Solution Set #9

Section 9.6

_1\n -
1. a Let a, = 2( 1)1, n=0,1,2, ... Let f(x) = Z a x". Let g(x) = xf (x).
n -+

d *© 1n 2n+1 *© 1
Then, g'(x) = XZ D)X Z (-D)"x?" = - Hence,

f(x?) - 1,x 1 dt = arctanx'

Consequently,
XJo 1 +12 X
lim f(x) = lim f(x? = lim actanx arctan 1. Hence, the series Z a,is
X—1" X—1" X—1" X n=1
Abel summable.

b Let a, - (—1)n%2(“+2). Let f() = Y a x". Then let
n=1

009 = [*f()ct - Z -1 (1+2) (“+2) X" and let

2
) - [fe@ct = X (- Ix"E - XL Hence
n=0

0 = 9 heo = L Hence, limf) = lim—L = L Hence the
dx? (1+x)3 X1 w1 (1+x3 8

series Z a, isAbel summable.

2. Let f(x) = Y. a x"and g(X) = Y, b x". By hypothesis lim f(x) = L and
n=1 n=1 X—1"

limg(x) = M. But, then lim (f+g)(X) = L + M, which implies that the series

X—1" X—1"

Zl a, + b, isAbel summable and Zl a+b =L+M (A).
n-= n=

3. Let Z a =L (A). Then, limf(x) = lim)_ a x" = L. Letg(x) =xf (x3. Then,
X1~ X1~ n=0

lim g(x) = lim xf(x® = L. Sincethe coefficientsof g are0, a,, 0, a,, 0, a,, . . . , then

X1 X1

wehave(0O+a,+0+a,+0+a,+...=L (A).



4, Since Y a, L " converges, then by Theorem 9.6C we have 3y a, L "x"converges
n=0 n=0

uniformly on [0,1]. But for any z € [0,L] we can write z= XL for some x € [0,1].

Hence, Z a,, z "converges uniformly on [O,L].
n=0

Section 10.1

1 Letf € C[ab]. Lete>0begiven. Claimif we set 6 = ¢/(b-a), then p(f,g) < & will imply
that |L(f) - L(g)| <& . We note that

ILO-L@I =1 f- [ gl< [ lT-g] <
[C1T-gll= G-alf-gll = (b-a)p(.g)

Hence, the claim holds.

4, Supposef € A. Then, since f ¢ C[ab] wehave M; = min f(X)and M, = max f(x).

xe[a,b] xe[a,b]
M,-m n-M

b2
that the ball (in the metric of C[a,b]) B(f, 8) « A. Supposethat g € B(f, ) . Then,
If -g]l<é. That impliesthat maxg(x) < maxf(x) +& < n. Similarly,

xe[a,b] xe[a,b]
ming(x) > minf(x) -6 > m. Hence, ge A.
xe[a,b] xe[a,b]

Sincef e A, wemust havem<M,; and M, <n. Let 6 = min( 2). Claim

Section 10.2
1 From Maple
>n:=1;

>fi=x"2;

> for k from 0 to n do p[K] := binomial(n,k)*x"k * (1-x)"(n-k)* subs(t=k/n,f) od:
> p = sum(p[i],i=0..n);

p:=(1-x)x* +x°



>n:=2;

>fi=x"2;

> for k from 0 to n do p[K] := binomial(n,k)*x"k * (1-x)"(n-k)* subs(t=k/n,f) od:
> p = sum(p[i],i=0..n);

P=(1-X?x2+2x3 (1-x)+x*

>n:=3;

>fi=x"2;
f:=x°

> for k from 0 to n do p[K] := binomial(n,k)*x"k * (1-x)"(n-k)* subs(t=k/n,f) od:
> p = sum(p[i],i=0..n);

P=(1-%x°® x* +3x> (1-x? +3x* (1-x)+x°



