Solution Set #10

Section10.4

1.

Let € = 1 (any number less than 2). For any 6 > 0 there exists N such that #/N < 8.
Consequently for x = 0 and y = /N we will have | f (X) - fy (Y)|=2>¢and [x - y| <4.

It sufficesto show that the sequence { ¢} isequicontinuous. Let e > 0. Claim we can
choose 6 = ¢/M to verify the condition for equicontinuity. Specifically, for X, y in [a,b]
from the mean value theorem we have |o, (X) - ¢, (Y)| = |¢’(c)| |x - y| for some c between
x and y. But, then by hypothesis |¢’(c)| < M. If |x-y| <38, then we have |p, (X) - ¢, (V)|
<e.

Letf,(x) = non[0,1]. Then, {f} isclearly equicontinuous, but {f.} hasno convergent
subsequence.

Section 11.1

1.

LetG, = U _,1,and G, = |J__. J,,where each indexing set A and B is either finite or

countable and the I, and J,,, are open intervals and the intervals {1,} are pariwise digoint
and theintervals{J,} are pariwisedigoint Foreachm=1,2,3,...leeN,,={ne Al c
J.}. Then, eachn € A belongsto some N, for someme B. Sincethe{l,} are pairwise
digoint, then we have

Unon, 1ol = Xoen, Tl < 1341 ()

When we sum (*) over the m e B we obtain on the right side that ZmeB 13,1 = 1G,|.

On the other hand, when we sum (*) over the m € B we obtain on the left side that
Yo |UneNm || = |G, | since every I, belongs to aunique J,. Hence, we have

IG,| < |G,.

Let i be the characterigtic function of I, for j=1, 2, . . . k. Let y be the characterigtic
functionof I, ul,u...ul,. Thenfor eachxin[ab], we have that

x(X) < % (X) +x(X) + ...+ xdX)

Clearly, eachy; € R [ab]. Sincey isafinite sum of elementsin® [a,b], then
y € K [ab]. Hence, by Theorem 7.4E fbx < fbxl + 9y, * - + % But, then
a a

fbx = 1,ULU-Ul,| and

b b b b
+ 4o+ = + 4o+ =1+l +-+]
fa T * T Ta fa o fa %2 fa % = I+ 11l I



3. True. If Gisopen and non-empty, then there exists x € G and hence there exist an open
subinterval (c,d) which contains x and for which (c,d) ¢ G. That would imply that
|G| > d-c>0. Hence, G = 2.

4, Fase. Let F ={x}, wherex € [ab].

5. By paragraph 3 on page 305, the complement of the Cantor set (in [0,1]) isaunion of
digoint open intervals whose lengths sumto 1. Hence, the length of the Cantor setsis
[0,1]] -1=0.

Section 11.2

2. Lete >0. Then G, = (c-¢/4,d) isan open set which contains[c,d). Also, G, =[aC) u
(d-&/4,b] is an open set which contains[a,b] \ [c,d). But, from the construction we have
that |G, n G,| = ¢/2 <e. Hence, by Theorem 11.2F we have [c,d) is measurable.

3. By Theorem11.2C 0 < mE < mE. If mE = 0, thenwehave 0 < mE < mE < O,

which implies that the outer measure and the inner measure of E are equal to each other
and each equal to 0.



