Review Exam |1
Complex Andysdis

Underlined Definitions May be asked for on exam
Underlined Propositions or Theorems: Proofs may be asked for on exam

Chapter 5.2

Definition Let f haveanisolaed sngulaity a z= a. Thentheresdueof f a z=ais ...

Residue TheoremLet G bearegionandlet f 1 A (G) except for isolated singularities a,a,,,a, Ifgis
aclosed rectifiable curvein G which does not pass through any of the points @, andif g » 0inG, then

ic‘)f =e°1m n(g;a )Res(f;a,).
2. &

Computation of Residues.

Lemmal Suppose f hasapoleof order m at z=a. Let g(2) =(z- @™ f(2). Then,

. — i 1 (m-1)
Res(f;a) |ZI®IT;—(m_ 1)!9 (2).

Lemma 2. Suppose f hasasmplepolea z= a. Then, Res(f,a)=1lim (z- a) f(2)
z® a

Lemma3. Suppose f = % where g, h are andlytic on aneighborhood of z= a. Ifg(a) 1 0 andh

hasasmplezeroat z= a, then, Res(f,a) = 9(@) :
ha)
Problems about computing residues.

Theorems for Cdculation of Integrals usng the Residue Theorem

See PDFfile: Integration Topics

Problems about computing integrals using the Residue Theorem


http://www.math.ttu.edu/~pearce/courses/5321-integration-topics.pdf

Chapter 5.3
Definition Let G bearegion. A function f ismeromorphicon G if ...

Argument Principle Let G bearegionandlet f be meromorphic on G withpoles {p, p,,::-,p,} ahd zeros
{z,z,---, 2z} ,counted according to multiplicity. Let g beaclosed rectifiable curvein G which does not pass

through any of the points P;and z, and let g » OinG. Then, iO f%2) dz=é n(Q; z) - é_ n(g; p;)-

2p| f(2) k=1 =1

Corollary Let G bearegionandlet f be meromorphicon G withpoles {p,, p,,--,p,} axdzeros {z,z2,,--, z} ,
counted according to multiplicity. Let g beasmple closed rectifiable curve in G which is positively oriented which

does not pass through any of the points P; and z, and let g » OinG. Let int(g) denote the bounded component of
C\{g}.Let P, jand Z;  denotethecardindity of { p,, p,, -, p,} Cint(g) and

{z,z,---, z} Cint(g), respectively . Then, iof((z)d Z

z=Z;,-P
2pi 7 1(2)

f.g-

Corollary Let G bearegionandletf beandyticon G with zeros {z,z,,---, z} , counted according to multiplicity.
Let g beasmpleclosed rectifiable curvein G which is positively oriented which does not pass through any of the

points z, and let g » 0inG. Let int(g) denote the bounded component of C\{g}.Let Z;  denotethe

cadindity of {7, z,,---, .} Cint(g) . Then, % . ffq((zz)) dz o

Problems about counting the number of zeros of a given function in a given region using Argument Principle

Rouche’'s Theorem (Ver #1) Let G bearegion and let f and g be mereomorphicon G. Let B(a,r) 1 G such
that f and g have no zerosor poleson C(a,r). LetZ, ,Zg, P, F’g denote the cardindity of the zeros of f and g
and the cardindlity of the polesof f and g insde C(a,r) , respectivey. If | f (2)+ g(2)|<| f(2) |+] g(2) | on
C(a,r),thenZ, -P, =Z -P,.

Corollary Let G bearegionand let f and gbeandyticon G. Let B(a,r) I G suchthat f and g have no zeros on
C(a,r). Letz ..z, denotethecardindity of the zeros of f and g indde C(a,r ), respectively. If
| f(2)+a(2) <[ T () [+]9(z)|on C(a,r) . thenz, - .

Rouche'sTheorem (Ver #2) Let G bearegionandlet f and g be mereomorphicon G. Let B(a,r)i G such

that f and g have no zerosor poleson C(a,r). Let Z,Z,,P,R,, denotethecardindity of the zerosof f and g

and the cardindlity of the poles of f and f+g indde C(a,r) , respectively. If 1sc-) «1 12> on C(a,r) , then
Zi - P Zf+g f+g




Corollary Let G bearegionandlet f and g beandyticon G. Let B(a,r)i G such that f and g have no zeros on
C(a,r). Let Z;,Z, denotethecardindity of thezerosof f and ginsde C(a,r) , respectively. If
| f(2)+9(2) Kl f(2)|+]|9(2)|onC(a,r).thenz, =z,.,.

Problems about counting the number of zeros of a given function in a given region using Rouche' s Theorem

Chapter 6.1

Maximum Modulus Theorem (Ver #1) Let G bearegionandlet f 1 A (G). If thereexists al G such that
| f(a)[B| f(2)[fordl zI G,thenfiscongtant.

Maximum Modulus Theorem (Ver #2) Let G be abounded region and let f 1 A (G)CC (G). Then,
max| 1(2)|= g‘%q f(2)]-

Definition Let G bearegionandlet f :G® R. Let al G or a=¥ . Then, limsup f(2) = ...
Z® a

Definition. Let G bearegion. Then, 1,G= ...

Maximum Modulus Theorem (Ver #3) Let G bearegionandlet f T A (G). Suppose there exists a constant
M suchthet limsup| f(2) |EM for dl al 1,G. Then, |f(2)|EM for dl zi G.

z® a

Definition. Let D denote the open unit disk (centered at 0) and let D, denote open disk of radiusr (centered at 0).

Supplement Maximum Modulus

TheoremFor f1 A (D)le

a) M(r,f)=max | f(2)| b) A(r, f)=max Re f(z)
|z|=r |z|=r
1 . iqyp
c) | (r,f)=— | f(re")|” dq
p 2p f?

Then,

(i) M (r, f)isadrictly increasing function of r on (0,1) unlessf is constant.
(i) A(r, f)isadrictly increesing function of r on (0,1) unlessf is congtant.
() 1,0 .t)isadrictly increasing function of r on (0,1) unlessf iscongtant, for pT N



¥
Parseval’'sldentity Let f1 A (D), f(2)=§ a,z". For 0<r <1,
n=0

/) O

1 - g
L(r, f)=—- @l f(re")Fdg=2a |a,|
’ 2p-p naZIOan

2 ..2n
r

Chapter 6.2

Let D denote the open unit disk (centered a 0) and let D, denote open disk of radiusr (centered at 0).

SchwarzsLemma (Ver#1) Let f1 A (D)suchtha (@) | f (z)|£1 for al zi Dand(b) f(0)=0.
Then, (i) | T (2)| £] z| for al z1 D and i) | f €0)| £ 1. Moreover, equality occursin (i) or (ii) if and only if
f(z)=zz for some z,|z |-1.

SchwarzZsLemma (Ver#2) Let f1 A (D)suchtha(a) f(D)1 Dand(b) f(0)=0.
Then, (i) f(D,)1 D, and i) | f€0)|£ 1. Moreover, equality occursin (i) or (ii) if and only if

f(z)=zz for somez1 ID.

Proposition. For al D letj a(z)=1z_—_a. Then,j .1 A (D), j,:D® Dand,j ,isoneto-oneand
VA

onto. Further, for | z|=1,]j ,(2)|=1adj K0)=1- |a|?, j Ha)=(1- |af) ™.

. < 1- |a |
Proposition Let flAD, f:0RD . Foral Dlg f(a)=a . Then | f&a)|£ 1 | ||2
a

. Equdlity
occursif andonly if f(z) =j __ (zj .(2)) for some z 1 qD.

Theorem Let fT A (D), f:D ® D suchthat f isone-to-one and onto. Then, there exists
al D and zT D suwchtha f =2zj _.



Supplement Subordination
DefinitionLet f, gT A (D). Then, f issubordinatetog (f < g)if ...

¥ ¥
Theorem. Let f <g, f(2)= é a z', 9(2 = é b, z". Then,
n=0 n=0

) £(0)=9(0), | f€0)[E| g%0)|
i) f(D)I g(D)

i) (D)1 g(D,)

iv) M(r,f)EM(r,Qg)

V) L(r, f)E£1,(r,9)

vy alafeglblf, m=01,23, -
k=0 k=0

i) max (1- 2) | 1€2) | max (1- |zP) |942)|
Proposition. Let f, gl A (D). Suppose(a) f(0)=g(0).(b) f(D)I g(D).(c) gisoneto-one. Then,
f<g.
Example Lee P ={f1 A (D):Ref(z)>0 for al zI D, f(0)=31 . Let p(z):]1-+—z. Then,

-Z

fT P implies f<p.
Chapter 10.1

Definition. Let G bearegionandlet f :G® R . f ishamoniconGif ...
Dedfinition. LetG bearegionandlet f :G® R . f saisfiesthe Mean Vadue Property (MVP)on G if ...

Proposition. Let G bearegion. Let f behamonicon G. Then, f satisfiesthe MVP on G.

Maximum Principle (Ver. #1) Let G bearegionandlet U: G ® R stisfy theMVPon G. If there exists
al Gsuchthat u(a)3 u(z) for al zl G,thenuiscongan.

Maximum Principle (Ver. #2) Let G bearegionandlet U, v: G® IR bebounded functions stisfying the MVP
on G. Supposefor eschal 1, G that limsupu(z) £limsup\( 2) , then either

z® a z® a

u(z)<v(z) for all zi Gordseu?® v.

Minimum Principle (Ver. #1) Let G bearegionandlet U: G ® R satisfy theMVPon G. If there exists
al Gsuchthat u(a) £ u(z) for all zI G, thenuiscongant.




Chapter 10.2

Definition The Poissonkerne P (Q) = ...

+ iq _r2 iq +
Proposition P(q) = Rel e - 1-r 5 = ReS T
1- re® 1-2rcos()+r el-r

Proposition. The Poisson kernd satisfies

0 P(@)dg =1, 0<r<1

'co,'o

1
2.
@ R@>0,R@=R(q)

@) P(Q)<P(d) for 0<d <|q|<p.ie, P(q)isstrictly decreesingon (O,p)

(iv) |é)ﬁl1 P(d)=0 for each d,0<d £p

TheoremLet f1 C (D), f : D ® R. Then, thereexists ul C (D) G Har (D) such that
0 uE”)=f(")
(i) u isunique

p

Corollary Let ul C (D) GCHar (D). Then, u(re) :Zi OP.(@- tyu(e') dt, 0<r<1
-p

Corollary Let  hi C(Qar)), hC@r)® R . Then, thereexists w C(Ban)CHa(Rar)  suchthat
V@ =3 onCar)

Corollary Let u C(Han)CHa (Rar) . Then,
r2-r2
- 2ragot)+r

p
L(a+ré”)=%_92 SWatd)d, O<r <r

Harnack’sInequality Let ul C (B(a,r)) CHar (B(a,r)), u(z)3 0. Then,

- ) +
! u(a)£u(a+re'q)£uu(a)
r+r r-r




Chapter 7.1

Definition Let G bearegionandlet (W, d) be acomplete metric space. Then, C (G, W)= ...

Proposition. Let G bearegion. Then there exists a sequence of subsets { K } of G such that

O KilG

@M K, int(K )
¥

i) |JK,=G
n=1

) KII G implies KI K_ forsome nl N

d(s,t)

Lemmalf (S,d) isametric space, then (S,m)isametric space, where m(S,t) = —————.
1+d(s,t)

A st Oisopen

in(S,d) if adonly if Oisopenin (S, m) .
Definition. For K1 1 Gand f,gl C (G,W).let r (f,g) =supd(f(2)g (2)).

zl K
re(f,9)

s (9= s B () =(gir (L0 <d}.

Definition For { K} acompact exhaustion of aregion G andfor f, gl C (G,W)let r (f,g) = ...
Propostion. (C (G,W), r ) isametric space.

Lenmal? () Given e > Qthereexistsd > Qand K | | G such that for f,gT C (G,W)
r«(f,g)<d b r(f,g)<e
(i) Gven d > Q and thereexists e > Q such that
r(f,g)<e b r, (f,g)<d
Lenmall0 ()Ast Ol C (G,W)isopenif andonlyif foreech f1 Othereexitsd > 0and
K11 Gachtha OE B_(f.d)
(i) A sequence { f } I C (G ,W) convergestof (inther metric) if and only if for each
KT 1T G {f }convergestofinthe r , metric.

Proposition (C (G,W), r ) isacomplete metric space.



Definiion Aset F1 C (G,W)isnomd ...

Proposition. A set F 1 C (G,W)isnormal if and only if F is compact.
Proposition. Aset F 1 C (G,W)isnormd if adonlyif foreech d > 0and K 1 | G thereexist functions

- fnT F suchthat F I U BrK(fk’d)-

k=1

f, f

1 f29°

Definition A set F 1 C (G ,W)iseguicontinuousa apoint z, 1 Gif ...
Definition A set F 1 C (G,W)isequicontinuousonaset Ej G if ...

Proposition. Supposeaset F 1 C (G ,W)is equicontinuous at each point of G. Then, F is equicontinuous on each
KIT G.

Arzela-Ascoli TheoremA set F 1 C (G ,W)isnormdl if and only if (8) for eech z1 G theorbit of zunder F, i.e.,
{f(2): f1 F}, hascompact closureand (b)) F I C (G,W)isequicontinuous a each point of G.



