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Abstra ct. The paper intro duces a noncommutativ e generalization of the A-
polynomial of aknot. This is done using the Kau man bracket skein module of
the knot complement, and is based on the relationship between skein modules
and character varieties. The construction is possible because the Kau man
bracket skein algebra of the cylinder over the torus is a subalgebra of the
noncommutativ etorus. The generalized version of the A-p olynomial, called the
noncommutativ e A-ideal, consists of a nitely generated ideal of polynomials
in the quantum plane. Some prop erties of the noncommutativ e A-ideal and its
relationships with the A-polynomial and the Jones polynomial are discussed.
The paper concludes with the description of the examples of the unknot, and
the right- and left-handed trefoil knots.

1. Intr oduction

This paper placesthe A-polynomial of a knot into the framework of noncomiru-
tativ e geometry The A-polynomial was introducedin [CCGLS]. It describeshow
the Sl,C-characters of a knot lie inside the Sl,C-characters of its boundary torus,
and can be related to the Alexander polynomial of the knot and to the structure
of essetial surfacesin the complemen of the knot [CL].

The noncomnutativ e generalization is constructed by replacing the geometric
de nition of the A-polynomial by the algebraic de nition basedon spacesof func-
tions, and then deforming these spaceswith respect to a complex parameter t.
As sudh, Sl,C-characters of surfacesand 3-manifolds are replaced by Kau man
bracket skein modules of cylinders over surfacesand 3-manifolds. The Kau man
bracket skein module depends on a parameter t, so that when t is set equal to

1 the Sl,C-characters are recovered. The A-polynomial can be derived from the
noncommutativ e invariant at t = 1.

Our construction usesthe isomorphism between the Kau man bracket skein
module of the cylinder over a torus and the subalgebraof the noncomnutativ e
torus generatedby noncommutativ e cosines,which was already explicated in [FG].
The noncomnutativ e torus is a fundamertal examplein noncomnutativ e geometry
[Ca].

The invariant is a left ideal of polynomials in the noncomnutativ e plane. Since
the noncommutativ e plane is a Noetherian algebra which admits a Grobner basis
algorithm for the lexical order, this ideal is nitely generatedand admits a minimal
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reducedGrobner basis. The useof Grobner basesis an important themein modern
commutativ e algebra. For instance, algorithms assaiated with Grobner basesare
the heart of most symbolic manipulation programs. The use of Grobner basesto
study the noncomnutativ e plane is foreshadaved by the work of Cohn on skew
polynomial rings [C].

There is a complex valued pairing induced by the tensor product of the skein
module of the knot complemen with the skein module of the solid torus over the
skein algebra of the boundary torus. Topologically the pairing is determined by
the gluing of the solid torus to the knot complemen. This allows us to compare
the noncomnutativ e invariant with data coming from colored Jonespolynomials.
Speci cally, the matrix assaiated to the noncommutativ e invariant annihilates the
vector whose entries are the colored Jones polynomials. This should lead to a
deeper understanding of the relationship between the Jones polynomial and the
represenation theory of the fundamenal group of the complemen of a knot.

In section 2 the basic de nitions assaiated with the A-polynomial are recalled.
In section 3 we introduce the noncomnutativ e analoguesof the spacesand maps
usedin section 2. In section 4 we de ne the noncomnmutativ e A-ideal, describe
some of its properties and discussthe examplesof the unknot and the left- and
right-handed trefoils. In section5 we derive the orthogonality relationship between
the noncomnutativ e A-ideal and the Jonespolynomial.

2. Chara cters and Knot Inv ariants

2.1. Sl,C-Characters. Let G =< &jrj > bea nitely generatedgroup. A repre-
sertation : G ! SI,C is determined by a choice of matrices A; in SI,C so that
whenthe relations r; are rewritten with the a; replacedwith the A; they are equal
to the identit ydp SI,C. In other words, the represenations can be identi ed with
the subsetof ., SI>C, where n is the number of generatorsof G, that satis-
es the equations obtained by requiring the r; to evaluate to the identity. Denote
this subsetRep(G), and call it the represenations of G. Sincewe only deal with
Sl,C-represertations, we suppressreferencesto Sl,C. Q

Let a,s(i), r;s2 f1;2g, and i 2 f1;:::;ng be the function on i”:l SI,C which
yie@ls the entry in the r-th row and 5-61 column of the i-th matrix of ead elemen
of in:1 SI,C. The coordinate ring C|[ i”:1 SI,C] consistsof the polynomials in the
a;s(i) modulo the ideal generatedby

agr(aga(i)  ap(i)axa(i) 1

to the four entries of a matrix, and coming from thed:ondition that the relations
ewvaluate to the identity. Let | (G) be the ideal in C[ inzl S'z% generatedby the
polynomials coming from the relations. Finally, R(G) = C|[ i”:l SI,Cl=I(G) is
the ane representationring of G. In more generality, Lubotsky and Magid [LM]
proved that the isomorphism class of R(G) is an invariant of the group. The
word \a ne" refersto the fact that R(G) is the unreduced coordinate ring of the
represenations. B’g get the classicalrepresenation ring, take the quotient of R (G)
by its nilradical = 0= fpjp" = O for éomeng.
There is a left action of SI,C on i":l SI,C by conjugation,
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This action induces a right action on C[Q L, SIoC]. It is easyto ched that the
action leaves| (G) invariant, hencethe action descendgo a right action on R(G).
The invariant subring of this action, denoted (G) = R(G)S'2C, is called the a ne
characters of G. This ring is an invariant of the group G. Once again, to obtain
what is classically referred to as the characters, take the quotient of (G) by its
nilradical.

For the most frequertly encourtered groups we are being too careful, the a ne
represenation ring and the a ne character ring have trivial nilradical. Howe\er,
there are examplesof groups where the distinction is real [KM].

The ane characters have recertly been the subject of scrutiny in works of
Bullock, Brum el-Hilden, Przytycki-Sikora, and Sikora, [B, BH, PS, S1]. Here is
an intrinsic de nition dueto Sikora. Let G be the set of conjugacy classesof G. If
W is an elemen of G we denotethe conjugacyclassof W by < W >. Let S(8G) be
the symmetric algebraon G, that is, polynomials wherethe variables are conjugacy
classesn G and the coe cien ts are complexnumbers. Let J be the ideal generated
by all polynomials , < Id > +2, and< AB > + < A B>+ < A>< B >
where A and B range over the elemens of G. An isomorphismS(G)=J! (G) is
induced by sendingead < A > into the polynomial corresponding to  tr( A).

Ther@ is a spacecorresponding to the characters. The action of SI,C on the
ring C[ ., SI>C]is not good, in the sensethat the quotient is not Hausdor . We
sidestepthis by de ning an equivalencerelation on Rep(G), that yields a Hausdor
space. Let ; 2 Rep(G) be equivalert if for everyt 2 (G), t( ) = t( ). The
resulting quotient spaceis the character variety of G. An algebaic subsetof an
C" is the solution set of a system of polynomial equations. A set of polynomials S
cuts out an algebraic subsetV, if x 2 V if and only if every function in S is zero
at x. The ideal | (V) of V is the set of all polynomials that vanishon V. It is a
consequencef the Nullstellensatz that the ideal of V is the radical of the smallest
ideal containing any set of polynomials that cut V out. The coordinate ring of V is
the quotient of the ring of polynomials in n variablesby | (V). Sometimesit is nice
to have a set X (G) corresponding to the characters (G). Of coursethe set only
matters to the extent that its points correspond to maximal idealsin (G). To this
end, de ne a realization of X (G) to be an algebraic subsetof someC", where the
coordinates on C" cqyrespond to traces of elemerns of G, whosecoordinate ring is
isomorphicto (G)= 0. The set X (G) is in oneto one correspondencewith the
character variety of G [CS].

2.2. Characters of the Torus. Concertrate on the caseof the fundamental group
of atorus. Think of it asthe free Abelian group on and . The represertations
correspond exactly to pairs of matrices in SI,C that comnmute. Let x be the trace
of the image of , y be the trace of the image of and let z be the trace of the
image of their product. The ane character ring, ( 1(T?)), is generatedby x, y,
z with relation

X2+ y?+ 272 xyz 4=0

The ring hastrivial nilradical. The spaceX (T?2) = X ( 1(T?)) is realizedasthe set
of points in C? satisfying the equation above. There is a two-fold branched cover
of X (T?) that is usedin the de nition of knot invariants. ConsiderC  C , where
C denotesthe nonzerocomplex numbers, give it coordinates| and m. In order to
seethat its coordinate ring is C[I;| *;m;m 1], it is helpful to think of C C as
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ordered pairs of diagonal matrices in SlI,C.

I 0 . m 0
o1t 0 mt!t

Thereisamapp:C C ! X(T?) givenby sendingead pair of points to its
equivalenceclass. The map p is a two-fold branched cover whose singular points
are the four ordered pairs chosenfrom 01 01 . In terms of our realization of
X (T?), the map sends

I 0 . m 0

o1t 0 mt!t
to the triple (I+1 Y;m+ m % Im+ | 'm ). Being a two-fold branched cover, p
has a ded transformation,

:C Cc! Cc C;
(km)y=( Hm 1.
Dual to p, and are maps, that we denotep and *,
p:CIX(T?H]! Cil;l Lm;m 1
and
“oe Smgm Yol Lmym
One can show that the image of p is the xed subalgebraof .

Prop osition 1. Suppse that V X (T?) is algebmic and S is a set of func-
tions that cuts out V. The ideal of p (V) is the radical of the smallest ideal of
Cll;1 *;m;m 1] containing p(S).

Proof. The setp(S) cuts out p *(V), the rest is a standard characterization of the
ideal of an algebraic set.

The coordinate ring C[I;1 ';m;m ] can be seenas the ring of fractions of
C[l; m] with respect to the set of monomialsin | and m.

Prop osition 2. If I  C[l;1 1;m;m !]is an ideal thenits contraction J to C[l; m]
is 1\ C[l;m]. The extensionof J is just the ideal of C[I;| ;m;m ] genented by
J. Furthermore, the extensionof J is I.

2.3. The A-p olynomial. The A-polynomial is de ned in [CCGLS]. Hereis a
brief overview of that de nition. Let K be a knot in S3, or more generally in an
oriented homology 3-sphere.Let M be the complemert of a regular neighborhood
of K. The spaceM is a compact manifold with boundary homeomorphicto T?2.
To choosethe meridian and the longitude of the knot, orient the knot and choose
the meridian to bound a disk in the regular neighborhood and to have the linking
number with the knot equalto +1. The longitude boundsa Seifert surfaceand has
intersection number with the meridian +1, thus we choosethe positive orientation
on the boundary torus. This determinesthe longitude and the meridian up to sign.
The inclusionmap T2= @1 M inducesamapr : X(M) ! X(T?). Consider
the closure of the 1-dimensional part of the peripheral charactersr(X (M)). Its
pull-back through the mapp:C C ! X(T?)) is still 1-dimensionalsincep is
surjectiveandis 2 1 exceptat four points. Viewed asa curvein C C, this setis
the zeroset of a two-variable polynomial B (I; m), which is unique if we require that
all of its factors are simple and that it is monic. This polynomial always factors as
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B(l;m) = (I 1)A(l;m), wherethe factor | 1 stands for the curve of characters
of reducible represenations. The factor A(l; m) is by de nition the A-polynomial
of K.

3. Skein modules and the noncommut ative tor us

3.1. The Noncomm utativ e Torus. The noncomnutativ e torus was rst intro-
ducedby Rie el [Ril] asan examplein the study of nhoncomnutative C -algebras,
its physical signi cance and geometric properties were only later discovered [Co],
[Ri2], [Ri3], [We]. The noncomnutativ e torus is a \virtual" geometric spacewhose
algebra of continuous functions is the (irrational) rotation algebra A . It is cus-
tomary to call the algebra of functions itself the noncomnutativ e torus.

The algebraA is usually de ned for a real angle of rotation , however we con-
sider to beany complexnumber, andlett= e ' . This algebracan be introduced
abstractly by exponenrtiating the Heiserberg noncommnutation relation. That is, A
is the closurein a certain C -norm of the algebraspannedby I;m;| *;m !, subject
to the relation Im = t?ml.

One canalsode ne A by its multiplication rule. Considerthe elemerns e, =
t P91PmY p;q2 Z. They spanover C adensesubalgebra. De nes the multiplication
via the formula

o
€q Ers = Uslepirges
which, from our approad, is just a consequenceof the de ning relation. The
irrational rotation algebra is the closure of the algebra spannedby the epq's in
the norm determined by the left regular represenation (with this new product) on
L2(T?).

For the purpose of this paper we are interested only in the subalgebraof the
noncomnutativ e torus consisting of Laurent polynomials in | and m, which we
denoteby Ci[I;1 ';m;m 1]. There is an automorphism

(G Bmim U Gl mim T (epg) = e g g
Let G beits invariant part. The notation is motivated by the fact that this subal-
gebrais spannedby the noncomnutativ e cosines%(ep;q +€p q) P27
In addition, let C([l; m] be the subalgebraof C[l;| 1;m;m ] spannedby e,q,
with p;g 0. This is nothing but the ring of noncomnuting polynomials in two

variables | and m satisfying the noncomrutation relation Im = t?ml. This ring is
frequertly referredto asthe quantum plane.

Prop osition 3. ([K], Proposition 1V.1.1) The ring C¢[l; m] is both left and right
Noetherian and has no zer divisors.

We now needto broach the subject of Grobner basesin C;[l;m]. As C[l;m] is
socloseto being commutativ e, the conceptstranslate over very easily from the case
of two variable polynomials.

We lexicographically order the IPm9. HenceIPm9 <1"m® if either p < r or
p=randqg< s. Givenf 2 Ci[l;m] we can write f = p:q€0:q Where the sum
is nite. The leading term It(f) of f isthe ,4IPm9 wherethe I[Pm9 is largest in
the lexicographical ordering among those terms with .4 & 0. The leading power
product is I°Pm% and the leading coe cien t is .

Supposethat u;v;w 2 Ci[l;m] and u = vw, then we say w divides u on the
right and we let ;- = v. A Grebner hasis for a left (respectively right) ideal | is a
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collection f; of elemerts of the ideal | sothat the ideal generatedby the leading
terms of the f; is equalto the ideal generatedby the leading terms of elemeris of
. We say the Grobner basisis minimal if no two f; have the sameleading power
product. We say the Grebner basisis reduced if no power product in ead f; is
divisible by the leading power product of any other f;.

Prop osition 4. For a left (or right) ideal of polynomials in C[lI; m] there exists a
unigue minimal, reduced Grobner basis, consisting of monic polynomials.

Proof. By changing any statemerts in [AL] about ideals to statemerts about left
(or right) ideals, the proof there goesthrough verbatim.

3.2. The Kauman Brac ket Skein Mo dule. Let M bean orientable 3-manifold.
A framed link in M is an embedding of a disjoint union of annuli into M. In di-
agramswe will draw only the core of an annulus lying parallel to the plane of the
paper (i.e. with blackboard framing).

Two framed links in M are equivalert if there is an isotopy of M taking one
to the other. Let L denote the set of equivalence classesof framed links in M,
including the empty link. Fix a complex number t. Consider the vector space,
CL with basisL. Dene S(M) to be the smallest subspaceof CL cortaining all
expressionsof the form X\, t > t*)(and +t?+t 2 wherethe framed
links in eat expressionare identical outside balls, in which they look like pictured
in the diagrams. The Kau man bracket skein module K (M) is the quotient

CL=S(M):

In the caseof the cylinder over the torus, T? |, K{(T? 1) has the structure
of an algebra with multiplication given by laying one link over the other. More
precisely to multiply skeinscorrespondingto links and , isotope them sothat
liesin T2 [1;1]and in T2 [0;1]. Then is the elemert of the skein module
represerted by the classof the union of thesetwo links in T2  [0;1]. Extend this
to a distributiv e product.

Oriented simple closedcurveson the torus up to isotopy are indexed by pairs of
relatively prime integers(p;q). Corresponding to (p;q) is a framed link in T2 1.
Take an annulusin T? | whosecoreprojectsto a (p;q) curve, sothat the annulus
runs parallel to the boundary of T2 1. As the framed links are unoriented, (p;q)
and ( p; Q) giveriseto the samelink, which we alsodenoteby (p;q). A standard
argumert basedon the proof that the Kau man bracket in S® is well de ned shows
that asa vector space,K{(T? |) hasasbasisall links consisting of parallel copies
of the (p;q).

Let x be (0;1) ,y = (1;0) and z = (1;1). It is a theorem of Bullock and Przy-
tycki [BP] that K{(T? 1) is isomorphic to polynomials in three noncommnutativ e
variables, x, y and z modulo the ideal generatedby

t2x2+t 2y?+ 1222 txyz 2%+t 2);
txy t lyx (t2 t ?)z;
tzx t xz (2 t ?)y;

and

1

tyz tlzy (t* t dx
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Whent = 1the Kau man bracket skein module of an arbitrary three-manifold
can be madeinto an algebra. The point is that at t = 1 the skein relation allows
us to changecrossings.To multiply two links, perturb them sothat they missone
another and take their union. As crossingsdon't court, the answer is independert
of the perturbation. This extendsto ma&e_K 1(M) into an algebrafor any M . Itpi§
atheoremof Bullock [B] that K ;(M)= O0isnaturally isomorphicto ( 1(M))= 0
. You can seethis isomorphism from the description of ( 1(M)) due to Sikora
given above. The correspondenceat t = 1 is slightly tricky asthe x, y and z given
herecorrespondto X, y and zin the relation we gave for the SL ,C-characters
of the torus.

In [FG] the following theorem is proved.

Theorem 1. There exists an isomorphism of algebas
p:K(T?2 1! G
determined by
P((p;d) = epq+ € p; q; P;A2 Z:

4. The noncommut ative A-ideal

4.1. De nition.  In this section we introduce a noncomnutativ e generalization
of the A-polynomial, depending on the complex parameter t, from which the A-
polynomial can be recoveredby letting t = 1. To de ne this new knot invariant,
we replace the geometric de nition of the A-polynomial, basedon the character
variety, by a de nition basedon the spaceof regular functions on the character va-
riety, then deform this spaceof functions with respectto a parameter. Through this
procedure,the algebraof functions on the character variety of the torus deformsto
a noncomnmutativ e algebra, while the algebra of functions on the knot complemert
deformsto a right module over the algebra of the torus.
Denote by | (K) the kernel of

rr (T (S K)):
Notice that | (K) cuts out an algebraic subsetV of X (T?).

Prop osition 5. Let J be the ideal geneated by p(I (K)) in C[I;| 1;m;m 1], and
J¢ its contraction to C[l; m]. Then the product of the geneators of the principal
minimal prime ideals ass@iated to J€ is equal to B (I; m) (modulo multiplication by
a unit). That is, the ideal |1 (K) determinesthe A-polynomial.

Proof. The ideal J cuts out the preimagein C C through the map p, of the
variety of peripheral characters, and consequetly J°¢ cuts out this variety asviewed
in C C. By restricting ourselvesto the 1-dimensionalpart, the conclusionfollows.

You can think of the extensionof the ideal | (K) asthe holomorphic sectionsof
aline bundle over C  C . Speci cally, the sectionsof the line bundle assaiated
to the divisor of gy -

Thereisamapf: K{(T2 1)! K(S® K) obtained by gluing the cylinder over
a torus into the complemen of the knot at the T2  f0Og end sothat the meridian
goesto the meridian and the longitude goesto the longitude. Let |{(K) be the
kernel of f. This ideal is called the peripheral ideal of the knot. Recall that for
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any 3-manifold K (M ):p 0 is isomorphicto ( 1(M )):p 0. For a cylinder over a
torus the radical of both rings is trivial, hence

K (T2 1)= ( 2(T?) = C(X(T?):

Under this identication | (K) = I (K). If we extend the ideal I 1(K) to
K 1(C C)=C y[l;I :;m;m ]andthencontractit toK 1(C C)= C 4[l;m],
we get an ideal of polynomials in two variables. From the above proposition it fol-
lows that the principal minimal primes assaiated to this ideal are generated by
polynomials whose product is B( I; m) (evertually multiplied by a unit). The
negatives are due to the fact that the skein relation corresponds to the identity
satis ed by the negative of the trace.
This motivates the following

De nition 1. The noncommutative A-ideal A;(K) of a knot K is the left ideal
obtained by extendingl (K ) to C¢[I;1 1;m; m 1] and then contracting it to C;[l; m].

4.2. Prop erties.
Prop osition 6. The noncommutative A-ideal att = 1 determinesthe A-polynomial.

Proof. This follows immediately from Proposition 5.

Lemma 1. The left ideal obtained by extendinga left ideal | 2 K(T2 1) to the
algeba C([I;1 1;m;m 1] and then contracting it backto K(T? ) coincides with
l.

Proof. The algebraK (T2 ) consistsof those Laurent polynomials in | and m
that are invariant under the transformation dened byl! | *andm! m 1
If r(I;m) is an elemen in the ideal obtained through the extensionfollowed by the
contraction, then r(l; m) is invariant under and

X
rdbm)y= p(l;m)g (I;m)
j
whereq 2 | for all j. If we symmetrize this equality with respect to the transfor-
mation , then we get
. X 1 . 1. 1 . .
rhmy= 5 pEim+pd “m ) g(m):
i
The polynomials in the brackets are now invariant under , which shows that
r(l;m) 2 I, and we are done.

Prop osition 7. The peripheral ideals of two knots are the sameif and only if their
noncommutative A-ideals are the same.

Proof. From the de nition of the noncommnutative A-ideal it follows that I{(K)
determines A{(K). The conversefollows from the above lemma and the fact that
the operations of extensionand cortraction betweenthe idealsof C;[l; m] and those
of C¢[I;1 1;m;m 1] are onethe inverseof the other.

Prop osition 8. The noncommutative A-ideal is nontrivial.
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Proof. We saw in the proof of the previous proposition that the peripheral ideal
I (K ) canberecoveredby extending A{(K) to C¢[l;| *;m;m *]and then cortract-
ing it to the Kau man bracket skein algebraof the torus. Hencethe noncommnuta-
tive A-ideal is nontrivial if and only if the peripheral ideal is nontrivial. To prove
that the peripheral ideal is nontrivial considertne mapr : K((T? 1)! K(S3nK).
As a submaodule, I{(K) is the kernel of this map. If 1;(K) = (0) then r is an iso-
morphism onto the image.

If we add a 2-handle to the knot complemen along the meridian of the knot
then the skein module of the knot complemen, and hencethe image of r becomes
C. If we add a 2-handleto the cylinder over the torus along the meridian, the skein
module becomesC[ ], where is the longitude, and this is an in nite dimensional
space. But Hoste and Przytycki [HP] have shavn that adding a 2-handle induces
a set of local algebraic relations at the level of the skein module, and assumingr
to be an isomorphism, the samerelations are introducedin K(T2 ) andin its
image through r. Sinceadding the samerelations producesdi erent modules,r is
not an isomorphism, therefore it has a kernel.

Prop osition 9. The noncommutative A-ideal is geneated by nitely many poly-
nomials with coe cients in Z[t;t 1].

Proof. The computation of generatorsfor the peripheral ideal reducesto the re-
peated use of the Kau man bracket skein relation in the knot complemen. Hence
the peripheral ideal and thus the noncomnutativ e A-ideal is generatedby polyno-
mials with coe cien ts in Z[t;t !]. The Noetherianity of the quantum plane implies
that the noncomnutative A-ideal is generated by nitely many sudch polynomi-
als.

Note that by using the Gausslemma in the caset = 1 we recover the well
known fact that the A-polynomial hasinteger coe cien ts.

The theory of Kau man bracket skein modules has beendeveloped assumingt
to be a variable rather than a complex number. To avoid confusion we use the
notation  instead of t for the variable (the established notation is A, which is
inappropriate here). All the considerationin the paper apply mutatis mutandins to
de ne a knot invariant A (K) which is a nitely generatedideal in C[ ;  *][l; m].

Prop osition 10. The ideal A{(K) includesthe ideal obtained from A (K) by spe-
cializing = t. If t is transe@ndental this inclusion is an equality.

Proof. The skein algebraK(T? 1) is obtained from K (T2 1) by specializing

= t. The image of an elemen from the peripheral ideal | (K) through the
inclusion of the boundary torus into the knot complemen becomeseroafter nitely
many applications of the Kau man bracket skein relation. Applying the sameskein
relations after specializing = t shows that this elemen givesrise to an elemen
in 1{(K). This provesthe inclusion.

Since nding generatorsfor | {(K) (respectively | (K)) amourts to using the
Kau man bracket skein relation nitely many times, the computation of thesegen-
erators can be done assumingthat the ring of coe cien ts is Q[t;t 1] (respectively
Q[ ; 1] insteadofC[t;t ] (respectively C[t;t 1]). For aparticular t assumethat
the inclusion is strict. Then there existsan elemert 2 | {(K) that is not obtained
from | (K) by specializing the variable. Then arisesthrough the specialization
from an elemert in K (T? 1) ofthe form o+ p( ) 1, where o2 1 (K)andpis
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a Laurent polynomial divisible by  t. By multiplying with the appropriate power
of we cantransform p into a polynomial still divisible by t. It follows that t
is the root of a polynomial with rational coe cien ts, henceit is algebraic.

The computation done in the caseof the trefoil knot suggeststhat the above
inclusion is strict only for nitely many valuesof t.

4.3. Examples. 1. K is the unknot. From [FG] we get that the peripheral ideal
I (K) is generatedby (1;0) + t2+ t 2 and (1;1) + t3(0;1). The noncommutativ e
A-ideal is generatedby (I + t2)(I + t 2) and Im?(l + t2) + t?(l + t 2). An easy
application of Buchberger's Algorithm yields the minimal reduced Grebner basis
fI2+ (12+t 2)I+1;1m? t4+t5m? t?g. (I+t?)(I+t ?) Fort= 1, the idealis
generatedby (I + 1)? and (m? + 1)(I + 1). To get the classical A-polynomial take
the radical and get the ideal generatedby B( I; m) =1+ 1. ThusB(I;m)=1 1
and A(l; m) = 1 which is what we expectedto get. Note that in addition to the A-
polynomial, the A-ideal detects the embedded primes corresponding to the points
(3;i) and (1; ).
2. K is the right-handed trefoil. It was shown in [Ge] that for t not an eighth
root of unity, the noncomrmutativ e A-ideal is generatedby the polynomials
M1+ t9°) t 41+ 2)(Im®  t%);
(I + 29(1 + 19)(1 + 2)(Im®  t°);
(m? t 2)(1+ 191+ tH(Imb  t5):
A minimal reduced Greobner basisfor this is
t20 t32m4 + t18| t14lm4 t14|m6 + t18|m10 t12I2m6 + |2m10.
t18 (t16+ t8)| + t12Im6 t6|2+ (t10+ tZ)I2m6+ |3m6
One should note that in this casethe peripheral ideal is generatedby three elemerns
while the noncommutativ e A-ideal is generatedby only two.
The valuet = 1 the A-ideal is generatedby (12 1)(I + 1)(Im® 1), and
(m? 1)(I + 1)(Im® 1). The radical of the one-dimensionalpart of the ideal

is generatedby (I + 1)(Im® 1). After changingl to | and m to m we get
B(I;m)= (I 1)(Im®+ 1), that is A(l;m) = (Im® + 1).
3. K is the left-handdl trefoil.
For t not an eighth root of unity, the noncomnutativ e A-ideal is generatedby
M1+ t9°) ¢ 41+ )]0 t°m®);
(I + 21+t (1 + t2)(I  t°m®);
(m? t Z2)(1+t190+ ) t°m®):
A minimal reduced Grobner basisis
t2°m6 t32m10 t14| + t18Im4+ tlSIm6 tl4|m10 t12|2 + |2m4.
t18m6 + t34m8 t46m12 + t12| t24lm2 + (t28 t16 t8)|m6 +
+t28|m8 t24|m12+ (t10+ t2)|2 t18|2m2+ |3
At t = 1the idealis generatedby (12 1)(I+ 1)(I m®m? and (m? 1)(I +
1)(I mb®). In this caseone getsthe classicalA-polynomial A(I;m) = | + m®.
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5. Rela tion with the Jones pol ynomial

Assumein this sectionthat t is not aroot of unity. The de nition and normaliza-
tion of the Jones-Wenzl idempotents will be usedasin [Li]. Let S¢ be the skein in
the solid torus obtained by plugging the c-th Jones-Wenzlidempotent into the core
of the solid torus. The Kau man bracket skein module of the solid togis hasthe set
fS.g asabasis. Let K{(S! D?) bethe vector spaceof formal sums ¢ ZcSc where
the z. are complex numbers and the c range over the natural numbers starting at
0.

The doubleof the solidtorus is S  S2. Any skein in S! S? canberepresened
by alinear combination of framed links that miss1 S2. Hence,any skeinin S S2
can berepresented asa skein in a punctured ball, and it hasa Kau man bracket. It
follows that K{(S! S?) is canonically isomorphicto C. There is a pairing between
skeinsin K{(S' D?). If ; 2 K{(S! D?) arerepresened by a single framed
link ead, take the union of two copies of the solid torus, identied along their
boundaries, with the link represerting in one and the link represetting in the
other. As this yields a skein in S*  S? we get a complex number by taking the
Kau man bracket asabove. This can be extendedbilinearly to give a pairing,

K{(St D? K(st D! C;

for although the sumis in nite only nitely many terms are nonzero. In this way
weidentify K((S! D?2) with K(S! D?) .

There is a represenation of the Kau man bracket skein algebra of the cylinder
over the torus into endomorphismsof K((S! D?2). Glue the cylinder onto S D?2
along the 0-end of the cylinder so that longitudes and meridians go to longitudes
and meridians. The matrix of a skein in the cylinder over the torus as a matrix
with respect to the basis S, is of bounded width. That is, there is an integer n
sothat if ji jj > n the ij -erntry of the matrix is zero. This can be seen,as the
matrix induced is the adjoint of the matrix corresponding to the endomorphism of
K{(S' D?) induced by gluing the 1-endof the cylinder to S D?. Notice that if
72 2 K(S! D?) then the annihilator of 2 in the Kau man bracket skein module
of the cylinder over the torus is a left ideal.

Let K S® be a framed knot. Let X be the complemer of an open regular
neighborhood of the knot. There is a pairing,

Ki(S' D?) K(X)! C;

obtained by gluing the solid torus into the knot sothat the meridian of the solid
torus goesto the meridian of the knot and the blackboard longitude goesto the
framing of the knot. To pair two skeins, take their union and then take the Kau -
man bracket in S of the result. By using the empty skein in X we get a linear
functional,

Z(K):K{(S* D?! cC:

Let (K;c) bethe value of Z(K) on S.. We canthen represen Z(K) by
X
Z2(K) = (K:0) ¢

C
wheref g is the basisdual to fS.g. It is worth noting that the (K;c) are the
colored Kau man brackets of the knot (which are a version of the colored Jones
polynomials of the knot). Indeed, the c-th coe cient of the seriesexpansionis
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computed by plugging S¢ alongthe coreof the regular neighborhood of the knot and
evaluating in S, that is by coloring the knot with the c-th Jones-Wenzlidempotent
and evaluating the result in the skein spaceof the plane.

Let F{(K) bethe annihilator of Z(K) in K(T2 1). This is a left ideal that we
call the formal ideal of K .

Theorem 2. The ideal | {(K) liesin F{(K).

Proof. Recallthat askein in T2 | isinl{(K) if whenyougluethe 0endof T? |
to X, the skein is equivalert to 0in K(X). Let 2 1,(K) andx 2 K{(S* K?2).
Then Z(K) is a functional on K{(S* D?) and its value on x is computed by
embedding the skein a in the knot complemen by gluing the cylinder over the torus
to the knot complemen, and then gluing the solid torus with the skein x in it to
the knot complemen. But the skein can be transformed into the zero skein by
skein movestaking place entirely in the complemen of x, hencethe value of the
functional is zero. Thus the functional itself is zero.

If is askeinin K{(T2 1), then hasa matrix representation coming from
the action on the skein module of the solid torus, with basis f Scg. The theorem
showsthat the rows of this matrix are orthogonal to the vector 2 (K )

For transcendenal t, is it true that 1(K) = F{(K)?
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