Solution Set #3

Section 7.1

1.

Suppose that A \ B were a set of measure zero. Then, the union of two sets of measure
set, A\B u B would again be a set of measure zero. But the union would be A which
was given as not a set of measure zero.

(a) Supposethat [a,b] could be covered by afinite union of intervalsl,, I, . .., I, such
n

that |I,|]=b.-a,k=1,2, ..., nandthe sum of the lengths Z b, - a,<b-a Wolog we
k=1

may suppose that no interval |, < |, for k # j and that the intervals I, are ordered by their
left endpoints, i.e., & <a,<... <a, Furthermore, we may assume that no interval

e laulu, k=2,3,...,n1 Therefore, we must havethat ae I,. If xe |;, thenx-a<
b, - a. Inparticular, a € 1,. Ifxel,, thenx-a,<b,-a,. Therefore, combining the
abovetwo factsx-a<(x-a) +(a,-a) <(b,-a) +(b,-a)<b-a. Proceeding
inductively we have that if x € I, thenx - 8 < b, - 3 and

(*) x-a <x-g)+t@&-a)+t@q-a&)t.. .+t (%-a)+ (-9
<(b-a)+(b-a)+B,-a)+...+ (b,-8)+(b-a)<b-a

Specifically, b must belong to one of the intervals since the union of the intervals covers
[ab]. But, thenby (*) wewould haveb-a<b- a

(b) Supposethat [a,b] were of measure zero. Then, given any € > 0 (in particular, € =
(b- a)/2) there would exist a collection of intervals{ I}, a € A, such that [a,b] could be

coveredby U I and Z |1 | < e. Butsince[ab] iscompact, then there would exist a
acA acA

finite subcollection which would cover [a,b] for which the sum of the lengths would be
even smaller. But, thislatter assertion isimpossible by part (a) of the problem.

Thisis adirect consequence of problems 1 and 2 above with A = [a,b] and B = {a,b}.

() Sincethe rationals are a countable set, then corollary 7.1C applies and asserts that the
rationals are a set of measure zero.

(b) Thisisadirect consequence of problems 1 and 4(a) abovewithA =R'and B = Q,
where Q isthe set of rationals.

0 x isirrationd
Fase. Letf(xX)=00on[0,1]. Let g(X) = , ) , Xe[01]. Thenf=g
1 x isrationa

on [0,1] a.e, but g is not continuous anywhere on [0,1].



Section 7.2

1.
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@ Sincef iscontinuous on [a,b] which is compact, then by theorem 6.8C f is
uniformly continuous on [a,b].

(b) Sincef isuniformly continuous on [a,b], then by the definition of uniform
continuity given € > 0 there existsa é > 0 such that
1109 ~F0) | < =

whenever |x-y| < 8.

(c) Choose n > [[%}] + 1and let ¢ be the subdivision of [a,b] givenby ¢ ={ a,

atl/n, at2/n, ..., a+(n-1)/n, b}. Then, each component interval |, satisfies
Il = L/n. Hence, for any x,y € I, we have [x - y| < & and by (b) we have | f (x) - f
(y)| < el (b-a). Hence,

M[f, 1] - m[f, 1] <&/ (b-a). *)

(d) Since (*) holds for each k, then if we sum (**) over k we have
n

Ulf,c] - L[f,0] = kzl M LI-mIE LD IS < Y 2= =& ()

k-1 b-a
(e) Since for each € > 0 given in (b) there exists a subdivison ¢ given in (c) so that
(**) holds, then by theorem 7.2G we have thef €92 [ab].

@ Consider the component interval 1,. Sincef is continuouson |,, then by theorem
6.6F we havef obtainsamaximumonl,, i.e, there exists x,,,,, € I, such that
M[f, 1, ]=f (X5, @dweaso havethat f obtainsaminimumonl,, i.e, there
existsx.,, € I, suchthatm[ f,1,]=f (x,,). Hence, for any x,” € I, we must have
mif, L 1< f0)<MIf L] (%)
If we multiply (*) by |I,| and sum over k we obtain

L[f,6] < %kzl f(x) < Ulfol. (**)

(b) Let € > 0. By the construction in problem 6 above, if n is choose sufficiently large
then o, is the partition described in 6(c) and from 6(d) we have



Section 7.3

1.

Ul f,o] - L[f,c] <e. SincelL[f o] < fbfwehavethat
a
Ul f,o] - fbf < g. Since, on the other hand we always have
a

0 <U[fo] - fabf, Then, we can conclude that limU[ f,c,] = fabf.

Nn- o

Similarly,sincefbf < U[f, 5] we have that fbf - L[f,0,] <e. Likewise, we
a a

aways have 0 < fbf - L[f,5,]. Hence, limL[f,c] = fbf. But, since both
a a

Nn- o

limU[f,c ] = fbfand limL[f,5,] = fbf,then(**) and the sandwich
a a

n- e n-

n
(squeeze) theorem imply that Iimiz f(x,) = fabf.
k=1

n- o =

n
Note: by problem 7, for f continuous on [a,b] we have Iimi Z f(x,) = fbf
k=1 a

@

(b)

(©)

@
(b)
(©)
(d)
@

n-- N
Choose f (x) = x2. Then, by problem 7, the indicated limit equals f °f for the
a

interval [0,1], which equals (from Calc 1) 1/3.

Choosef (x) = sinwx. Then, by problem 7, the indicated limit equals f °f for the
a
interval [0,1], which equals (from Calc 1) 2/x.

Choose f (x) = €* Then, by problem 7, the indicated limit equals f °f for the
a
interval [0,1], which equals (from Calc 1) (€* - 1)/3.

Yes. f iscontinuous except on the set of points {0, 1/10, 2/10, .. 1} whichisa
finite set, and, hence, of measure zero.

Yes. f iscontinuous except on the set {0}, which is a finite set, and, hence, of
measure zero.

Yes. f iscontinuous except on the set rationals which is a countable set, and,
hence, of measure zero.

No. f isthen not continuous anywhere on [0,1].

o[f,x] =0for x not in {0, 1/10, 2/10, .. 1} and w[f,x] = 1 for x in{0, /10, 2/10, ..
1}.

If xisnot in {0, 1/10, 2/10, .. 1} then there exists an open interval 1, which
contains x and does not intersect {0, 1/10, 2/10, .. 1}. Hence, on |, we have f (x)
= 0, whichimpliesthat »[f,l,] =0. Since w[f,X] < o[f,l], then w[f,x] =0.

If xisin{0, 1/10, 2/10, .. 1}, then for any open interval Jwhich contains x we



would have o[f,J] = 1. Hence, o[fx] =1.

(b)  w[fx] =0for x> 0and w[f,0] =8.
If x isnot O, then f is continuous at x and hence, w[f,x] = 0. If x =0, then on any
open interval Jwhich contains O, we have that there exists an integer k such x, =
[(4k-1)n/2]™* € Jwhichimpliesthat f (x,) =-1. Since, f (0) = 7, then o[f,J] = 8.
Hence, o[f,0] =8.

If f € 92[ab], then by theorem7.3A f iscontinuousae. LetE={ xe [ab]: f is
discontinuousat x}. LetE;, { xe [ab]:|f]| isdiscontinuousat x } Supposethaty e
[ab] \ E. Then, by problem 5.1.4 we have that | f | is continuous at y also. Therefore, the
E, c E. Hence, E; isaso aset of measure zero and | f | € 92 [ab].

False. The examplein problem 7.1.5 illustrates the non-validity of the claim.

True.. LetE={xe [ab]: f isdiscontinuousat x}. Then, E isaset of measure zero.
Let E, ={ xe [ab] : g isdiscontinuousat x }. Suppose f =g on[ab] except for ona
finite point set, say S={X;, X5, . . ., X,}. ThenE, ¢ Eu Shbecauseify e [ab] \ (Eu S),
thenf iscontinuous at y and g agreeswith f on aopeninterval |, containing y which
impliesthat g isalso continuous at y. However, E u Sisaset of measure zero since both
E and S are sets of measure zero. Hence, E, isa set of measure zero and by theroem 7.3A
ge %2[ab].



