MATH 5320 Exam | November 17, 1997

Notation. D denotes the open unit disk centered at 0. RHP denotes the open right-half plane.
Q, denotes the open first quadrant.

Part B. Take home.

1. Letu(xy) =y*-x*+ 3xonRHP. Show that uisharmonic on RHP. Find areal-valued
function v(x,y) on RHP such that f = u + ivisanalytic on RHP.

2. Find afunction f which maps D conformally, one-to-one and onto the set D, = D\(-1,0] such
that f(0) = %2 and '(0) > 0.

3. Letf(re'®) = R(r,0)e'®™® pe analytic on a regi@ Derive the polar form of the

Cauchy-Riemann equations whiBrand® satisfy.

4. Use DeMoivre’s formula to show
cos % = 16 cosx - 20 codx + 5 cosx
Derive an analogous formula for expressing cosh 5

5. Computeff andff foy,(t) =€, 0 < t < n/2 andy, = [1,] for:

Y1 Yo

@)@ = Uz, (0)f(2) ={Rez+Imz}? (c) f(@) = |2|?- ImZ.

6. LetD,=Q;\ DD and letS= {z| -1<Imz<1}. Find a one-to-one conformal onto

mappingf : D, -~ Ssuch thaf(2+2) = 0.

7. Definition. LetG be a region and Iét _{G). LetF : G -~ C continuous such that® =
f(2 onG. We will say thafF is a branch-of-logarithrhon G.

Prove: (a) The totality of branches-of-logaritfion G are the functions + 2nki, k € Z,
whereF is some branch-of-logarithfron G.

(b) If F is a branch-of-logarithrhon G, thenF € _4G) andF' =f '/f onG.



