with equality,
as it is in our case, it is called theexact Egorov identity.

An elegant way to de�ne the metaplectic representation is touse the third
version of the Schr•odinger representation, which identi�es the metaplectic
representation as a Fourier transform (see [16]). Leth be a linear symplec-
tomorphism of the plane, then let L 1 be a Lagrangian subspace ofRP + RQ
and L 2 = h(L 1). De�ne the quantization of h as � (h) : H (L 1) ! H (L 2),

(� (h)� )(u) =
Z

exp L 2=exp(L 1 \ L 2 )
� (uu2)� L 2 (u2)d� (u2);

where d� is the measure induced on the space of equivalence classes bythe
Haar measure onH (R). This formula outlines the fundamental principle
which governs the Fourier-Mukai transform: in order to map a function of
variable x to a function of variable y you lift the �rst function to one that
depends on bothx and y, then average overx.

To write explicit formulas for � (h) one needs to choose the algebraic com-
plements L 0

1 and L 0
2 of L 1 and L 2 and unfold the isomorphism L 2(L 0) �=

L 2(R). For example, for

S =
�

0 1
� 1 0

�
;
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if we set L 1 = RP with variable y and L 2 = S(L 1) = RQ with variable x
and L 0

1 = L 2 and L 0
2 = S(L 0

1) = L 1, then

� (S)f (x) =
Z

R
f (y)e� 2�ixy dy;

which is the usual Fourier transform. Similarly, for

Ta =
�

1 a
0 1

�
;

if we set L 1 = L 2 = RP =, L 0
1 = RQ, and L 0

2 = R(P + Q), then

� (Ta)f (x) = e2�ix 2af (x)

which is the multiplication by the exponential of a quadrati c function. These
are the well known formulas that de�ne the action of the metaplectic group
on L 2(R; dx).

One should also note that in the �rst situation L 1 \ L 2 = f 0g so the
integration takes place over the entire expL 2. In the second situation L 1 \
L 2 6= f 0g, so the integration takes place over a quotient of expL 2; in this
sense it is apartial Fourier transform.

The cocycle of the projective representation of the symplectic group is

cL (h0; h) = e� i�
4 � (L;h (L );h0� h(L ))

where � is the Maslov index. This means that

� (h0h) = cL (h0; h)� (h0)� (h)

for h; h0 2 SL(2; R).

3. Classical theta functions

3.1. Classical theta functions from the quantization of the toru s.
For an extensive treatement of theta functions, the reader can consult [17],
[16], [18]. From the point of view of this paper, we are quantizing a phase
space which is the 2-dimensional torusT2 in the holomorphic polarization
of an arbitrary complex structure. The moduli space of complex structures
on the torus is the upper half-plane factored by the groupPSL(2; Z). Two
complex numbers in the upper half-plane yield the same complex structure
if they correspond through a M•obius transformation. To a complex number
� = a + bi with positive imaginary part one associates the complex torus
obtained as the quotient of C by the lattice Z + Z� . The complex variable
is z = x + �y , where (x; y) are the coordinates in the basis (1; � ). The torus
is endowed with the symplectic form ! = �

bdz ^ d�z, which is 2�i times the
generator of H 2(T2; Z).

To obtain the Hilbert space of the quantization we apply the procedure of
geometric quantization. We start by setting ~ = 1

N . Moreover, for technical
reasons such as the fact that quantizations of exponentialshave the same
spectra, the requirement that SL � (2; Z) = SL(2; Z), and the possibility to
establish a relationship with Chern-Simons theory, we restrict N to be an
eveninteger, say N = 2r .
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The Hilbert space consists of the holomorphic sections of a line bundle
which is the tensor product of a line bundle of curvature N! and a half-
density (the necessity of which is explained in [23]). For the half-density we
choose the trivial line bundle de�ned by the 1-form dz, and simply ignore
it.

A holomorphic line bundle with curvature N! can be obtained by fac-
toring the trivial line bundle on R2 by a cocycle � : R2 � Z2 ! C� of the
form

�(( x; y); (m; n)) = � (m; n)e2�iN ( �
2 n2 � n(x+ �y )) = � (m; n)e2�iN ( �

2 n2 � nz ) :

where � is a character of Z2 which parametrizes a 
at line bundle on the
torus, i.e. � (m; n) = e2�i (m� + n� ) for some real numbers� and � . The
holomorphic sections of this line bundle are theclassical theta functions.
They can be identi�ed with holomorphic functions on the plan e that satisfy
the periodicity condition

f (z + m + n� ) = � (m; n)e2�iN (�n 2 � 2nz ) f (z):

To simplify the discussion, we restrict ourselves to the case � = � = 0, when
� � 1.

An orthonormal basis of the Hilbert space consists of the so called theta
series. To specify them one needs arigid structure on the torus. This
rigid structure consists of the images on the torus of two generators of its
fundamental group. The �rst curve cuts the torus open into an annulus,
while the second keeps track of twistings (see Figure 1, the dotted line keeps
track of the twistings). The group of transformations of rig id structures
is PSL(2; Z), therefore the complex tori endowed with rigid structures are
parametrized by the upper half-plane. They form the Teichm•uller space of
the torus. For a point � in the upper half-plane, the corresponding theta
series are

� �
j (z) =

X

n2 Z

e
2�iN

h
1
2 ( j

N + n)2
(a+ bi)� (x+ ay+ biy)( j

N + n)
i

=
X

n2 Z

e
2�iN

h
�
2 ( j

N + n)2
� z( j

N + n)
i

; j = 0 ; 1; 2; : : : ; N � 1:

We extend this de�nition of theta series to all indices j by the periodicity
condition � �

j + N (z) = � �
j (z), namely we work with indices modulo N .

Figure 1

Let us now turn to the operators. The only exponentials on the plane
that are double periodic, and therefore give rise to functions on the torus,
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are of the form

f (x; y) = exp 2�i (mx + ny); m; n 2 Z:

We quantize them using Weyl quantization. In the holomorphic polarization
Weyl quantization is de�ned as follows (see [5]): A fundamental domain of
the torus is the unit square [0; 1]� [0; 1] (this is done in the (x; y) coordinates,
in the complex plane it is actually a parallelogram). The value of a theta
function is completely determined by its values on this unit square. The
Hilbert space of classical theta functions can be isometrically embedded
into L 2([0; 1] � [0; 1]) with the inner product

hf; g i =

r
2
N

Z 1

0

Z 1

0
f (x; y)g(x; y)e� 2N�y 2

dxdy

(the constant in front of the integral is chosen so that the speci�ed theta
series have norm 1). The operator associated to a functionf on the torus is
the Toeplitz operator with symbol e� �

4N f , where � is the Laplacian de�ned
as

� f =
1

2�

�
@2f
@x2

+
@2f
@y2

�
:

This operator maps a classical theta functiong to the orthogonal projection
onto the Hilbert space of classical theta functions of (e� �

4N f )g.
The Weyl quantization of the exponentials gives rise to the Schr•odinger

representation of the Heisenberg group with integer entries H (Z) onto the
space of theta functions. We de�ne this Heisenberg group as

H (Z) = f (p; q; k); p; q; k 2 Zg

with multiplication

(p; q; k)(p0; q0; k0) = ( p + p0; q + q0; k + k0+ ( pq0� qp0)) :

As before, we denote exp(pP+ qQ+ kE ) = ( p; q; k). Then exp(pP+ qQ+ kE )
is the Weyl quantization of the function e

�i
N k exp 2�i (qx+ py). A few compu-

tations that can be found in [9] show that the quantization of exponentials
yields the action of this Heisenberg group on theta functions given by

exp(pP + qQ+ kE )� �
j = e� �i

N pq� 2�i
N qj + �i

N k � �
j + p:

In particular

exp(pP)� �
j = � �

j + p; exp(qQ)� �
j = e� 2�i

N qj � �
j ; exp(kE )� �

j = e
�i
N k � �

j :

Here the indices of theta functions are taken modN . Note that the theta
series are the eigenvectors of exp(Q) and they can be generated from� �

0 by
� �

j = exp( jP )� �
0 for all j = 1 ; 2; : : : ; N � 1. The rigid structure speci�es

P and Q, once they are known, the theta series are characterized by these
properties (up to a multiplication of all of them by the same constant). This
is how the rigid structure determines the theta series.

We want to factor out by the exponentials that act as identity operators.
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Proposition 3.1. The set of elements inH (Z) that act on theta functions
as identity operators is a normal subgroup consisting of theN th powers of
elements of the formexp(pP + qQ + kE ) with k even. The quotient group
is a �nite Heisenberg group.

Proof. If

exp(pP + qQ+ kE )� �
j = e� �i

N pq� 2�i
N qj + �i

N k � �
j + p

equals � �
j for all j , then p is a multiple of N . Setting j = N

2 , we conclude
that k is a multiple of 2N . Finally, because� 2q(j + N

2 ) must be an multiple
of 2N for all j , it follows that q must be a multiple of N . It is not hard to
see that any such element is theN th power of an element with the third
entry even. The computation

(exp(pP + qQ+ kE ))N � �
j = e� 2�ijq � 2�i N ( N � 1)

2N pq� N �ipq
N + N �ik

N � �
j + N

= e� 2�ijq � �iNpq + �ik � �
j = e�ik � �

j

shows that the N th powers of elements with third entry even act as the
identity operator. This proves the �rst part of the statemen t.

Next, de�ne the �nite Heisenberg group

H (ZN ) = f (p; q; k); p; q 2 ZN ; k 2 Z2N g

by the multiplication rule

(p; q; k)(p0; q0; k0) = ( p + p0; q + q0; k + k0+ pq0):

It is straightforward to check that the map

� ((p; q; k)) = ( p; q; k+ pq)

is a group homomorphism whose kernel is the set of elements ofthe form
exp(pP + qQ+ kE ) with p and q divisible by N and k divisible by 2N . Hence
the desired quotient group is isomorphic to a �nite Heisenberg group. �

From now on we will denote byH (ZN ) the quotient of the Heisenberg with
integer entries de�ned in the previous proposition. Whenever we mention
the �nite Heisenberg group, we have in mind this group. We have seen
that indeed, this group is isomorphic to an actual �nite Heisenberg group,
but we do not work with the latter, because for example the bilinear form
((p; q); (p0; q0)) ! pq0 which de�nes multiplication is not invariant under
symplectomorphisms. Thus whenever we work with an exponential of the
form exp(pP+ qQ+ kE ), we think of it as the equivalence class of the element
(p; q; k) 2 H (Z).

Theorem (Stone-von Neumann) The Schr•odinger representation ofH (ZN )
is the unique irreducible unitary representation of this group with the prop-
erty that exp( kE ) acts ase

�i
N k Id for all k 2 Z.
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Proof. There is the standard proof based on characters, which classi�es all
irreducible representations ofH (ZN ), but there is a well known elementary
proof which goes as follows. LetX = exp( P), Y = exp( Q), Z = exp( E).
Because,X N = 1, all eigenvalues ofX are N th roots of unity. Let v be an
eigenvector ofX with eigenvalue � . Then XY v = Z 2Y Xv = e

2�i
N �Y v . So

Y v, which is nonzero becauseY is unitary, is also an eigenvector ofX with
eigenvaluee

2�i
N � . Applying Y repeatedly we obtain an eigenvectorv0 of X

with eigenvalue 1. Then v0; Y v0; : : : ; Y N � 1v0 is a basis, andX; Y , and Z
act on it as in the Schr•odinger representation. �

There is another important representation of the �nite Heisenberg group,
which by the Stone-von Neumann theorem is unitary equivalent to the one
above. It arises from the quantization of the torus in a real polarization.
An orthonormal basis of the Hilbert space is given by Bohr-Sommerfeld
manifolds, and so the Hilbert space can be identi�ed with L 2(ZN ). The
�nite Heisenberg group acts by

exp(pP)f (j ) = f (j + p); exp(qQ)f (j ) = e� 2�i
N qj f (j ); exp(kE )f (j ) = e

�i
N k f (j ):

Thus exp(pP) acts as translation and exp(qQ) acts as a multiplication by a
character of ZN . The characteristic functions of the singletons: � i (j ) = � ij ,
i = 0 ; 1; 2; : : : ; N � 1 correspond to the theta series� �

0 ; � �
1 ; : : : ; � �

N � 1 through
the unitary isomorphisms that identi�es the two representations.

The quantizations of exponentials form the �nite Heisenberg group. Ex-
tending by linearity we obtain the quantizations of trigono metric polynomi-
als, which form an algebra. This algebra can be obtained fromthe group
ring with coe�cients in C of the �nite Heisenberg group by factoring this
group by the relation exp(kE ) = e

�i
N k . It can also be described in terms

of the noncommutative torus. Let us point out that the relevance of the
noncommutative torus for Chern-Simons theory was �rst revealed in [6].

The ring of trigonometric polynomials in the noncommutativ e torus is
Ct [U � 1; V � 1], the ring of Laurent polynomials in the variables U and V
subject to the noncommutation relation UV = t2V U. The noncommutative
torus itself is a C� -algebra in which Ct [U � 1; V � 1] is dense, viewed as a
deformation quantization of the algebra of smooth functions on the torus
[21], [4].

The group ring with coe�cients in C of the Heisenberg groupH (Z) is
isomorphic to the ring of trigonometric polynomials in the noncommutative
torus, with the isomorphism given by

exp(pP + qQ+ kE ) ! t � pqUpV q; for p; q; k 2 Z:

If we set UN = V N = 1 and t = e
�i
N , we obtain the noncommutative torus

at a root of unity fCt [U � 1; V � 1].

Proposition 3.2. The algebra of the Weyl quantizations of trigonometric
polynomials is isomorphic to fCt [U � 1; V � 1].
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3.2. The Schr•odinger representation in an abstract setting. We will
formulate the Schr•odinger representation of quantized exponentials on the
space of theta functions in an abstract setting by rephrasing the standard
construction based on a lattice and a Lagrangian subspace ofthe plane (see
[18]), which is similar to the third construction in 2.1. The analogue of the
Lagrangian subspace of the plane is a one-dimensional freeZ-submodule
of H1(T2; Z) generated by a simple closed curve on the torus. Consider a
homeomorphismh0 of the torus to the boundary of the solid torus S1 � D
that maps this curve to a homologically trivial one. Then h0 de�nes a group
homomorphism H1(T2; Z) ! H1(S1 � D; Z) (that is Z � Z ! Z), which we
also denote byh0, whose kernel isL .

Viewing the torus as the quotient of the plane by the lattice Z + Z� , the
curve that generatesL is the curve of slopep=q, for some coprime integersp
and q. We denote this curve by (p; q). To L we associate the maximal abelian
subgroup of the �nite Heisenberg group exp(L + Z2N E), whose elements are
equivalence classes of elements of the form exp(npP + nqQ + kE ), with
n; k 2 Z. Also, we de�ne the character � L : exp(L + Z2N E) ! C, � L (npP +
nqQ + kE ) = e

�i
N k . The Hilbert space of the quantization consists of the

functions � : H (ZN ) ! C satisfying the equivariance condition

� (uu0) = � L (u0)� 1� (u) for all u0 2 exp(L + Z2N E):

The action of the �nite Heisenberg group on this space is

u0� (u) = � (u� 1
0 u):

In order to show that this gives rise to the same Schr•odingerrepresen-
tation, we need to explicate an algebraic complementL 0 of L in H1(T2; Z).
Then L 0 is also spanned by a simple closed curve on the torus, which inter-
sects the generating curve ofL at one point. These two curves determine
a rigid structure on the torus; the requirement that this rig id structure is
mapped to the one shown in Figure 1 completely determines thehomeomor-
phism h0.

To make speci�c computations, let L and L 0 be spanned by the curves
(p; q) respectively (p0; q0) on the torus, with pq0 � p0q = 1, meaning that
L 0 = Z(p0; q0) and L = Z(p; q). The �nite Heisenberg group is generated by
expL := exp( Z(p; q)) and exp L 0 := exp( Z(p0; q0)). The Hilbert space can
be identi�ed with the functions on exp( ZN (p0; q0)), and the action of the
Heisenberg group is given by

exp(x0p0; x0q0)� (exp(xp0; xq0)) = � (exp(x0p0; x0q0)� 1 exp(xp0; xq0))

= � (exp((x � x0)p0; (x � x0)q0)) ;

exp(x0p; x0q)� (exp(xp0; xq0)) = � (exp(x0p; x0q)� 1 exp(xp0; xq0))

= � (e2�i (xx 0pq0� xx 0p0q) exp(xp0; xq0) exp(x0p; x0q)� 1)

= e� 2�i
N xx 0 � (exp(xp0; xq0) exp(x0p; x0q)� 1) = e� 2�i

N xx 0 � (exp(xp0; xq0)) ;
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and

exp(kE )� (exp(xp0; xq0)) = e
�i
N k � (exp(xp0; xq0))

for all x; x 0 2 Z. Identifying further exp( ZN (p0; q0)) with ZN we obtain the
action

exp(x0p0; x0q0)� (x) = � (x � x0)

exp(x0p; x0q)� (x) = e� 2�i
N xx 0 � (x)

exp(kE )� (x) = e
�i
N k � (x);

and we recognize the Schr•odinger representation. The Schr•odinger repre-
sentation is given here in the real polarization; one shouldnote that a left
shift in the variable is a right shift in the index of the basis elements.

This action of the Heisenberg group extends linearly to the group ring of
the Heisenberg group with coe�cients in C. Moreover, because of �niteness,
the space of functions on the �nite Heisenberg group can be identi�ed, as
a vector space, with the group ring of the �nite Heisenberg group with
coe�cients in C. In conclusion, the Schr•odinger representation is the action
of the group ring of the �nite Heisenberg group on a quotient of itself. Thus
we have:

Proposition 3.3. Given a submoduleL of H1(T2; Z) generated by a sim-
ple closed curve, there is an isomorphism that intertwines the Schr•odinger
representation of the �nite Heisenberg group on the space oftheta functions
and the representation given by the left action of the �nite Heisenberg group
on its group ring with coe�cients in C taken modulo the equivalence relation
u � u0 wheneveru = v + w and u0 = v + w0 with w = � (w00)w0w00for some
w002 exp(L + Z2N E).

The above result can be rephrased in the framework of the noncommuta-
tive torus. Again, for p; q coprime integers, we let (p; q) be the curve on the
torus with slope p=q. We factor the noncommutative torus fCt [U � 1; V � 1]
by this curve on the torus, by setting p1(U; V) � p2(U; V) if and only if
p1(U; V) = q(U; V) + r1(U; V) and p2(U; V) = q(U; V) + r2(U; V), such that
r2(U; V) = r1(U; V)( t � pqUpV q)k for some integer numberk. We denote
the space obtained this way by fCt [U � 1; V � 1]=(p;q) . The multiplication in

the noncommutative torus turns fCt [U � 1; V � 1]=(p;q) into a left fCt [U � 1; V � 1]-
module.

Proposition 3.4. The Schr•odinger representation of the group ring with co-
e�cients in C of the �nite Heisenberg group factored by the relationexp(kE ) =
e

�i
N k coincides with the left action of fCt [U � 1; V � 1] on fCt [U � 1; V � 1]=(p;q) .

Thus we can model the Schr•odinger representation of the �nite Heisenberg
group as the left action of the noncommutative torus on a quotient of itself.

3.3. Classical theta functions from a topological perspective. In
order to stress out the analogy with non-abelian theta functions, we will
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rephrase the theory of theta functions in terms of theskein modulesof the
linking number.

Let M be an orientable 3-dimensional manifold (which in our consider-
ations will be either the cylinder over a torus or a solid torus). A link in
M is a smooth embedding of a disjoint union of �nitely many circles, while
a framed link is a smooth embedding of a disjoint union of �nitely many
annuli. We consider framed oriented links. By viewing each link component
as an embeddedS1 � [0; 1], an orientation is de�ned by a smooth �eld of
2-dimensional frames on the annulus with the property that the �rst vector
of the frame at any point (x; y) is tangent to S1 � f yg.

Consider the freeC[t; t � 1]-module with basis the set of isotopy classes of
framed oriented links in M , including the empty link ; . Factor this module
by all equalities of the form depicted in Figure 2. In each of these diagrams,
the two links are identical except for an embedded ball inM , inside of
which they look as shown. This means that in each link we are allowed to
smoothen a crossing provided that we add a coe�cient oft or t � 1, and any
trivial link component can be ignored. These are calledskein relations. The
skein relations are considered for all possible embeddingsof a ball. We call
the module obtained this way the linking skein module ofM and denote it
by L t (M ). If M is a 3-dimensional sphere, then each linkL is, as an element
of L t (S3), equivalent to the empty link with the coe�cient equal to t raised
to the sum of the linking numbers of ordered pairs of components and the
writhes of the components, hence the name.

;

f

tt   1

Figure 2

Let us now restrict ourselves to the caseM = T2 � [0; 1]. Then the
topological operation of gluing one cylinder on top of another induces a
multiplication on L t (T2 � [0; 1]) which turns L t (T2 � [0; 1]) into an algebra,
the linking skein algebraof the cylinder over the torus. We want to explicate
its structure.

For p and q coprime integers, view the torus as the quotient of the plane
by the integer lattice and denote by (p; q) the curve of slopep=q, oriented by
the vector that joins the origin to the point ( p; q). Frame this curve so that
the annulus is parallel to the torus. In general, for p and q not necessarily
coprime, let n be their greatest common divisor, and denote by (p; q) the
framed link consisting of n parallel copies of (p=n; q=n). Finally, let (0 ; 0)
be the empty link. Aditionally, denote by eL t (T2 � [0; 1]) the ring obtained
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by setting (Np; Nq) = ; for every p; q 2 Z, and t = e
�i
N . Note that here ; is

the multiplicative identity of the ring.

Theorem 3.5. The ring L t (T2 � [0; 1]) is isomorphic to the group ring with
coe�cients in C of H (Z), with the isomorphism given by

tk (p; q) ! exp(pP + qQ+ kE ):

This map descends to an isomorphism betweeneL t (T2 � [0; 1]) and the algebra
of Weyl quantizations of trigonometric polynomials.

Proof. Let us consider the freeC[t; t � 1]-module with basis the isotopy classes
of links in T2 � [0; 1]. Any element of this module of the formtm L , whereL
is framed oriented link, can be transformed using the skein relation into a
framed oriented link whose projection onto the torus has no crossings, hence
into a link of the form tk (p; q). Moreover, (p; q) is the homology class ofL
in H1(T2 � [0; 1]) = H 1(T2) = Z � Z in the basis given by the curves (1; 0)
and (0; 1), hence is uniquely determined by the link. In particular (p; q) is
the same for all elements equivalent toL modulo the skein relation.

Let us show that k is also uniquely determined. We claim that k equals
m plus the number of positive crossings minus the number of negative cross-
ings in a projection of the link L onto the torus. Denote this last number
by k(tm L). Then k = k(tm L) if we resolve exactly the crossings in one
particular diagram of the link. The number k(tmL) is invariant under the
Reidemeister moves II and III, hence it is an isotopy invariant of the framed
oriented link. And, for each ball that is used for the skein relation one can
�nd the ambient isotopy that maps it so that the crossing appears in the
projection of the link on the torus, namely in the link diagram. If tm0

L 0 is
the skein obtained after applying the skein relation, thenk(tm L) = k(tm0

L 0),
so k(tm L) is invariant under skein relations. Hencek(tm L) is invariant as
we resolve the link to produce one that consists of simple closed curves on
the torus, and we conclude thatk(tm L) = k, as desired.

By further mapping tk (p; q) to exp(pP+ qQ+ kE ) we obtain a well de�ned
homomorphism of complex vector spaces from the freeC[t; t � 1]-module with
basis the isotopy classes of links to the group ring ofH (Z). Because of the
invariance of tk (p; q) under the skein relation applied to the original link,
this homomorphism factors to a homomorphism of complex vector spaces
from L t (T2 � [0; 1]) to the group ring of H (Z). This latter homomorphism
is clearly onto. It is also one-to-one, because iftk1 L 1 and tk2 L 2 are both
mapped to exp(pP + qQ+ kE ), then they can both be transformed via the
skein relation into tk(p; q), and hence are equivalent to each other. It follows
that L t (T2 � [0; 1]) and the group ring of H (Z) are isomorphic as complex
vector spaces.

It is not hard to check that the multiplication in L t (T2 � [0; 1]) is given
by

(p; q) � (p0; q0) = t

�
�
�
�
�

p q
p0 q0

�
�
�
�
�
(p + p0; q + q0):
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Therefore L t (T2 � [0; 1]) and the group ring of H (Z) are isomorphic as alge-
bras. The skein algebraeL t (T2 � [0; 1]) was de�ned so that this isomorphism
descends to an isomorphism betweeneL t (T2 � [0; 1]) and the noncommutative
torus fCt [U � 1; V � 1]. �

Remark 3.6. The determinant is the sum of the algebraic intersection num-
bers of the curves in (p; q; k) with the curves in ( p0; q0; k0), so the multiplica-
tion rule of the Heisenberg group is de�ned using the algebraic intersection
number of curves on the torus.

Identifying the group ring of the Heisenberg group with integer entries
with Ct [U � 1; V � 1], we obtain the following

Corollary 3.7. The linking skein algebra of the torus is isomorphic to the
ring of trigonometric polynomials in the noncommutative torus.

Now let us turn to the skein module of the solid torus L t (D2 � S1). Let
� be the curve that is the core of the solid torus, with a certain choice of
orientation and framing. It is not hard to see that L t (D2 � S1) is a free
module with basis � j , j 2 Z, where � j stands for jj j parallel copies of � ,
with the same orientation as � if j > 0 and with opposite orientation if
j < 0, and � 0 = ; . We consider the module obtained by setting� j + N = � j

and t = e
�i
N , and denote it by eL t (D2 � S1).

Let h0 be a homeomorphism of the torus to the boundary of the solid
torus that maps (1; 0) to a framed curve isotopic to � . The operation of
gluing T2 � [0; 1] to the boundary of D2 � S1 via h0 induces a left action of
L t (T2� [0; 1]) onto L t (D2� S1). This descends to a left action ofeL t (T2� [0; 1])
onto eL t (D2 � S1).

Theorem 3.8. There is an isomorphism that intertwines the action of the
algebra of Weyl quantizations of trigonometric polynomials on the space of
theta functions and the representation of eL t (T2 � [0; 1]) onto eL t (D2 � S1),
and which maps the theta series� �

j (z) to � j for all j = 0 ; 1; : : : ; N � 1.

Proof. The argument of the previous theorem can be repeated mutatismu-
tandis to show that module L t (D2 � S1) is free with basis � j , j 2 Z. Then,
one can observe either that the equivalence relation de�nedin Proposition
3.3 is exactly the condition that the framed links are isotopic inside the solid
torus, or that the left action of L t (T2 � [0; 1]) onto L t (D2 � S1) is given by

(p; q) � � j = t � qj � j + p:

�

Remark 3.9. Note that

� qj =

�
�
�
�

p q
j 0

�
�
�
�

is the sum of the linking numbers of the curves in the system (p; q) and
those in the system� k . Therefore the Schr•odinger representation is de�ned
in terms of the linking number of curves.
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Remark 3.10. The rigid structure ( L; L 0) completely determines the home-
omorphism h0, allowing us to identify the Hilbert space of the quantization
with the vector space with basis � 0 = ; ; �; : : : ; � N � 1. As we have seen
above, these basis elements are the theta series. We see again how the rigid
structure determines the theta series.

3.4. The �nite Fourier transform for classical theta functions f rom
a topological perspective. The symmetries of the classical theta func-
tions are another instance of the Fourier transform. They fall into the
general framework of the Fourier-Mukai transform. We will discuss these
symmetries below, giving them a topological perspective.

An element

h =
�

a b
c d

�

of the mapping class group induces the biholomorpic mappingbetween the
complex torus with rigid structure speci�ed by � and the complex torus with
rigid structure speci�ed by � 0 = a� + b

c� + d given by f (z) = z
c� + d . Identifying the

two tori via the biholomorphic map we �nd that h is a symplectomorphism
of a complex torus that preserves the complex structure.

It is a consequence of the Stone-von Neumann theorem that theSchr•odin-
ger representations for� and � 0 are unitary equivalent. The corresponding
unitary map, which we denote by � (h), is therefore a quantization of h. So
the symplectomorphisms of a complex torus comming from elements of the
mapping class group can be quantized, despite the fact that they do not
arise from hamiltonian 
ows. By Schur's lemma, the map � (h) is unique up
to multiplication by a constant. For this reason, if h and h0 are elements of
the mapping class group, then� (h0 � h) and � (h0)� (h) di�er by a constant
multiple of absolute value 1. Hence we have a projective representation of the
mapping class group of the torusSL(2; Z) on the space of theta functions.
This is the well-known Hermite-Jacobi action.

Speci�cally, for h as above,

� (h)� �
j (z) = � � 0

j

�
z

c� + d

�
:

In particular, for the generators

S =
�

0 1
� 1 0

�
; T =

�
1 1
0 1

�

of SL(2; Z) one has the Jacobi identities

� (S)� �
j (z) = � � 1=�

j

� z
�

�
=

N � 1X

k=0

e� 2�i
N kj � �

k (z)

� (T)� �
j (z) = � � +1

j (z) = e
2�i
N j 2

� �
j (z):
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Alternatively, in the real polarization, S and T act on L 2(Z2N ) by the
discrete Fourier transform (also known as �nite Fourier tra nsform)

(Sf )(k) =
X

j 2 Z2N

f (j )e� 2�i
N jk

and by the multiplication by the exponential of a quadratic f unction

(T f )( j ) = e
2�i
N j 2

f (j ):

The latter should be interpreted as a partial Fourier transform.
Like in the case of the quantization of the plane, the quantization of the

exponentials, and therefore the Weyl quantization on the torus, satis�es with
the Hermite-Jacobi action the exact Egorov identity

op(f � h) = � (h)op(f )� (h)� 1:

To �t with our general scheme, we give two more descriptions of the
Hermite-Jacobi action. Fix an element h of the mapping class group. Let
L 1 be a submodule ofH1(T2; Z2N ) spanned by a simple closed curve (p1; q1)
and let L 2 = h(L 1).

Recall that the space of theta functions can be identi�ed with the quotient
of the group ring with complex coe�cients of the �nite Heisen berg group
by the equivalence relation u � u0 whenever u = v + w, u0 = v + w0 with
w = � L 1 (w00)w0w00for somew002 exp(L 1 + Z2N E). The representation � is,
up to multiplication by a constant, given by the formula

� (h) (u mod(exp(L 1 + Z2N E))) =
X

� L 1 (u1)� 1uu1 mod(exp(L 2 + Z2N E)) ;

where u 2 H (Z2N ) the sum is taken over u1 2 exp(L 1 + Z2N E)=exp(L 1 \
L 2 + Z2N E). This is a general discrete Fourier transform, which is again
obtained by a procedure of lifting and averaging, and is another instance of
the Fourier-Mukai transform [18].

We translate this formula into the topological language of skein modules.
Considerh1 and h2 two homeomorphisms of the torus onto the boundary of
the solid torus such that h2 = h� h1. They extend to embeddings ofT2� [0; 1]
into D2 � S1 which we denote byh1 and h2 as well. The homeomorphisms
h1 and h2 allow us to identify the space of classical theta functions with the
skein module of the solid torus in two di�erent ways.

Theorem 3.11. Given a link 
 in eL t (D2� S1), lift 
 in all possible nonequiv-
alent ways to eL t (T2 � [0; 1]) using h1, then map all these liftings to eL t (D2 �
S1) using h2 and take the average of the images. The map de�ned this way
is, up to multiplication by a constant, the discrete Fourier transform � (h).

Proof. First let us note that despite the fact that the link can be lif ted
in in�nitely many nonisotopic ways to the cylinder over the t orus, after
the reduction only �nitely many distinct liftings remain. T his shows that
the construction is well de�ned. The map obtained this way interpolates
between the Schr•odinger representation de�ned byh1 and the one de�ned
by h2, so the theorem is a consequence of Schur's lemma. �
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Like in the case of the metaplectic representation, the Hermite-Jacobi
representation can be made into a true representation by passing to an
extension of the mapping class group of the torus. While aZ2-extension
would su�ce, we will consider a Z-extension instead, in order to exhibit the
similarity with the non-abelian theta functions.

Fix a Lagrangian subspaceL of H1(T2). De�ne the Z-extension of the
mapping class group of the torus by the multiplication rule on SL(2; Z) � Z,

(h0; n0) � (h; n) = ( h0 � h; n + n0+ � (L; h (L ); h0 � h(L )) :

where � is the Maslov index. Standard results in the theory of theta func-
tions show that the Hermite-Jacobi action lifts to a representation of this
group.

We give this group itself an entirely topological description, following [27].
Let us consider two elements of the group (h; n) and (h0; n0). Let h1; h2; h3
be the homeomorphisms ofT2 onto the bondary of the solid torus such
that L = ker(h1 : H1(T2) ! H1(D2 � S1)), h(L ) = ker(h2 : H1(T2) !
H1(D2 � S1)), and h0 � h(L ) = ker(h3 : H1(T2) ! H1(D2 � S1)). Consider
the lens spaces

M = ( D2 � S1) [ h1 (T2 � [0; 1]) [ h2 (D2 � S1)

M 0 = ( D2 � S1) [ h2 (T2 � [0; 1]) [ h3 (D2 � S1):

Let also W and W 0be 4-manifolds such that@W= M , sign(W ) = n, @W0 =
M 0, sign(W 0) = n0, where sign stands for the signature of the intersection
form in 2-dimensional cohomology. With this construction we see that the
elements of the group can be put in the form (h; sign(W )). We can also
de�ne

(h0; sign(W 0)) � (h; sign(W )) = ( h0 � h; sign(W 0[ W )) ;

where W 0[ W is obtained by gluing the �rst copy of the solid torus in M 0

to the second copy of the solid torus inM via the identity map. That this
is the same multiplication as the one de�ned above using the Maslov index
follows from Wall's non-additivity formula for the signatu re (see [28]):

sign(W 0[ W ) = sign( W ) + sign( W 0) + � (L; h (L ); h0 � h(L )) :

4. Non-abelian theta functions

4.1. Non-abelian theta functions from geometric quantization. Let
G be a compact simple Lie group andg its Lie algebra. Let also � g be a
closed oriented surface of genusg � 1. The non-abelian theta functionsare
the elements of the Hilbert space of a quantization of the space of all �elds
on � g with symmetry group G modulo gauge transformations. In genus one
and for G = U(1) these are the same as the classical theta functions. Let us
explain the construction in detail.

Consider the moduli space ofg-connections on � g, which is the quotient of
the a�ne space of all g-connections on � g (or rather on the trivial principal
G-bundle P on � g) by the group G of gauge transformationsA ! � � 1A� +
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� � 1d� with � : � g ! G a smooth function. The space of all connections
has a symplectic 2-form given by

! (A; B ) = �
Z

� g

tr ( A ^ B );

where A and B are connection forms in its tangent space. According to
[2], this induces a symplectic form, denoted also by! , on the moduli space,
which further de�nes a Poisson bracket. By symplectic reduction, the prob-
lem of quantizing this moduli space in the direction of the Poisson bracket is
reduced to the problem of quantizing the moduli space of
at g-connections

M g = f A j A : 
at g � connectiong=G:

This space is the same as the moduli space of semi-stableG-bundles on � g,
and also the character variety ofG-representations of the fundamental group
of � g. This is the space of interest to us. One should note that it isan a�ne
algebraic set over the real numbers.

Each curve 
 on the surface and each irreducible representationV n of
SU(2) de�ne a classical observable on this space

W
;n : A ! tr V n hol
 (A);

called Wilson line, by taking the trace of the holonomy of the connection
in the n-dimensional irreducible representation ofSU(2). Wilson lines are
regular functions on the moduli space. Whenn = 2, we simply denote W
; 2
by W
 . The W
 's span the algebraF (M g) of regular functions on M g.

The form ! induces a Poisson bracket, which in the case of the gauge
group SU(2) was found by Goldman [10] to be

f W� ; W� g =
1
2

X

x2 � \ �

sgn(x)(W�� � 1
x

� W�� x )

where �� x and �� � 1
x are computed as elements of the fundamental group

with base point x (see Figure 3), and sgn(x) is the signature of the crossing
x; it is positive if the frame given by the tangent vectors to � respectively
� is positively oriented (with respect to the orientation of � g), and negative
otherwise.

-1

a

b

ba

ba

Figure 3

The moduli spaceM g, or rather the smooth part of it, can be quantized
in the direction of Goldman's Poisson bracket as follows. First, set Planck's
constant ~ = 1

N , where N is a positive integer.
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The Hilbert space can be obtained using the method of geometric quan-
tization as the space of sections of a line bundle overM g. The general
procedure is to obtain the line bundle as the tensor product of a line bundle
L with curvature N! and a half-density [23]. In our case the half-density
is the square root of the canonical line bundle. Because the moduli space
has a natural complex structure, it is customary to work in the holomorphic
polarization, in which case the Hilbert space consists of the holomorphic
sections of the line bundle.

Let us brie
y recall how each complex structure on the surface induces
a complex structure on the moduli space. The tangent space toM g at
a nonsingular point A is the �rst cohomology group H 1

A (� g; ad P) of the
complex of g-valued forms


 0(� g; ad P)
dA! 
 1(� g; ad P)

dA! 
 2(� g; ad P):

Here P denotes the trivial principal G-bundle over � g. Each complex struc-
ture on � g induces a Hodge� -operator on the space of connections on �g,
hence a � -operator on H 1

A (� g; ad P). The complex structure on M g is
I : H 1

A (� g; ad P) ! H 1
A (� g; ad P), IB = � � B . For more details we refer

the reader to [12]. This complex structure turns the smooth part of M g into
a complex manifold. It is important to point out that the comp lex structure
is compatible with the symplectic form ! , in the sense that ! (B; IB ) � 0
for all B .

As said, the Hilbert space consists of the holomorphic sections of the line
bundle of the quantization. These are thenon-abelian theta functions. The
reason for the name is that in the simplest case, whenG = U(1) and the
surface has genus one, the Hilbert space has dimensionN and its elements
are the classical theta functions. To specify a basis of thisvector space,
i.e. to obtain the analogues of the theta series, one has to consider a rigid
structure on the original surface and use the relationship of the Hilbert space
to conformal �eld theory established in [29].

The analogue of the group ring of the �nite Heisenberg group is the algebra
of operators that are the quantizations of Wilson lines. They arise in the
theory of the Jones polynomial [11] as outlined by Witten [29], being de�ned
heuristically in the framework of quantum �eld theory. They are integral
operators with kernel

< A 1jop(W
;n )jA2 > =
Z

M A 1A 2

eiNL (A)W
;n (A)DA;

where A1; A2 are conjugacy classes of 
at connections on �g modulo the
gauge group,A is a conjugacy class under the action of the gauge group on
� g � [0; 1] such that A � g �f 0g = A1 and A � g �f 1g = A2, and

L(A) =
1

4�

Z

� g � [0;1]
tr

�
A ^ dA +

2
3

A ^ A ^ A
�

is the Chern-Simons Lagrangian. As seen above, the operatorquantizing
a Wilson line is de�ned by Feynman path integrals, which doesnot have
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a rigorous mathematical formulation. It is thought as an average of the
Wilson line computed over all connections that interpolate betweenA1 and
A2.

It is the framework of Chern-Simons theory that motivates the skein the-
oretic approach to classical theta functions outlined in Section 3.2. Let us
explain this in more detail.

The moduli space of 
at U(1)-connections on the torus is itself a torus,
the Jacobian. The moduli space is canonically homeomorphicto the original
torus in the following way. Let p0 be the point on the original torus that is
the image of the origin under the quotient map C ! C=Z + Z� . Thinking
of the Jacobian as the moduli space of holomorphic topologically trivial line
bundles, the homeomorphism in question maps a pointp on the original
torus to the line bundle O(p � p0). Or, when viewing the Jacobian as a
character variety, this homeomorphism maps the point (x; y) on the original
torus to the U(1)-representation of the fundamental group that maps (1; 0)
to e2�ix and (0; 1) to e2�iy .

The tangent space to this torus is two dimensional; viewing it as given
by cohomology classes ofu(1)-valued 1-forms, it has a basis consisting of
dx and dy, which can be identi�ed with the tangent vectors to the torus
@

@x and @
@y. Under this identi�cation, we see that a complex structure on

the original torus induces exactly the same complex structure on the moduli
space.

A rigid structure on the original torus gives rise to a decomposition of the
tangent space to the moduli space into a sum of two Lagrangiansubspaces.
To �t in the framework of section 3.2, we can exponentiate these Lagrangian
subspaces to obtain a rigid structure on the moduli space, which happens
to be the same as the rigid structure on the original torus.

The Chern-Simons line bundle over the moduli space is just the one from
Section 3.1, so in this case the theta functions are the classical theta func-
tions. The Wilson lines can be quantized either by using one of the classical
methods for quantizing the torus, or they can be quantized using the Feyn-
man path integrals as above. The Feyman path integral approach allows the
localization of the computations to small balls, in which a single crossing
shows up. Witten [29] has explained that in each such ball skein relations
hold, in this case the skein relations from Figure 2, which compute the link-
ing number. As such the path integral quantization gives rise to the skein
theoretic model.

On the other hand, Witten's quantization is symmetric under the action
of the mapping class group of the torus, a property shared by Weyl quan-
tization. And indeed, we have seen in section 3.2 that Weyl quantization
and the skein theoretic quantization are the same. For the group U(1), the
case of higher genus surfaces can be done in the same framework, and will
be explained in future work.

4.2. Non-abelian theta functions from quantum groups. More than
just the quantization of moduli spaces of connections on surfaces, Witten
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described a topological quantum �eld theory which associates to each surface
a �nite dimensional vector space, and to each 3-dimensionalcobordism a
linear operator between vector spaces. This was all done using Feynman
path integrals.

For the gauge group SU(2), Reshetikhin and Turaev [20] constructed
rigorously, by using quantum groups, a topological quantum�eld theory
that ful�lls Witten's predictions. Within the data of this t heory, there is for
each surface a projective �nite-dimensional representation of its mapping
class group, which is called theReshetikhin-Turaev representation.

Like Witten's construction, the Reshetikhin-Turaev theor y gives rise to
a quantization of the moduli space of 
at SU(2)-connections on a closed
surface. The quantum group quantization has the advantage over more
classical quantization models (e.g. geometric quantization) that it does not
depend on any additional structure, such as a polarization.We describe it
below for genusg > 1, the case of the torus being discussed in detail in
Section 5.

We need to restrict Planck's constant to be the reciprocal ofan even
positive integer ~ = 1

N = 1
2r , and furthermore r > 1. We also sett = ei� ~

and for an integer n let [n] = t2n � t � 2n

t2 � t � 2 = sin n�
r =sin �

r , which is called the
quantized integer.

The quantum group associated toSU(2) is U~(sl(2; C)), obtained by pass-
ing to the complexi�cation SL(2; C) of this group, taking the universal en-
veloping algebra of its Lie algebra, and the deforming it with respect to
~. This quantum group has �nitely many irreducible representations among
which we distinguish a certain family V 1; V 2; : : : ; V r � 1, with the superscript
denoting the dimension (for more details see [20] or [14]). For further use, we
extend the de�nition of V j to all integer indices j by V j +2 r = V j , V 0 = 0,
and V r + j = � V r � j (the minus sign does not mean dual, it just means that
we take the negative when performing computations with this representa-
tion). A Clebsch-Gordan theorem holds

V m 
 V n =
M

p

V p � B;

where p runs among all indices that satisfy jm � nj + 1 � p � min(m + n +
1; r � 2 � m � n) and B is a representation that is ignored because it has no
e�ect on computations.

The de�nition of the quantization uses ribbon graphs and framed linksem-
bedded in 3-dimensional manifolds. A ribbon graph consistsof the embed-
dings in the 3-dimensional manifold of �nitely many connected components,
each of which is homeomorphic to either an annulus or to an� -neighborhood
in the plane of a planar trivalent graph for a small � > 0. When embedding
the ribbon graph in a 3- dimensional manifold, the ribbons keep track of
the twistings of edges. A framed link is a particular case of aribbon graph.
The link components and the edges of ribbon graphs should be oriented. An
edge should be viewed as a product of two intervals, and the orientation is
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given by a smooth �eld of 2-dimensional frames whose �rst vector is always
tangent to the �rst interval.

Unless otherwise speci�ed, all the ribbon graphs and framedlinks used be-
low are taken with the \blackboard framing", meaning that th e � -neighbor-
hood is in the plane of the paper. To simplify the exposition,we will call
them graphs, the framing being self-understood. From the frames that de-
�ne the orientation we draw only the �rst vector, being under stood that the
second vector is chosen so that the orientation agrees with the orientation
of the plane of the paper in the usual convention of thex- and y-axes. We
will be allowed to change locally the orientation of an edge,and we place a
coupon (blank box) on the edge to separate the two orientations.

Figure 4

With this data at hand, let us quantize M g. The Hilbert space H r (� g) is
de�ned by specifying a basis, the analogue of the theta series. For that we
need a rigid structure on the surface, which is a decomposition of the surface
into pairs of pants, together with seems that keep track of the twistings. Map
the surface to the boundary of a handlebody such that the decomposition
circles bound disks in the handlebody. These disks cut the handlebody
into balls. Consider the trivalent graph that is the core of the handlebody,
whose vertices are these balls and whose edges correspond tothe disks. The
framing of the edges should be parallel to the seams (more precisely, to the
region of the surface that lies between the seems). Pick any orientation of
this graph, this orientation is relevant only in that it deci des the sign of the
basis element.

The vectors that form an orthonormal basis of H r (� g) consist of all the
possible colorings of this framed oriented trivalent graphby V j 's such that
at each vertex the indices satisfy the double inequality from the Clebsch-
Gordan theorem (note that the double inequality is invariant under cyclic
permutations of m; n; p). For genus 3, and for the rigid structure in Figure 4
a basis element is described in Figure 5. The inner producth�; �i is de�ned
so that these basis elements are orthonormal.

This is a nice combinatorial description of the non-abeliantheta func-
tions for the Lie group SU(2), which unfortunately obscures their geometric
properties and the origin of the name.

The matrix of the operator op(W
;n ) associated to the Wilson line

W
;n : A ! tr V n hol
 (A)

is computed as follows. Place the surface �g in standard position in the
3-dimensional sphere so that it bounds a genusg handlebody on each side.
Draw the curve 
 on the surface, give it the framing parallel to the surface,
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then color it by the representation V n of U~(sl(2; C)). Add two basis el-
ements ep and eq, viewed as colorings by irreducible representation of the
cores of the interior, respectively exterior handlebodies(see Figure 6).

V

V

VV V V
Vn

a

b

ci j
k

Figure 6

Forget the surface to obtain an oriented tangled ribbon graph in S3 whose
edges are decorated by irreducible representations ofU~(sl(2; C) (Figure 7).
By projecting this graph on a plane while keeping track of the crossings
(which is over, which is under), one can think of the edges as the trajecto-
ries of 1-dimensional quantum particles with they-axis as the time direction.
The diagram then yields a unitary evolution operator from the Hilbert space
of a system without particles to the Hilbert space of a systemwithout parti-
cles, hence a linear map fromC to C. This linear map is the multiplication
by a complex number. The Reshetikhin-Turaev theory [20] gives a way of
computing this number, which is independent of the particular projection
and is called the Reshetikhin-Turaev invariant of the framed graph.

x

t

V

V

V

V

V

V

a

b

c

i
V j

k

n

Figure 7

In short, the Reshetikhin-Turaev invariant is computed as follows. The
ribbon graph should be mapped by an isotopy to one which, whenprojected,
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can be cut by �nitely many horizontal lines into slices, each of which con-
taining one of the phenomena from Figure 8 and some vertical strands. To
each of the horizontal lines that slice the graph one associates the tensor
product of the representations that color the crossing strands, when point-
ing upwards, or their duals, when pointing downwards. To the phenomena
from Figure 9 one associates, in order, the operators which are: the quasitri-
angular R-matrix R : V m 
 V n ! V n 
 V m , its inverse R� 1, the projection
of the tensor product of V m 
 V n onto V p, the inclusion of V p into V m 
 V n ,
the contraction V n 
 V n� , its dual, the isomorphism D : V n ! V n� , and its
dual. One then composes these operators from the bottom of the diagram
to the top, to obtain the desired linear map from C to C. The coupons, i.e.
the maps D, might be required in order to change the orientations of the
three edges that meet at a vertex, to make them look as depicted.

VVVV V V

V V

V V V

V
n

nn nn n nV

Vn

m m m

m

p

p

Figure 9

Returning to the quantization, the Reshetikhin-Turaev inv ariant of the
graph is equal to [op(W
;n )ep; eq], where [�; �] is the nondegenerate bilinear
pairing on H r (� g) de�ned in Figure 10. One can think of this as being
the p; q-entry of the matrix of the operator, although this is not qui te true
because the bilinear pairing is not the inner product. But because the pairing
is nondegenerate, the above formula completely determinesthe operator
associated to the Wilson line. It can be shown that the quantization de�ned
this way is in the direction of Goldman's Poisson bracket [1].

V
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V

V

V
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i
V j

k

[e  ,e  ]=p q

Figure 10

4.3. Non-abelian theta functions from skein modules. We will re-
phrase the construction from Section 4.2 in the language of skein modules.
The goal is to describe the quantum group quantization as an action of a
skein algebra on a quotient of itself in the same way as the Schr•odinger
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representation of the �nite Heisenberg group has been written in 3.2 as the
action of the group ring of this group on a quotient of itself.

We �rst replace the oriented framed graphs and links coloredby irre-
ducible representations ofU~(sl(2; C)) by formal sums of oriented framed
links colored by the 2-dimensional irreducible representation. To this end
we use the Clebsch-Gordan theorem forU~(sl(2; C)) to write

V n =
n=2X

j =0

(� 1)j
�

n � j
j

�
(V 2)n� 2j = Sn� 1(V 2); for n = 1 ; 2; � � � ; r � 1

where Sn (x) is, as seen, the Chebyshev polynomial of second kind de�ned
recursively by S0(x) = 1, S1(x) = x, Sn+1 (x) = xSn(x) � Sn� 1(x). Then
we replace a framed simple closed curve
 on the surface colored byV n by
Sn(
 ) with components colored byV 2. Here the sum is formal, while akth
power meansk parallel copies of the curve.

For an oriented framed graph we �rst replace the edges using the recursive
relation described in Figure 11 (recall from the previous section that the
coupons stand for the isomorphisms between a representation and its dual).
After doing this, at each vertex colored by V m ; V n ; V p (that stands for the
projection of V m 
 V n onto V p) there are p strands entering from above and
two groups ofm respectivelyn strands exiting below. Connect these strands
as shown in Figure 12, wherex + y = p, x + z = m, y+ z = n. Do the similar
thing for the vertices corresponding to the inclusion ofV p into V m 
 V n . The
link obtained this way has and even number of coupons on each component.
Cancel the coupons on each link component in pairs, adding a factor of � 1
each time the two coupons are separated by an odd number of maxima on
the link component (for those familiar with the subject, not e that the link
component is colored by an even-dimensional representation).

V V V
V V

V

V

V

n 2

2

2

=

V

=

V2 V 2 V V

V V

2 2

22
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1
[2]

[n-2]

[n-1]
n-2

n-1

n-1

n-1

Figure 11

With these transformations, the computation of the matrices of operators
of the quantum group quantization reduces to computations with links whose
components are colored byV 2. Theorem 4.3 in [14] allows us to perform
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this computation using skein relations. Speci�cally, if th ree framed links
L; H; V in S3 colored by V 2 coincide except in a ball where they look like
in Figure 13, then their Reshetikhin-Turaev invariants, denoted by JL ; JH ,
and JV satisfy

JL = tJ H + t � 1JV

if the two crossing strands come from di�erent components, and

JL = � (tJ H � t � 1JV )

if the crossing strands come from the same component. Here� is the sign
of the crossing.Additionally if a link component bounds a disk inside a ball
disjoint from the rest of the link, then it is replaced by a factor of t2 + t � 2.

L H V
Figure 13

Using these skein relations we introduce a di�erent type of skein module.
For this, let M be an orientable 3-dimensional manifold. Consider the free
C[t; t � 1]-module with basis the isotopy classes of framed oriented links in
M , then factor it by the skein relations

L = tH + t � 1V

if the two crossing strands come from di�erent components, and

L = � (tH � t � 1V )

if the crossing strands come from the same component (with the same con-
vention for � as above) where the linksL; H; V are the same except in an
embedded ball in M and inside this ball they look like in Figure 13. Also,
impose that any trivial link component that lies inside a bal l disjoint from
the rest of the link is replaced by a factor of t2 + t � 2. We call the module
obtained this way the Reshetikhin-Turaev skein moduleand denote it by
RTt (M ).

Like before, if M = � g � [0; 1] then the homeomorphism

� g � [0; 1] [ � g � g � [0; 1] = � g � [0; 1]
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induces a multiplicative structure on the skein module of the cylinder over
the genusg surface. Also the operation of gluing � g � [0; 1] to the boundary
of a genusg handlebody Hg induces anRTt (� g � [0; 1])-module structure
on the skein module of the handlebody. Moreover, by gluingHg with the
empty skein inside to � g � [0; 1] we see thatRTt (Hg) is the quotient of
RTt (� g � [0; 1]) obtained by identifying skeins in � g � [0; 1]) that are isotopic
in Hg.

We further de�ne the reduced Reshetikhin-Turaev skein module gRT t (M )
by setting t = e

i�
2r and letting all skeins that contain an Sr � 1(
 ) for some

curve 
 be equal to zero. Note that Sr � 1(
 ) = 0 stands for the fact that
Sr � 1(V 2) is a representation that has no e�ect on computations. By the
above considerations the reduced skein module of the genusg handlebody
is isomorphic to the Hilbert space H r (� g) and the skein algebra of the
cylinder over a surface is isomorphic to the algebra of quantized Wilson
lines. Moreover, the action of gRT t (� g � [0; 1]) on gRT t (Hg) coincides with
the action of the algebra of operators on the vector space. Hence we have

Proposition 4.1. The quantum group quantization of the moduli space of

at SU(2)-connections on a surface can be represented as the left multipli-
cation of the reduced Reshetikhin-Turaev skein algebra of that surface on the
reduced Reshetikhin-Turaev skein module of the handlebody.

Remark 4.2. The action of the algebra of quantized Wilson lines on the
Hilbert space in the quantum group quantization is a representation of this
algebra on a quotient of itself. The skein modulesRT t (� g � [0; 1]) and
gRT t (� g � [0; 1]) are the analogues, for the gauge groupSU(2), of the group
rings of H (Z) and H (Z2N ).

The translation into the language of skein modules allows aneasy proof of
the irreducibility of the representation, which is required by the postulates
of quantum mechanics.

Theorem 4.3. For each r > 1, the quantum group quantization of the
moduli space of 
at SU(2)-connections on the torus is an irreducible repre-
sentation.

Proof. We discuss the caseg > 1, since for the case of the torus we have the
stronger result of Theorem 5.3. To this end we will show that every nonzero
vector in the Hilbert space H r (� g) is a cyclic vector for the representation.

The smooth part of M g has real dimension 6g � 6. This smooth part
is a completely integrable manifold in the Liouville sense. Indeed, the
Wilson lines W� i , where � i , i = 1 ; 2; : : : ; 3g � 3 are the curves in Fig-
ure 14, form a maximal set of Poisson commuting functions (meaning that
f W� i ; W� j g = 0). The quantum group quantization of the moduli space of

at SU(2)-connections is thus a quantum integrable system, with the opera-
tors op(W� 1 ), op(W� 2 ), ..., op(W� 3g� 3 ) satisfying the integrability condition.
The spectral decomposition of the commuting (3g � 3)-tuple of self-adjoint
operators

(op(W� 1 ); op(W� 2 ); :::; op(W� 3g� 3 ))
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has only 1-dimensional eigenspaces:Ce1; Ce2; Ce3; : : :, where theei 's are the
basis elements described in the previous section.

4

3
1 2

3g-3
a

aa

a

a

Figure 14

Given a knot in the handlebody, we can talk about the linking number
of this knot with one of the curves � i ; just embed the handlebody inS3 in
standard position. We agree to take this with a positive sign. The linking
number of a link L in Hg with the curve � i is the sum of the linking numbers
of the components. Associate toL the number d(L ) obtained by summing
these for all i = 1 ; 2; : : : ; 3g � 3. Finally, for a skein � =

P
cj L j , where L j

are links and cj 2 C, let d(� ) = max j d(L j ). We claim that for each skein
� which is not a multiple of the empty link, there is a skein � 0 such that
d(� 0) < d (� ) and � 0 is in the cyclic representation generated by� .

To this end write � in the basis as � =
P

cj ej . Because the spectral
decomposition of the system

(op(W� 1 ); op(W� 2 ); : : : ; op(W� 3g� 3 ))

has only 1-dimensional eigenspaces, each of theej that has a nonzero co-
e�cient is in the cyclic representation generated by � . Note that for each
such ej , d(ej ) � d(� ). If one of these inequalities is sharp, then the claim
is proved. If not, we show that if ep is not the empty link (i.e. the triva-
lent graph with all edges colored byV 1), then in the cyclic representation
generated byep there is a skein� 0 with d(� 0) < d (ep).

After deleting all edges of ep colored by the trival representation V 1,
the not necessarily connected graph obtained this way has anedge whose
endpoints coincide, which is colored by some nontrivial representation V n .
Let � be a framed simple closed curve on� g that is isotopic to this edge and
choose an� i that intersects � as shown in Figure 15.

b

Vn a i

Figure 15

The recursive formula in Figure 11 shows that op(W� )ep is the sum of
two skeins, � 0 that has the edge linking � i colored by V n� 1 and � 00 that
has the edge linking� i colored by V n+1 . It is a standard fact that � 0 is an
eigenvector of op(W� i ) with eigenvalue [2n � 2], while, if it is nonzero, then
� 00is an eigenvector of op(W� i ) with eigenvalue [2n + 2]. We can therefore
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conclude that � 0 is in the cyclic representation generated byep, and therefore
in the cyclic representation generated by� .

Repeating, we eventually descend to the empty link. It remains to show
that the empty link is cyclic. But this is obviously true, sin ce each basis
element can be represented as the image of a collection of nonintersecting
simple closed curves on the boundary. This completes the proof. �

4.4. The Reshetikhin-Turaev representation of the mapping clas s
group as a Fourier transform for non-abelian theta function s. The
Reshetikhin-Turaev projective representation � of the mapping class group
of � g is constructed as follows. By the Lickorish twist theorem [15], every
element h of the mapping class group is a product of twists. Each twist can
be represented as surgery with integer coe�cients along a link in � g � [0; 1].
Hence h itself can be represented as surgery with integer coe�cients in
� g � [0; 1], so it can be represented by a framed link, the framings of whose
components are equal to the surgery coe�cients.

In order to �nd � (h) it su�ces to compute [ � (h)ep; eq] for all basis ele-
ments ep and eq, where [�; �] is the nondegenerate bilinear pairing discussed
in the previous section. To do this, place � g � [0; 1] with the surgery link in
standard position in S3, then placeep in one handlebody andeq in the other.
Color each link component of the surgery link by 1

X

P r � 1
j =1 [j ]V j where [j ] is

the quantized integer andX is the square root of
P r � 1

j =1 [j ]2. Then compute
the Reshetikhin-Turaev invariant of the framed graph obtained by projecting
everything onto a plane to obtain the desired value.

On the other hand, there is an action of the mapping class group of the
surface � g on the ring F (M g) of regular functions on the moduli space. An
element h of the mapping class group acts by

h � f (A) = f (h� 1
� A)

where h� A denotes the image of the connectionA through h. In particular
the Wilson line of a curve 
 is mapped to the Wilson line of the curveh(
 ).
Each elemenent of the mapping class group preserves the Atiyah-Bott sym-
plectic form, so it induces a symplectomorphism ofM g. The Reshetikhin-
Turaev representation gives a method for quantizing these symplectomor-
phisms.

The action of the mapping class group onF (M g) induces an action on
the quantum observables by

h � op(f (A)) = op( f (h� 1
� A)) :

In order for the Reshitikhin-Turaev topological quantum �e ld theory to be
consistent, this action must be compatible with the Reshetikhin-Turaev rep-
resentation of the mapping class group. The compatibility condition is

op(Wh(
 );n ) = � (h)op(W
;n )� (h)� 1;

which holds true for all elementsh of the mapping class group, curves
 on
the surface and positive integersn. We recognize the Egorov identity, which
is satis�ed exactly.
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Is the existence of the Reshetikhin-Turaev representationof the map-
ping class group a consequence of a Stone-von Neumann theorem for the
Reshetikhin-Turaev skein algebra? Namely is it true that RTt (� g � [0; 1])
has a unique irreducible representation that maps t to e

i�
2r , simple closed

curves to self-adjoint operators, andSr � 1(
 ) to zero for all simple closed
curves 
 on the surface? We only know this fact for the torus, and will
prove it in Section 5.3. We know however that the quantum group quanti-
zation is an irreducible representation, hence we have a Schur's lemma:

Theorem 4.4. The projective representation of the mapping class group of
a closed surface from the Reshetikhin-Turaev theory is theunique projective
representation that satis�es the exact Egorov identity

op(Wh(
 ) ) = � (h)op(W
 )� (h)� 1

with the quantum group quantization of the moduli space of 
at SU(2)-
connections on the surface.

This theorem shows that all the information about the Reshetikhin-Turaev
representation of the mapping class group is already present in the quan-
tum mechanics of the moduli space. As a corollary, we obtain the following
result, which gives a slick construction of the Reshetihin-Turaev representa-
tion. Let again h be an element of the mapping class group of the surface
� g, and h1 and h2 two homeomorphisms of � g onto the boundary of the
handlebody Hg such that h2 = h � h1. Extend h1 and h2 to embeddings of
� g � [0; 1] into Hg.

Theorem 4.5. Given a link 
 in gRT t (Hg), lift it in all possible nonequiva-
lent ways to gRT t (� g � [0; 1]) using h1, then map these liftings togRT t (Hg)
using h2, and consider the average of the images. The map de�ned this
way is, up to a multiplication by a constant, equal to� (h), the morphism
associated toh by the Reshetikhin-Turaev representation.

Proof. This is the analogue of Theorem 3.11 for non-abelian theta functions
with gauge group SU(2). Like in the case of that theorem, the number of
distinct liftings to gRT t (� g � [0; 1]) is �nite, so the map from the statement is
well de�ned. This map satis�es the exact Egorov identity wit h the quantum
group quantization of M g; by the previous theorem it must be � (h) (up to
multiplication by a constant). �

As it was explained in [24] and [27], the projective representation of the
mapping class group can be made into a true representation bypassing to a
Z-extension of the mapping class group. Like in the case of classical theta
functions, this extension can be de�ned in terms of either the Maslov index
or the signature of 4-manifolds. To outline the similarity with classical theta
functions we recall brie
y this construction. The details can be found in the
above mentioned sources.

Fix a rigid structure on the surface � g and consider the subspaceL of
H1(� g; R) spanned by the curves that dissect the surface into pairs ofpants.
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Then L is a Lagrangian subspace ofH1(� g; R) with respect to the intersec-
tion form. The composition of extended homeomorphisms is de�ned by

(h0; n0) � (h; n) = ( h0 � h; n + n0+ � (L; h (L ); h0 � h(L )) ;

where � is the Maslov index with respect to the intersection pairing. By
using Wall's formula for the non-additivity of the signatur e, this can be
translated into a completely topological language.

Let h1; h2; h3 be the homeomorphisms of �g onto the bondaries of the
3-manifolds N1; N2, respectivelyN3 such that L , h(L ), respectively h0� h(L )
are the kernels of the morphisms induced in �rst homology. Consider the
closed 3-manifolds

M = N1 [ h1 (� g � [0; 1]) [ h2 N2 and M 0 = N2 [ h2 (� g � [0; 1]) [ h3 N3:

Let also W and W 0 be 4-manifolds such that @W = M , sign(W ) = n,
@W0 = M 0, sign(W 0) = n0, where sign is the signature of the intersection
form in dimension 2. The elements of theZ-extension of the mapping class
group can be put in the form (h; sign(W )). Because of Wall's formula for
the non-addititivity of the signature, the multiplication rule is given by

(h0; sign(W 0)) � (h; sign(W )) = ( h0 � h; sign(W 0[ N2 W )):

5. Non-abelian theta functions on the torus

5.1. The Weyl quantization of the moduli space of 
at SU(2)-con-
nections on the torus. The moduli spaceM 1 of 
at SU(2)-connections
on the torus is the same as the character variety ofSU(2)-representations of
the fundamental group of the torus. It is, therefore, parametrized by the set
of pairs of matrices (A; B ) 2 SU(2) � SU(2) satisfying AB = BA , modulo
conjugation. Since commuting matrices can be diagonalizedsimultaneously,
and the two diagonal entries can be permuted simultaneously, the moduli
space can be identi�ed with the quotient of the torus f (e2�ix ; e2�iy ); x; y 2
Rg by the \antipodal" map x ! � y, y ! � y. This space is called thepillow
case.

The pillow case is the quotient of R2 by horizontal and vertical integer
translations and by the symmetry � with respect to the origin. Alternatively,
it is the algebraic set in R3 de�ned by the equation X 2 + Y 2 + Z 2 � XY Z =
4, shown in Figure 16. Except for four singularities, M 1 is a symplectic
manifold, with symplectic form ! = 2 �idx ^ dy. The associated Poisson
bracket is

f f; g g =
1

2�i

�
@f
@x

@g
@y

�
@f
@y

@g
@x

�
:

Let us quantize this space in the holomorphic polarization. Like in the
case of the Reshetikhin-Turaev theory, Planck's constant will be taken the
reciprocal of an even integer~ = 1

N = 1
2r .

The tangent space at an arbitrary point on the pillow case is spanned
by the vectors @

@x and @
@y. In the formalism of Section 4.1, these vectors
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are identi�ed respectively with the cohomology classes of the su(2)-valued
1-forms

�
1 0
0 � 1

�
dx and

�
1 0
0 � 1

�
dy:

It follows that a complex structure on the original torus ind uces exactly the
same complex structure on the pillow case. So we can think of the pillow
case as the quotient of the complex plane by the latticeZ + Z� and the
symmetry � with respect to the origin. As before, we denote by (x; y) the
coordinates in the basis (1; � ) and by z = x + �y the complex variable.

As seen in [9], a holomorphic line bundleL 1 with curvature 2 �iNdx ^ dy =
4�irdx ^ dy on the pillow case is de�ned by the cocycle �1 : R2 � Z2 ! C� ,

� 1((x; y); (m; n)) = e
� �Ni

a (�n 2 � 2n(x+ �y )) = e
� �Ni

a (�n 2 � 2nz )

� 1((x; y); � ) = 1 :

Since the form dz is not globally de�ned on the pillow case, we cannot
use the trivial line bundle as the half-density. The obstruction for dz to be
globally de�ned given by the symmetry with respect to the origin � can be
incorporated in a line bundle L 2 de�ned by the cocycle � 2 : R2 � Z2 ! C� ,

� 2((x; y); (m; n)) = 1

� 2((x; y); � ) = � 1:

The line bundle of the quantization is then L 1 
 L 2, de�ned by the cocy-
cle � 1� 2. The Hilbert space of non-abelian theta functions consistsof the
holomorphic sections of this line bundle. To specify a basisof this vector
space, we need a rigid structure on the torus. This complex torus with rigid
structure is again speci�ed by a number � in the upper half-plane. The
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orthonormal basis of the Hilbert space is

� �
j (z) = 4

p
r (� �

j (z) � � �
� j (z)) ; j = 1 ; 2; : : : ; r � 1;

where � �
j (z) are the theta series from Section 3.1. The de�nition of � �

j (z)
should be extended to all indices by the conditions� �

j +2 r (z) = � �
j (z), � �

0 (z) =
0, and � �

r � j (z) = � � �
r + j (z).

Let us turn our attention to the Weyl quantization of Wilson l ines. If p
and q are coprime integers, then the Wilson line for the curve with slope
p=qon the torus and for the 2-dimensional irreducible representation is just

Wp=q(x; y) = f (x; y) =
sin 4� (px + qy)
sin 2� (px + qy)

= 2 cos 2� (px + qy);

when viewing the pillow case as a quotient of the plane. This is because
the character of the 2-dimensional irreducible representation is sin 2x= sinx.
Moreover, if p and q are arbitrary integers, the function f (x; y) = 2 cos 2� (px+
qy) is a linear combination of Wilson lines. Indeed, ifn = gcd(p; q), p = np0,
q = nq0, then

2 cos 2� (px + qy) =
sin[2� (n + 1)( p0x + q0y)]

sin 2� (p0x + q0y)
�

sin[2� (n � 1)(p0x + q0y)]
sin 2� (p0x + q0y)

;

so 2 cos 2� (px+ qy) = W
;n +1 � W
;n � 1 where
 is the curve of slopep0=q0 on
the torus. This formula also shows that Wilson lines are linear combinations
of cosines, so it su�ces to understand the quantization of the cosines.

Because the pillow case is the quotient of the torus by the antipodal
map, the Weyl quantization on the pillow case can be obtainedby doing
equivariant Weyl quantiztion on the torus. Moreover, since

2 cos 2� (px + qy) = e2�i (px+ qy) + e� 2�i (px+ qy) ;

we �nd that the Weyl quantization of the Wilson lines can be obtained by
extending linearly the Schr•odinger representation to the group ring of the
�nite torus, restricting it to the subring invariant under t he map expP !
exp(� P) and expQ ! exp(� Q), and then letting it act on odd theta func-
tions. For the quantization of the cosines we obtain the formula

op(2 cos 2� (px + qy)) � �
j (z) = e� �i

2r pq
�

e
�i
r qj � �

j � p(z) + e� �i
r qj � �

j + p(z)
�

:

In particular the � �
j 's are the eigenvectors of op(2 cos 2�y ), corresponding

to the holonomy along the curve which cuts the torus into an annulus. This
shows that they are correctly identi�ed as the analogues of the theta series.

5.2. The quantum group quantization of the moduli space of 
at
SU(2)-connections on the torus. The quantum group quantization of
M 1 is the particular case of the construction performed in Section 4.2. Set
again ~ = 1

2r . The Hilbert space has an orthonormal basis consisting of the
r � 1 vectors V 1(� ); V 2(� ); : : : ; V r � 1(� ), obtained by coloring the core � of
the torus by the irreducible representationsV 1; V 2; : : : ; V r � 1 of U~(sl(2; C))
(see Figure 17). These are the quantum group analogues of the� �

j 's.
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The operator associated to the function f (x; y) = 2 cos 2� (px + qy) is
computed in a similar fashion as that for higher genus surfaces described in
Section 4.2. The required bilinear form on the Hilbert spaceis now known to
be [V j (� ); V k(� )] = [ jk ], j; k = 1 ; 2; : : : ; r � 1. The value of [op(2 cos 2� (px+
qy))V j (� ); V k(� )] is equal to the Reshetikhin-Turaev invariant of the three-
component link obtained by placing the curve of slopep=q on the torus
embedded in the standard position in the 3-dimensional space, colored by
V n+1 � V n� 1 where n is the greatest common divisor ofp and q, the core
of the solid torus that lies on one side of the torus colored byV j , and the
core of the solid torus that lies on the other side colored byV k . It has been
shown in [9] that this operator acts on the Hilbert space by

op(2 cos 2� (px + qy))V j (� ) = e� �i
2r pq

�
e

�i
r qj V j � p(� ) + e� �i

r qj V j + p(� )
�

;

with the conventions made before if the indices of the irreducible represen-
tations leave the range 1; 2; : : : ; r � 1. This is of course the formula from the
previous section, and we have

Theorem 5.1. [9] The Weyl quantization and the quantum group quantiza-
tion of the moduli space of 
at SU(2)-connections on the torus are unitary
equivalent.

In the next section we will show that this theorem is a consequence of a
Stone{von Neumann theorem. It is important to note that

C(p;0)V k(� ) = V k� p(� ) + V k+ p(� ); C(0; q)V k (� ) = 2 cos
qk�

r
V k (� ):

These are the analogues of translation and multiplication by a character in
the case of the Heisenberg group.

Let us now place ourselves in the framework of Section 4.3. The Reshetikhin-
Turaev skein algebra of the cylinder over the torus is isomorphic to the
subalgebra of the noncommutative torus

C[U; V; U� 1; V � 1]=UV = e2�i ~ V U

invariant under the map U ! U � 1, V ! V � 1. The isomorphism is de-
�ned in the following way. For ( p; q) 2 Z2, let n = gcd(p; q), also let
Tn (x) be the Chebyshev polynomial of the �rst kind de�ned by T0(x) = 2,
T1(x) = x, and Tn+1 (x) = xTn (x) � Tn� 1(x), for n � 1. We consider the
framed oriented link (p=n; q=n) on the torus with the convention from Sec-
tion 3.2. The isomorphism maps the skeinTn ((p=n; q=n)) 2 RTt (T2 � [0; 1])
to e� �i ~pq(UpV q + U � pV � q). Since the skeins of the formTn ((p0; q0)) span
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the skein module, the map de�ned above can be extended linearly to the
entire skein module.

It should be noted that RTt (T2 � [0; 1]) is isomorphic to the Kau�man
bracket skein algebra of the torus (see [6] and [9]). Howeverthis is not the
case for higher genus surfaces, as it can be checked by looking at the product
of a separating curve with a nonseparating curve.

5.3. A Stone{von Neumann theorem on the pillow case. Weyl quan-
tization yields an irreducible representation of the Reshetikhin-Turaev skein
algebra of the cylinder over the torus subject to the following conditions:

1. t is mapped to the 4r th root of unity e
i�
2r ,

2. each simple closed curve on the torus
 is mapped to a self-adjoint
operator,

3. the skeinSr � 1(
 ) is mapped to zero, whereSn (x) denotes the Cheby-
shev polynomial of the second kind.

This factors to an irreducible representation of the reduced Reshetikhin-
Turaev skein algebragRT t (T � [0; 1]), which is the non-abelian analogue of
the group ring of the �nite Heisenberg group. Like for the �ni te Heisenberg
group, a Stone{von Neumann theorem holds.

Theorem 5.2. The representation given by the Weyl quantization of the
moduli space of 
at SU(2)-connections on the torus is theunique irreducible
representation of gRT t (T2 � [0; 1]) which maps simple closed curves to self-
adjoint operators and t to multiplication by e

�i
2r .

Proof. Let us show that each vector is cyclic. Because the eigenspaces of each
quantized Wilson line are 1-dimensional, in particular those of op(2 cos 2�x ),
it su�ces to check this for the eigenvectors of this operator, namely for � �

j ,
j = 1 ; 2; : : : ; r � 1. And because

op(2 cos 2�y )� �
j = � �

j +1 + � �
j � 1

op(2 cos 2� (x + y)) � �
j = t � 1(t2� �

j � 1 + t � 2� �
j +1 );

by taking linear combinations we see that from� �
j we can generate both� �

j +1
and � �

j � 1. Repeating, we can generate the entire basis. This shows that � �
j

is cyclic for eachj = 1 ; 2; : : : ; r � 1, hence the representation is irreducible.
To prove uniqueness, consider an irreducible representation of gRT t (T2 �

[0; 1]) that has the properties from the statement. It is �rst imp ortant to note
that the condition Sr � 1(
 ) = 0 for all 
 implies, by the spectral mapping
theorem, that the eigenvalues of the operator associated to
 are among the
numbers 2 cosk�

r , k = 1 ; 2; : : : ; r � 1.
Inspired by the structure of the Kau�man bracket skein algebra of the

torus exhibited by Bullock and Przytycki in [3], we can write for the gener-
ators X = (1 ; 0), Y = (0 ; 1), and Z = (1 ; 1) of the algebra gRT t (T2 � [0; 1])
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the relations

tXY � t � 1Y X = ( t2 � t � 2)Z

tY Z � t � 1ZY = ( t2 � t � 2)X

tZX � t � 1XZ = ( t2 � t � 2)Y

t2X 2 + t � 2Y 2 + t2Z 2 � tXY Z � 2t2 � 2t � 2 = 0 :

Substituting Z from the �rst relation we obtain the equivalent presenta-
tion

(t2 + t � 2)Y XY � (Y 2X + XY 2) = ( t4 + t � 4 � 2)X

(t2 + t � 2)XY X � (Y X 2 + X 2Y) = ( t4 + t � 4 � 2)Y

(t6 + t � 2 � 2t2)X 2 + ( t � 6 + t2 � 2t � 2)Y 2 + XY XY + Y XY X

� t2Y X 2Y � t � 2XY 2X = 2( t6 + t � 6 � t2 � t � 2):

Setting t = e
i�
2r the second relation becomes

2 cos
�
r

XY X � (Y X 2 + X 2Y) = 4 sin 2 �
r

Y:

Now consider some eigenvectorvk of X . Its eigenvalue must be of the
form 2 cosk�

r where k is one of the numbers 1; 2; : : : ; r � 1. Exactly as in
the case of the �nite Heisenberg group, we wish to generate a basis of the
representation by letting Y act repeatedly onvk . To this end, set Y vk = w.
The above relation yields

2 cos
�
r

� 2 cos
k�
r

Xw � 4 cos2
k�
r

w � X 2w = 4 sin2 �
r

w:

Rewrite this as
�

X 2 � 4 cos
k�
r

cos
�
r

X � 4
�

sin2 �
r

+ cos2 k�
r

��
w = 0 :

It follows that either w = 0 or w is in the kernel of the operator

X 2 � 4 cos
k�
r

cos
�
r

X � 4
�

sin2 �
r

+ cos2 k�
r

�
Id:

Now let us use the �rst relation to deduce that if Y vk = w = 0, then
Xv k = 0. This is impossible because of the third relation in the presentation.
This shows that w 6= 0, and so this vector lies in the kernel of the above
mentioned operator. Note that if � is an eigenvalue ofX which satis�es

� 2 � 4 cos
k�
r

cos
�
r

� � 4
�

sin2 �
r

+ 4 cos2 k�
4

�
= 0 ;

then necessarily� = 2 cos (k� 1)�
r . It follows that

Y vk = vk+1 + vk� 1;

where Xv k� 1 = 2 cos (k� 1)�
4 vk� 1, and vk+1 and vk� 1 are not simultaneously

equal to zero. By applying X repeatedly and taking linear combinations,
we see that the vectorsvk ; vk+1 ; vk� 1 are in the vector space of the repre-
sentation. We wish to make them elements of a basis of this vector space.
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For that we need to make sure thatvk+1 and vk� 1 are nonzero, and we also
need to understand the action ofY on them.

Set Y vk+1 = �v k + vk+2 and Y vk� 1 = �v k + vk� 2, where Xv k� 2 =
2 cos(k� 2)�

r vk� 2. It might be possible that the scalars � and � are zero. The
vectors vk+2 , vk� 2 might as well be zero; if they are not zero, then they are
eigenvectors ofX , and their respective eigenvalues are as speci�ed because
of the above argument.

Using again the relations satis�ed by the three generators of gRT t (T2 �
[0; 1]) we write

2 cos
�
r

Y XY � (Y 2X + XY 2) = 2 cos
2�
r

X;

which implies

cos
�
r

cos
(k + 1) �

r
� + cos

�
r

cos
(k � 1)�

r
� � cos

k�
r

(� + � )

= cos
2�
r

cos
k�
r

� cos
k�
r

:

This is equivalent to

�
cos

(k + 2) �
r

+ cos
k�
r

�
(� � 1) +

�
cos

(k � 2)�
r

+ cos
k�
r

�
(� � 1) = 0

that is

sin
(k + 1) �

r
(� � 1) + sin

(k � 1)�
r

(� � 1) = 0 :

For further use, we write this as

(t4k+4 � 1)(� � 1) + ( t4k � t4)( � � 1) = 0 :

Reasoning similarly with the last of the three relations in gRT t (T2 � [0; 1])
we obtain the equality

(t � 6 + t2 � 2t � 2)( � + � ) + 4 cos
(2k + 1) �

r
� + 4 cos

�
r

�

+4 cos
(2k � 1)�

r
� + 4 cos

�
r

� � 2t2 cos
(2k + 2) �

r
� � 2t2�

� 2t2 cos
(2k � 2)�

r
� � 2t2� � 2t � 2 cos

2k�
r

� � 2t � 2 cos
2k�

r
�

� 2t � 2� � 2t � 2� = 2( t6 + t � 6 � t2 � t � 2) � 2(t6 + t � 2 � 2t2)

� (t6 + t � 2 � 2t2)( t4k + t � 4k ):
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Using the fact that t = cos k�
2r + i sin k�

2r we can transform this into

(t � 6 + t2 � 2t � 2)(( � � 1) + ( � � 1)) + 4 cos
(2k + 1) �

r
� + 4 cos

�
r

�

+4 cos
(2k � 1)�

r
� + 4 cos

�
r

� � cos
(2k + 3) �

r
� � cos

(2k + 1) �
r

�

� i sin
(2k + 3) �

r
� + i sin

(2k + 1) �
r

� � 2 cos
�
r

� � 2i sin
�
r

�

� cos
(2k � 1)�

r
� � cos

(2k � 3)�
r

� � i sin
(2k � 1)�

r
� � i sin

(2k � 3)�
r

�

� 2 cos
�
r

� � 2i sin
�
r

� � cos
(2k � 1)�

r
� � cos

(2k + 1) �
r

�

� i sin
(2k � 1)�

r
� + i sin

(2k + 1) �
r

� � cos
(2k � 1)�

r
� � cos

(2k + 1) �
r

�

� i sin
(2k � 1)�

r
� + i sin

(2k + 1) �
r

� � 2 cos
�
r

� + 2 i sin
�
r

� � 2 cos
�
r

�

+2 i sin
�
r

� = � (t6 + t � 2 � 2t2)( t4k + t � 4k ):

After cancellations we obtain

(t � 6 + t2 � 2t � 2)(( � � 1) + ( � � 1)) �
�

cos
(2k + 3) �

r
+ i sin

(2k + 3) �
r

�
�

�
�

cos
(2k � 3)�

r
� i sin

(2k � 3)�
r

�
� + 2

�
cos

(2k + 1) �
r

+ i sin
(2k + 1) �

r

�
�

+2
�

cos
(2k � 1)�

r
� i sin

(2k � 1)�
r

�
� �

�
cos

(2k � 1)�
r

+ i sin
(2k � 1)�

r

�
�

�
�

cos
(2k + 1) �

r
� i sin

(2k + 1) �
r

�
�

= � t4k+6 + t � 4k+6 + t4k� 2 + t � 4k� 2 � 2t4k+2 � 2t � 4k+2 :

This is the same as

(t4k+6 + t4k� 2 + 2 t � 2 � 2t4k+2 � t � 6 � t2)( � � 1)

+( t � 4k+6 + t � 4k� 2 + 2 t � 2 � 2t � 4k+2 � t � 6 � t2)( � � 1) = 0 :

Dividing through by t � 6 + t2 � 2t � 2 we obtain

(t4k+4 � 1)(� � 1) + ( t � 4k+4 � 1)(� � 1) = 0 :

Combining this with the relation obtained before, we obtain the system of
two equations

(t4k+4 � 1)u + ( t4k � t4)v = 0

(t4k+4 � 1)u + ( t � 4k+4 � 1)v = 0

in the unknowns u = � � 1 and v = � � 1. Recall that t = e
i�
2r .

The coe�cient of v in one of the equations is equal to zero if and only if
k = 1, in which case we are forced to have� = 0, because zero is not an
eigenvalue ofX . The coe�cient of u in one of the equations is equal to zero
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if and only if k = r � 1, in which case we are forced to have� = 0, because
� 1 is not an eigenvalue ofX .

In any other situation, by subtracting the equations we obtain

(t4k � t4 � t � 4k+4 + 1) v = 0 ;

that is t4(t4k� 4 � 1)(t � 4k + 1) v = 0. This can happen only if t4k = � 1,
namely if 2k = r .

So if k 6= r
2 , then Y vk = vk+1 + vk� 1 with vk+1 and vk� 1 being eigenvectors

of X with eigenvalues 2 cos(k+1) �
r respectively 2 cos(k� 1)�

r , and Y vk� 1 =
vk + vk� 2, where vk� 2 lie in the eigenspaces ofX corresponding to the
eigenvalues 2 cos(k� 2)�

r .
Let us see what can happen ifk = r

2 . One of vk+1 and vk� 1 is not zero,
say vk+1 . Applying the above considerations to vk+1 we have Y vk+1 =
�v k + vk+2 and Y �v k = vk+1 + v0

k� 1, for some vectorv0
k� 1 in the eigenspace

of X corresponding to the eigenvalue 2 cos(k� 1)�
r . Then on the one hand

Y vk = vk+1 + vk� 1 and on the other hand �Y v k = vk+1 + v0
k� 1. This shows

that � = 1, and because (� � 1) + ( � � 1) = 0, it follows that � = 1 as well.
Repeating the argument we conclude that the irreducible representa-

tion, which must be the span of X m Y nvk for m; n � 0, has the basis
v1; v2; : : : ; vr � 1, and X and Y act on these vectors by

Xv j = 2 cos
j�
r

; Y vj = vj +1 + vj � 1;

with the convention v0 = vr = 0. And we recognize the representation given
by the Weyl quantization of the moduli space of 
at SU(2)-connections on
the torus. �

5.4. The Reshetikhin-Turaev representation of the mapping clas s
group of the torus. Let us �rst concentrate on the generators S and T
of the mapping class group of the torus. Because the Weyl quantization on
the pillow case is obtained by doing equivariant Weyl quantization on the
torus, it follows that the values of � (S) and � (T) on the pillow case can be
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computed from those on the torus as follows:

� (S)� �
j (z) = 4

p
r� (S)( � �

j (z) � � �
� j (z)) = 4

p
r

2r � 1X

k=0

�
e� �i

r kj � �
k (z) � e

�i
r kj � �

� k (z)
�

= 4
p

r
r � 1X

k=1

�
e� �i

r kj � �
k (z) � e

�i
r kj � �

� k(z)
�

+ 4
p

r
r � 1X

k=1

�
e� �i

r (2r � k)j � �
2r � k(z) � e

�i
r (2r � k)j � �

k (z)
�

= 2 4
p

r
r � 1X

k=1

�
e� �i

r kj � e
�i
r kj

�
(� �

j (z) � � �
� j (z))

= � 4i
r � 1X

k=1

sin
�
r

kj� �
j (z);

which is a scalar multiple of the discrete sine transform, and

� (T)� �
j (z) = 4

p
r� (T)( � �

j � � �
� j (z)) = 4

p
re

�i
r j 2

(� �
j (z) � � �

� j (z))

= e
�i
r j 2

� �
j (z):

These coincide, up to multiplication by a constant, with the S and T ma-
trices de�ned using quantum groups [24], in which the jk entry of � (S) is
the Reshetikhin-Turaev invariant of the Hopf link with comp onents colored
by V j respectively V k , while � (T) introduces a positive twist on each basis
element (see Figure 18).

S:                             T:
V V Vk jj

Figure 18

The relationship with classical theta functions allows us to adapt a for-
mula of Ka�c and Peterson [13] in order to obtain a general formula for the
Reshetikhin-Turaev representation of the mapping class group of the torus.

Theorem 5.3. Let

h =
�

a b
c d

�
;

be an element of the mapping class group of the torus. Then there is a
number c(2r; h ) 2 C such that

� (h)� �
j (z) = c(2r; h )

X

k

e
�i
2r (cdk2+ abj 2) [bckj]� �

aj + ck(z)

where the sum is taken over a family ofj 2 Z that give all representatives
of the classescj modulo 2r Z and the square brackets denote a quantized
integer.
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Proof. Because 2r is an even integer, the groupSL � (2; Z) is the whole
SL(2; Z). By Proposition 3.17 in [13], there is a constant � (2r; h ) such
that

� � 0

j

�
z

c� + d

�
= � (2r; h ) exp

�
�

4�ircz 2

2(c� + d)

� X

k

e
i�
2r (cdk2+2 bckj + abj 2) � �

aj + ck(z)

with the same summation convention as in the statement of thetheorem,
and with � 0 = a� + b

c� + d . The map

� �
j (z) !

X

k

e
i�
2r (cdk2+2 bckj + abj 2) � �

aj + ck(z)

is up to multiplication by a constant, the unique map that sat is�es the
Egorov condition with the representation of the Heisenberggroup. It follows
that

� �
j (z) !

X

k

e
�i
2r (cdk2+ abj 2) [bcjk]� �

aj + ck(z)

satis�es the Egorov condition with the Weyl quantization of the pillow case.
By Theorem 5.2 there is a unique map with this property, up to multiplica-
tion by a constant. Hence the conclusion. �
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