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Section 9.1
1. Yes TakeN=11 Thenforns N, [3MMX _g - (Somx, 1 11
n N 10
2 a For 0 < x <1, we know that X" — 0 asn — «. Hence, for 0 < x < 1, we have
f,(X) — 0. Forx=1,wehavex"=1;s0 f, (1) = Y. Hence,{f,} converges
0 O0<x<1
pointwise on [0,1] to the functio(x) = | 1 w1
2
b. No. For any, we havef, is continuous at x = 1. Hence, for anthere exists a
neighborhood of x = 1 on whichf] (x) - ¥2 | < ¥%. But, then on that
neighborhood, for x 1, we cannot havef, (x) - 0 | < ¥%a.
3. a Let xe [0,1]. Ifx=0, thenf, (0) = O for alln. Hencef, (0) — 0 asn — «.
If x > 0, then there exists (by the Archimedian principleNasuch that fon > N
we have i < x. Hence, fon > N we havef, (x) = 0 and, hencef,, (0) — 0 as
nN— o,
b. No. For any, we have that, (x) =n> % for 0 < x < 1/n.
C. Foreacm, ['f = (""n = 1. Hencelim [*f =1
Jo =, fim [
d. We have from a. and c. thiim [ *f Yim f
nﬂoofo n " fo n_ e n
Section 9.2
1. Let {f } converge uniformly orE tof and let {,} converge uniformly ore tog. We

claim that §, + g, } converges uniformly ok tof + g. Lete > O there existsl, such that
for n >N, we have {, (x) - f (X) | <e/2 for all xe E and there existd, such that fon >
N, we have §, (X) - g (x) | <e/2 for all xe E. LetN = max{, , N,). Then, fom >N, we
have [{,+9,) (X) - F+9) () | < [f, () -F(X) | +]g, (X) -9 (x) | <e/2 +&/2 =¢ for all
x € E. Hence, {, + g, } converges uniformly o tof + g.

2. On [0,») we have thatd, (X) | < g, (0) = 1/n sincey, is a non-negative decreasing
function of x. The sequence {1/n} converges monotonically to 0.e e there existbl
such that fon >N we have 1/n €. Hence, fon >N we have §§,(x) - 0| =g, (X) | < g,
(0) =1/n <e for all x in [0,«). Thus, {g, } converges uniformly to 0 on [g).



4, a On [0,%2] we have thaff| (x) | < f, (*2) = sincd, is a non-negative

+

increasing function of x on [0,%2]. Since the sequener%l{— } converges

2"+1
converges monotonically to 0, we have by the same argument as employed in 2.
above that {, } converges uniformly to 0 on [0,%].

b. The conclusion of problem 2b. in Section 9.1 is that fof/. there doesot exist
a N such that fon > N we can have {, (x) - 0 | <e on [0,1). Hence, we cannot
have uniform convergence on [0,1].

Section 9.3
1. If the sequencef,} were to be uniformly convergent on §), then since eadh is
continuous on [&) we would have to have the limit function continuous o®)[0But,
1 0<x<1
the limit function is f(x) = 5 Xx=1 which is not continuous at x = 1. Hence, we
0 x>1

cannot have uniform convergence or|0,
Section 9.4

1. a. Apply the Weierstrass M-Test with, = 1. Then, on [G;) we have
1 1 . = 1
< — = M,. Since the serie}, —

converges, then by the
n2+x?> n? n-1 N

Weierstrass M-Test we havE converges uniformly o#)|0,

n=1 I’]2+X2

3. Apply the Weierstrass M-Test with, = |a,|. Then, on [0,1] we hava| X" | < |a, | =

M,. Since by hypothesis seri§: |a,|  converges, then by the Weierstrass M-Test we
n=1

have Z a,x" converges uniformly on [0,1].
n=1

4, If the seriesz a, converges, then the power sefiigp = Z a x" converges for x =
n=1 n=1

X, = 1. By Theorem 9.4F the power series converges uniformly pn [-x , x ] fqr all x
such that 0 <x <x =1. Hence, on each such interval [;x , X ] with,0 <x <x =1the
power serie$ is a continuous function. But every x in (-1,1) belongs to an interval of the
form [-x, , ] with 0 < x <x =1, namely the interval [-x,X].



Section 9.5

1 By the above problem 9.4.3, the power series Z a, x" converges uniformly on [0,1].
n=1

Hence, by Theorem 9.5A fli a x"dx = i flanx”dx =Y il
n=0 v0

0 n-0 n-o h+1

] . . X3 X5
2. Since the power series sinx = X - 3 + 5

I.e., since the power series convergeson al intervals (-S, ) for all S> 0, then by
Theorem 9.5C the sin x is differentiable on all intervals (-S, S) for all S> 0, and
4 X2 X4
+

2
cosx = (sinx) =1 -3% +5% . -1-X X
3! 5! 2! 4

- - hasradius of convergence of infinity,

- . 0N (-0, ).



