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SKEIN MODULES AND THE NONCOMMUT ATIVE TOR US

CHARLES FROHMAN AND RAZVAN GELCA

Abstra ct. We prove that the Kau man bracket skein algebra of the
cylinder over a torus is a canonical subalgebra of the noncommutativ e
torus. The proof is based on Chebyshev polynomials. As an applica-
tion, we describe the structure of the Kau man bracket skein module of
a solid torus as a module over the algebra of the cylinder over a torus,
and recover a result of Hoste and Przyt ycki about the skein module of a
lens space. We establish simple formulas for Jones-Wenzl idempotents
in the skein algebra of a cylinder over a torus and give a straightforw ard
computation of the n-th colored Kau man bracket of a torus knot, eval-
uated in the plane or in an annulus.

1. Intr oduction

This paper introduces a new direction in the study of skein modules.
The Kau man bracket [9] is a knot invariant assa@iated to quantum eld
theory. The noncomnutativ e torus is an algebra of functions that appears
in noncommnutativ e geometry [6]. In this paper we explicate the relationship
betweenthe two.

When the variable of the Kau man bracket is 1, the Kau man bracket
skein algebra of the 2-dimensional torus is isomorphic to the algebra of
SL ,C-characters of the fundamertal group of the torus. You can think of
this asa subalgebraof the algebraof cortin uous functions on the torus. For
an arbitrary value of the variable, the Kau man bracket skein algebraof the
torus canbeviewed asa deformation of this particular subalgebra. Similarly,
the noncomnutativ e torus is a deformation of the algebraof functions on the
torus. The main result of the paper statesthat the Kau man bracket skein
algebra of the torus is isomorphic to a subalgebraof the noncomnutativ e
torus. That is, the two algebrasarise from the samedeformation.

The functions we are working with are in fact trigonometric functions,
and henceiterativ e techniques for dealing with Chebyshev polynomials are
a certral technique for establishing the results here. Their presencein this
context is natural if one thinks of the relation betweentrigonometric func-
tions and quantum physics.
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Although a presenation of the Kau man bracket skein algebra of the
torus appeared before (see[5]), the multiplicativ e structure of this algebra
remained mysterious. Chebyshev polynomials with variables simple closed
curveson the torus enableus to give a complete description of the multipli-
cation operation, by the product-to-sum formula given below.

Someapplications of the approac follow. First, we analyzethe structure
of the Kau man bracket skein module of the solid torus asa module over the
Kau man bracket skein algebraof the torus. Then, we give a short algebraic
proof of the result of Hoste and Przytycki describingthe Kau man bracket
skein module of a lens space. Finally, we shov how to write, in terms of
generators,the elemen of the Kau man bracket skein algebra of the torus
obtained by placing a Jones-Wenzl idempotent on a simple closedcurve.

2. Skein Modules

Throughout this paper t will denotea xed complex number. A framed
link in an orientable manifold M is a disjoint union of annuli. In the case
whenthe manifold canbe written asthe product of a surfaceand an interval,
framed links will be identied with curves, using the convertion that the
annulus is parallel to the surface(i.e. we considerthe blackboard framing).
Let L denote the set of equivalence classesof framed links in M modulo
isotopy, including the empty link.

Consider the vector space, CL with basisL. Dene S(M) to be the
smallest subspaceof CL cortaining all expressionsof the form1

Nt t1Hy(and +t2+t 2 wherethe framed links in eah
expressionare identical outside the balls pictured in the diagrams. The
Kau man bracket skein module K (M) is the quotient

CL=S(M):

Skein modules were introduced by Przytycki [12] as a way to extend
the new knot polynomials of the 1980's to knots and links in arbitrary
3-manifolds. They have since becomecertral in the theory of invariants
of 3-manifolds. The idea that they could be usedto quantize algebras of
functions on surfacesis due to Turaev [19]. They were then usedas a tool
for constructing quantum invariants by Lickorish [11], Kau man and Lins
[10], Blanchet, Habegger, Masbaum, and Vogel [1], Roberts [16] and Gelca
[7]. Finally, the connection between skein modules and characters of the
fundamertal group of the underlying manifold was explained by Bullock [2],
Przytycki and Sikora [14] and Sikora [18]. The connection between skein
algebrasand the algebrasof obsenablesarising in lattice gauge eld theory
has beenstudied by Bullock, Frohman and Kania-Bartoszynska [3]. There
are also higher skein modulesthat were introducedin [4].

The Kau man bracket skein module of the cylinder over a torus has a
multiplicativ e structure, induced by the topological operation of gluing one
cylinder on top of the other. The product is the result of laying  over
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. This multiplication makesK (T2 ) into an algebra, which we will call
the skein algebra of the torus.

The skein module of a manifold that has a torus boundary has a left
K¢(T2 I)-module structure induced by gluing the zeroend of the cylinder
over a torus to that boundary componert. In particular, this is true for
K{(S! D?), the Kauman bracket skein module of the solid torus. Note
that S D? is homeomorphic with the cylinder over an annulus, hence
K{(S! D?) isitself an algebra. Howewer, the algebrastructure of the skein
module of the solid torus is not related to the algebrastructure of the skein
module of the cylinder over the torus. In fact K{(S! D?) is isomorphic
to C[X] under the isomorphismthat takesthe simple closedcurve , which
runs once around the torus, into the variable X. Consequetly, a basis of
K{(S! D?) asa C-vector spaceis given by the elemers ".

3. The Noncommut ative Tor us

The noncommutative torus is a \virtual* geometric spacewhosealgebra
of functions is a certain deformation of the algebra of contin uous functions
on the classicaltorus. One usually identi es the noncomnutativ e torus with
its assaiated algebra of functions.

The most natural way in which the noncommnutativ e torus arisesis by
exponertiating the Heiserberg non-commutation relation pg gp= hl. One
then obtains an algebra generatedby two unitary operators u and v which
satisfy uv = v uwhere 2 C is someconstart. The noncommutativ e torus
is the closure of this algebrain a certain C -norm.

As Rie el [15] pointed out, the noncommutativ e torus can be obtained as
a strict deformation quantization of the algebra of contin uous functions on
the torus in the following way. Let t be the deformation parameter (denoted
this way to be consistert with the rest of the paper). For the space of
Laurent polynomials of two variables C[l;1 1;m;m 1] (herel = exp(2 ix)
and m = exp(2 iy) are the \longitude" and the \meridian" of the torus),
one considersthe basisover C given by the vectorsey,q = t P9Pm9. De ne
the multiplication , which dependson the parametert, by

€pg Ers = tlﬁéqjep+ rig+s-

The spaceof Laurent polynomials becomesa noncommutativ e algebrawhich
we denote by Ci[lI;1 *;m;m 1]. This is the algebra of Laurent polynomi-
als on the noncommutativ e torus. In order to construct the algebraA of
cortin uous functions on the noncomnutativ e torus (wheret = €' ), one
considersthe left regular represetation of the algebraC[l;| ;m;m 1] on
L2(T?) induced by this product, and takesthe closurein the operator norm
de ned by this represertation. Let us mertion that the above construction
corresponds to the deformation of the usual product of functions in the di-
rection of the Poissonbracket assaiated to the symplectic form dx ” dy.
In the physical setting mertioned at the beginning, the unitary operators
areu = ep0 and v = ep.
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There is a large body of literature dewoted to the algebraA . In the case
when s irrational, this algebrais called the irrational rotation algebra,
and has appeared in the works of operator theorists. It has been shovn
that A isthe C -algebranaturally assaiated to the Kronecker foliation of
the torus dy = dx [6]. Also Weinstein explained how A can be obtained
through a geometric quantization procedureapplied to the groupoid of this
foliation [2Q].

In the presert paper we are interested only in the algebra of Laurent
polynomials on the noncommutativ e torus. Considerthe algebra morphism

G mm N Gl bmim Y (epg) =€ p g

andlet C¢[lI;1 *;m;m 1] beits invariant part. Notethat C[l;1 L;m;m 1]
is spannedby the noncomnutativ e cosinesepq + € p; g, P;q 2 Z. In the
next section,we will show that this algebrahasa signi cant role in the study
of invariants of knots. As  has order two, its only eigervaluesare 1 and

1. The algebraC;[l;| 1;m;m 1] then splits into the direct sum of its sym-
metric part and its antisymmetric part with respectto . The subalgebra
Ci[l;1 L;m;m 1] isthe symmetric part.

4. The Isomorphism

In this section we will prove that the Kau man bracket skein algebra of
the torus can be embeddedin the noncomrmutativ e torus. More precisely we
will provethat K{(T? [0;1]) isisomorphicto the algebraC[l;1 1;m;m 1]
de ned in the previous section. The proof is based on a multiplication
formula, which is the object of Theorem 1, and which is important in its own
respect. This formula describesexplicitly the multiplication in the Kau man
bracket skein algebraof the torus. Let uspoint out that a presenation of this
algebra was given in [5]. The elemeris that enableus to clear the picture
and obtain a neat, compact formula for the multiplication are Chebyshev
polynomials.

For two integersm; n we denoteby gcd(m; n) their greatestcommondivi-
sor, with the convertion gcd(0; 0) = 0. We denoteby T, the n-th Chebyshev
polynomial, de ned recursively by To= 2, Ty = xand Tp+1 = Tp T1 T 1.

For p;q relatively prime and n 0, we denote by (p;q) the (p;g)-curve
on the torus. For (p;q) not necessarilyrelatively prime, we de ne

o p_._ g
(P:AT = Tyedp:g) gcd(p; )’ ged(p; q)

which is the elemeri of K{(T? 1) obtained by replacing the variable of the
Chebyshev polynomjal by the curve on the torus.

For iDi and ijo two elemerts of the Kau man module of the
torus, written as an algebraic combination of diagrams, we de ne their in-
tersection number to be max;; D; Djo, whereDj Dj0 is the geometricinter-
section number of the diagrams D;, and DJ-O.
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Remark 1. For m;n > 0 and gcd(p;g) = 1, gcd(r;s) = 1, the geometric
intersection number of T, (p; ) and T (r;s) is the absolute value of mnjPdj,
where jfdj is the determinant.

Theorem 4.1. (the product-to-sum formula) For any integersp;q;r;s one
has

(AT ()7 = R+ g+ 9r+ti Fip r;q 9)r:
Proof. The proof will be by induction on the intersection number of (p;q)y
and (r;s)t. If the intersection number is O or 1, the relation obviously

holds, by one application of the skein relation. The casep = q = 0 or
r = s= 0is alsotrivial.

Casel. gcd(p;qg) = gecd(r;s) = 1.
We must show that
(o) (r;s) = tel(p+ rq+ s)r+ I Bi(p r;q 97

By applying a homeomorphismof the torus, this can be transformed in
the equivalent identit y:

(P:g) (0;1)=tP(p Lgr+t P(p+ Lo
with 0 q< p.
If p= 1;2,0rif g= 0, the latter equality is obvious. To proveit forp 3
we usethe following result.

Lemma 4.2. Givenp 3, 0< g< p with gad(p;q) = 1 there exist integers
u;v;w;z satisfyingu+w = p,v+z=q,jyyj= 1, 0<w<p O0<u<p 1,
O<v;z.
Proof. The equation

uz+vw=1

canberewritten asu(q v) v(p u)= lorug vp= 1. From the general
theory of linear Diophantine equationsit follows that there exists a solution
(u;v) with O< u< pandO<v<gqg Letw=p uvuandz=q wv. If
u=p 1exchangeu and w, respectively v and z.

Returning to the proof of the theorem, the relationsu+ w=p,v+ z= ¢
and ju,j = 1, together with the skein relation imply

(p;g) =t Wel(uv) (wiz) t P owivo 2):

Sincejpfj = w< pand jyy.1] = Juwzd + U= U 1< pwecanapply the
induction hypothesisto write

(Pa) (0:1)=tI¥l(uv) (w2) (0;1) t HWe(u wiv 2) (0;1)=
thwz(uv) [t(w;z+ Dr+t Y(w;z  1)7]
t AWt Wu o wiv oz+ D +tY Yu wivoz D))=
tWrUU+ wiv+ z+ D)+t W Uy wiy oz D)+
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t 2wzl WHUy wivo o z+ D)r+t W YU+ wivez D)p

v v

t Awzitu Wu wiv z+ D+t A ] W o wvoz 1) =
tP(p;a+ D+t P(p;g D

Case 2. One of gcd(p;g) or gcd(r; s) is greater than 1.
Assumethat gcd(p;q) 2, and let n = ged(p;q), p®= p=n, ¢® = o=n.
Then, an induction on n gives

(p;a)T  (r9)T = Tn(PSd) (r;9)7 =
To 1(P%d) (%) (s)r Tn 2p%d) (r;9)7 =
0. . n0 .
To (%) (O (0+ g+ o)r+ U (P g o))
0.
(" Ri(n 2p0+ ri(n 2%+ 97 +
. Or.
t @ Pedn 2p° ri(n 2 =
% % o % %
thoSJ"'(n 1)Jqosl(np0+ r;nq0+ s)T + t) qo) (n 1)Jqosl(np0 r;an S)t =
thi(p+ rig+ )t +tI &i(p riq 9)r
and the theorem is proved.
Theorem 4.3. There exists an isomorphism of algebas
CK(T?2 [0;A) ! Cefl;1 Lm;m 4

determined by

((p!q)T) = e(p;q) + e( p; q)y p,q2 Z:

Proof. The fact that the map is a morphism follows from Theorem 4.1 and
the fact that

pr
(ep;q+ € p; q) (erst+ ey s)= thSJ(ep+r;q+s+ €pr g s)t

Cpr
t) qSJ(ep rig st € prr; q+s):

As C-vector spaceghe two algebrashave the basis(p;q)t,p2 Z+,q2 Z,
respectively epq+ € p; q, P2 Z+, 2 Z, which provesthat the map is an
isomorphism.

Let uspoint out that in the above results we never usedthe fact that t was
a xed complex number, sothey are true evenis t is someindeterminate.
We preferedto x t 2 C since this is the corvertion in the caseof the
noncommutativ e torus.

The referee pointed to us that the existence of the isomorphism from
Theorem 4.3 follows also from the work of Sallenave in [17].
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5. The Solid Tor us

In this sectionwe explain how to obtain the skein module of the solid torus
from the skein algebraof the torus, and explicate its module structure.

The solid torus is obtained by adding a 2-handle and a 3-handle to
T2 [0;1], henceK{(S! D?) isobtained by factoring K(T2 [0; 1]). As men-
tioned beforeK (T2 [0;1]) acts on the left on the Kau man bracket skein
module of the solid torus by the gluing map, sothe latter isa K (T2 [0;1])-
module. Hencethe skein module of the solid torus is the quotient of the skein
algebraof the torus by a left ideal. The basisfor K{(S! D?) asa C-vector
spaceis givenby f "g,, and theseelemeris are the imagesof (1;0)",n 0
through the quotient map. However, for a better understanding of the mod-
ule structure, it is better to work with the basisf ngn, n = Tn( ). We
denoteby the left action of K(T? [0;1]) on the skein module of the solid
torus.

Let | bethe left ideal that is the kernel of the epimorphism

(K(T2 [0;1])! Ky(S' D?):
We want to shav that (0;1)+ t2+t 2and (1;1)+ t 3(1;0) form a minimal

set of generatorsfor | . For this let J be the ideal generatedby thesetwo
elemeris.

Lemma 5.1. Every elementin K{(T? [0;1]) is of the form P((1;0)) + u
wher P 2 C[X] and u is in the left ideal J .

Proof. Sinceasa vector spaceK (T2 [0; 1]) is spannedby (p;d)T, p;q2 Z,
it suces to prove the statemert for elemeris of this form.
If p= 0, since(0; )t is a polynomial in (0;1),
O;di=a ((O;1+t?+t )+ bja2K(T? [0;1]);b2 C:
If p= 1, then from Theorem 1 we get
Lgr=t T (L1 (0;g Dr+t 2 (Lq 2y
and the previous argumert, together with an induction on g, shows that
there exist u;u®in J , c2 C and P a polynomial such that
(L7 = u+ c(L;2) + u%+ P((L;0)) =
u+ u+ c((1;1)+t 3(@;0) t 3(1;0)+ P((1;0)

which provesthis case,too.
For p 2 Theorem 4.1 gives

(mor =t %L0) (p Lor+t *(p 207
and an induction on p givesthe desired conclusion.
Finally, the casep < 0 follows from

(P;9)7 = tP0; 97 (p;0)r  t*I( p;g)t:
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Lemma 5.2. The elements(0;1) + t2+ t 2 and (1;1)+ t 3(1;0) are irre-
duciblein K(T? [0;1]).

Proof. Assume

X X
OD+t*+t 2= alpcalr) ( Bry;s)r)
k i
for somedistinct pairs (pg; k), and distinct pairs (rj;sj) in Z+ Z. By
Theorem 1 we have

5 5 X 'pquk'
O+ 2+t 2= ady (T e+ rysac+ s)T
Kij
j p_k.;q_kj
(e Nk SpT):
If we order pairs lexicographically, we seethat the maximum of (pc+ rj; ok +
sj) is attained for exactly one pair (k;j). Sincein the above sum the term

corresponding to this maximum does not cancel, if follows that the corre-
sponding px and r; are zero, henceall other py and r; are zero. Thus

X
O+ t+t 2= ad(Oia+ s)7+ 0%k §)7):
Kij
Sothe problem reducesto cheding the irreducibilit y in the subring gener-
ated by (0; 1) but hereit is obvious sincethe subring is isomorphic to C[X]
and X + t2+t 2isirreducible. The proof of irreducibilit y for (1;1)+t 3(1;0)
is similar.

Theorem 5.3. 1 =J.

Proof. It is easyto seethat (0;1)+ t2+ t 2isin | . On the other hand, in
the solid torus, (1;1) hasframing 1,so(1;1)= t 3(1;0), from which it
follows that the secondgeneratorof J isin | aswell, henced |.

Sincethe restriction of to the subring of K{(T? [0; 1]) is generatedby
(1;0), the rst lemma shows that | J.

The fact that the system of generatorsis minimal follows from the fact
that | is not principal. Indeed by previous lemma, this ideal contains two
irreducible elemerts, and the ideal would be principal only if one of these
irreducibles were the product of the secondirreducible with a unit. But
the only units are the scalars, and it is easyto seethat one cannot get
(0;1) + t?2+ t 2 by multiplying (1;1) + t 3(1;0) by a complex number.

Let us now describe the action of K{(T? [0;1]) on K{(S! D?). De ne
Xpig In Ki(St D?) by Xpq =t Plyp.q Whereypq satis es

Ypiq = Yp g  Yp 20
Yoiq = ( tz)q"' (t 2)q;
Yigq=( t Z)q :

Lemma 5.4. The elementx,.q is the image of (p;g)t in K(S* D?).
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Proof. Since
(10) (pigr =tUp+ LT+t Yp Lot
it follows that
Xprig = t UL0) Xpg t 29Xp 14

from which the desired reccurenceis obtained by multiplication by t(P*Dd,
The initial condition is a consequencef the properties of Chebyshev poly-
nomials.

Corollary 5.5. For any two integersp and g, the elemer x4 is a polynomial
of jpj-th degreein

If we solve formally the equation x + 1=x = , then the generaltheory of
recurrent sequenceshaws that

q=t pg( ¢ 29xP*t x P Ly (tH)axP 1 x? p):

(5.1) xp; S

This formula for the casewhen p and g are relatively prime was obtained by
Przytycki [13], and its original proof is very complicated. If we denote by
f(M( ) the curve decoratedwith the n  th Jones-Wenzlidempotent (for
the de nition of theseidempotents seeSection7 below), then we can rewrite
this formula asxpq =t PA( t HFP( ) ( t2)% P 2( ). If weewaluate
Xp:q In the plane, by projecting the solid torus on the plane determined by
its core, we get

t Pa

W(t2p+2q+t 2p 2q t 2p+2q t2p 2q):

But when p and q are coprime, the image of Xp.q through this projection is
the diagram of the (p;q)-torus knot, henceby multiplying with  t3 raisedto
the power equal to the writhe of this knot diagram, dividing by ( t?> t ?)
and making the changeof variable u = t * one getsthe well known formula
tP Dla D21 t2) L1 Pt + tP* Q) for the Jonespolynomial of a
torus knot.

Theorem 5.6. The action of the skein algeba of the torus on the skein
module of the solid torus is given by

(P70 =t "Xpeng + tXp ng:
Proof. The theorem is a consequencef Lemma 5.4 and of

(Pt (MO)r =t ™(p+ ;a7 +t"(p n;or:
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6. Lens Spaces

In this section we will give an alternate short proof of a result of Hoste
and Przytycki [8] shawing that the Kau man bracket skein module of the
lens spaceL (p;q), p;q6 O, is spannedby [p=2]+ 1 elemers.

Let

a p
b q
be the gluing matrix of the two tori, which producesthe lens space. Since

the gluing map reversesorientation, the determinant of this matrix is 1.
Any link in the lens spacecan be pushedo the coresof the two tori, thus

O
Ke(L(p;g)) = K¢(S' D) Ki(S* D)
Kt(T2 [0:1])
where the tensor product structure is de ned by
Xmn 1=1 Xam+pnbm+ng:

Note in particular that K{(L(p;q)) is spannedby the elemens 1 1,1 ,
1 2, . Wewill provethat in fact K{(L(p;q)) is spannedby 1 1,1
.1 8], Tothis endlet V be the span of these elemers.
We start by noting that Theorem 3 implies that

1 Xpg=(0;1) 1) 1=(t* t? 1
and
1 Xprageb= ((1;1) 1) 1= t3(21;0) 1) 1= t 3 Xap

Lemma 6.1. For everyk 2 Z, there exists a constant ¢, 2 C suchthat for
all u2 K{(S* D) one hasthe identity

1 ((a+ kp;b+ kg u=c ((ajb u):

Proof. The property is true for k = 0 and k = 1. Sinceby Theorem 4:1
1 ((a+ kp;b+ kg u) =
2 PP ((p;g) ((k Lp+aj(k 1g+b u)
t2@a 0 (((k  2p+aj(k 2)g+ b u)=
2 PP t2 %) ((k Dp+a(k g+ b u)

t2@a B0 ((k  2p+aj(k 2)g+b) u):

the property follows by induction on k.

Lemma 6.2. For everym;k 2 Z, onehasl Xma+kpmb+kq?2 V.

Proof. We will induct on m. For m = 0;1 the property is true, as a conse-
quenceof Lemma 5.4 and the fact that 1 Xypkq = ( t2 t 2K 1.
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Let kg be the integer that minimizes the absolute value of ma + kgp.
Clearly this minimum is at most [g], henceXmax+ kop;mb+ koq 1S IN V. ON the
other hand, by using Theorem 4.1, we get that, for an arbitrary Kk,

Xma+kp;mb+kq = t (m Dk mko ((a+ (k  ko)p;b+ (k  ko)q)
((m  Da+ kop;(m 1)b+ koq) 1)

t 2(m 1)k 2mkg X(m 2)a (k 2ko)p;(m 2)b (k 2ko)q:

From Lemma 5.4 and Theorem 4.1 it follows that
1 (a+ (k ko)p;b+ (k ko))
((m  Da+ kop;(m 1)b+ ko) 1) =
¢ ((asb) ((m 1l)a+ kop;(m 1)b+ kog) =
Okt MXma+ kopima+kog + kDX (m  2)q+ kopi(m )b+ kog:

So, from the induction hypothesisand the fact that Xma+ kop;mb+koq 2 V We
get that Xma+ kp;mb+kq 2 V, Which completesthe induction.

Theorem 6.3. (Theorem 4. in [8]) The space K{(L(p;q)) is spanned by
1 1,1 ., ,1 &

Proof. Every natural number n can be written in the form ma + kp. From
Corollary 5.51it follows that

1 Xma+kpmb+kq= C ma+kp 4 1 f()

where f is a polynomial of degreestrictly lessthan ma + kp, and c is a
nonzero constart, hence by applying Lemma 6.2 and inducting on n we
deducethat " 2 V for every n, which provesthe theorem.

7. Jones-Wenzl idempotents

Jones-Wenzl idempotents appearedfor the rst time in the study of op-
erator algebras,but they are best known to topologists becauseof their use
in the construction of topological quantum eld theories ([11, 1, 16, 7]). By
placing Jones-Wenzlidempotents on simple closedcurveson a torus one ob-
tains certain elemers of the skein algebraof the torus. We show below how
one can make use of the embedding of this algebrain the noncommnutativ e
torus to give a pleasingformula for these skeins.

For a positive integer n, the n-th Jones-Wenzl idempotent f (M livesin
the Temperley-Lieb algebra TL,, which, let us remind, is the algebra of
diagrams of non-intersecting strands joining 2n points on the boundary of a
rectangle, with multiplication de ned by juxtap osition of rectangles. Jones-
Wenzlidempotents are denotedby empty boxes,and are de ned inductiv ely
asin Fig. 1. Here the corvention is that a number k written next to a

strand meansk parallel strands, and = ( 1)¥[k + 1], where[k + 1] is the
guartized integer % Recall that that if t is not a root of unity,

then the Jones-Wenzl idempotents are de ned for all n, while if t = gl =2
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with r an integer greater than 1, then the Jones-Wenzl idempotents are
dened only forn=0;1, ;r 2.

D4
n+1D = n [ L— nD>§Dn
L] D,
Figure 1.

We will denote by (p;q);w the elemen of K((T? |) obtained by tak-
. . . p . q _ . .
ing gcd(p; g) parallel copiesof the (gcd(p;q) ; (gcd(p;q)) curve and inserting on
them the gcd(p;g)-th Jones-Wenzl idempotent.

Theorem 7.1. If p and q are relatively prime and n is a positive integer
lessthanr 2, then
(np;nd)aw = (np;na)t + ((n 2)p;(n - 2)g)t +

wher the sum endsin 1 if n is evenandin (p;qg)t if n is odd.

.

Figure 2.

Proof. By using the well known identities from Fig. 2 we deducethat the
following recurrencerelation holds

(p;n@aw = (P (N p;(n Dahaw (0 2)p;(n - 2)Qaw:

By Theorem 4.3, the image of the (p; g)-curve in the noncomnmnutativ e torus
iS €.q+ € p; g. In the noncomnutativ e torus the elemerts

€npmg T €m 2)pm 2at  t € (m 2p; (m 2gF € mp; mg

with m 0, satisfy the samerecurrencerelation as (mp; mqg)jw. Sincethe
image of f @ is 1, and the image of (p;Q)sw iS €yq+ € p: o (p and g are
relatively prime), the conclusionof the theorem follows by induction.

Corollary 7.2. If p;qg are relatively prime and n is a positive integer, then

(np;nd)t = (np;nA)yw (N 2)p;(n 2)d)sw
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Note that both (np;ng)t and (np;ng);w satisfy the recurrencerelation
of Chebyshev polynomials. Also the term correspnding to n = 1 is the
samein both cases.However, the term correspondingto n = 0is 2 in the
rst case,and 1 in the second,which makesthem somuch di erent.

It is a well known fact that the trace of a Jones-Wenzl idempotent is

( D[+ 1= ( YL 2=

( 1)n(t2n + t2n 2 4 +t n+2 4 t 2n)

As the theorem and its proof shaw the elemeris (np; nq);w are obtained by
replacing ( t2)K+ ( t 2K in this formula with (kp;kq)t.

If we denote by xg?(% the image of (np; nQ)yw in the solid torus (i.e. the
(p; g)-knot in the solid torus colored by the n-th Jones-Wenzl idempotent),
then as a consequencef (5.1) and Theorem 7.1 we get

Corollary 7.3.

;:3],[ (n 29%pq 2v(n 2k 2k)p+1 2)p 1
+
Xg;g: % T (( t 20 2Zaey(n 29p x (0 20p 1y
k=0

( tZ)(n 2k)q(x(n 2k)p 1 Xl (n 2k)p)):

The n-th coloredKau man bracket of the (p; g)-torus knot is obtained by
replacing in this formula x by ( t?).

Corollary 7.4. The n-th colored Kau man bracket of the (p;q)-torus knot
is given by

n 2k)2pq

( 1)n(p+q)t ( (120 20(ra2 4 g 20 20(pra) 2 g2 20(p a2

2t

k 3
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