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SUMMARY : In this notes we study the invariant rings of the symplectic groups in odd characteristic in
their tautological representation, and try to make the original paper by Carlisle and Kropholler more

readable and understandable, i.e., the only new thing is the expository, in particular that/how and
where the Steenrod algebra is used is my contribution.



§1. Notation and Introduction

Let IF be a Galois field of odd* characteristic p with ¢ = p® elements. Let V be a vector space over F of
even dimension n = 2] with basis x1, v1,..., x;, ;. Denote by

f:VxV—F

a non degenerate alternating bilinear form on V. Then the symplectic group Sp(n, F) is defined to be
the group of isometries of £, or the maximal subgroup of the general linear group, GL(n, F), stabilizing 2

f
Sp(n, F) =Isom(V, f)
={TeGL(n, B)|f(Tu, Tv)=f(x, v)0u, ve V}
<GL(n, F).

The matrix A, associated to f is given by

(Ar)ij = f(ei, ej),

for the standard basis eq, ..., e, € V. After a suitable change of bases, we can assume that the matrix
A has the following form
0 1 00
-1 0 00
A0 000
00 0 1
0 0 -1 0

So we could write the symplectic group also as
Sp(n, F)={T < GL(n, B)[T'A;T=A/},

i.e., as the stabilizer subgroup of A; in GL(n, F).
The order of the symplectic group was calculated by L. E. Dickson:

THEOREM 1.1 (L. E. Dickson): The order of the symplectic group in dimension n = 21 over a field
with g = p® elements is given by the formula

l
OSp(n, F) (= ¢ [[(¢* - 1.

i=1

PROOF: The proof is by counting the number of symplectic bases for V, see® Theorem 115 in[6] «

Thanks to Dickson we also have an exlicite set of generators for our group:

1In characteristic two there are some problems in defining a group, see [12] and [4].

2This indeed does not depend on the choice of f since all non degenerate alternating bilinear forms are equivalent, meaning lie
in the same GL(n, R)-orbit. For a proof of this and an explicite introduction to groups associated to forms we refer to the fine
book [12], in particular pp. 234 -246.

3 Careful: Dickson calls the symplectic groups special abelian groups and denotes them by SA(n, p*®).
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THEOREM 1.2 (L.E. Dickson): The symplectic group Sp(n, F) is generated by the following matri-

ces:
S(KK)=(si(kR), Ok=1,...,1,
where
1 ifi=j#k
SO e
0 otherwise,
Sk, A) =(sij(k, A), Ok=1,...,1 and X\ e F*,
where
1 ifi=j
sij(k, N)=q N ifi=2k-1, j=2k
0 otherwise,
and
Sk, I, A\)=(sij(k, I, \)), Ok, 1=1,...,1 and A € F*,
where

ifi=j
ifi=2k-1, j=2I
ifi=21-1, j=2k
otherwise.

sij(k, I, \)=

O > >k

PROOF: See Theorem 114 in [6] «

As Dickson remarks, we can read off this explicite description that the symplectic group is generated
by symplectic transvections, and therefore every element has determinant one. This will turn out to
be of great use later.

During this manuscript we will have to struggle with a lot of awful formulae. Therefore I have ex-
plicitely calculated most of them for the case n =4 (ooe“, n=2isn'} reo\\\b“ exci)’inﬁ). So, if you feel
overwhelmed by indices, you are welcome to consult the final Section 7.

§2. A Bunch of Invariants

We are going to find a collection of polynomial invariants of our symplectic group, which will, together
with the Dickson classes and the Euler class, lead to a complete set of algebra generators of the ring of
invariants.

PROPOSITION 2.1: For any natural number i € N

l

En =) _(y! —yal) e Flay, y1,..., %1, )
=

]Sp(n, IF).

41n dimension two the symplectic group Sp(2, F) is nothing but the special linear group SL(2, F). To see this you could use
Dickson’s theorem to find that the symplectic group is contained in the special linear, because all elements have determinant
one, and then use again Dickson to find that they have the same order. On the other hand you could replace the first step by
show by ordinary explicite matrix calculations that the special linear matrices are symplectic.
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SYMPLECTIC INVARIANTS
PROOF: Observe that
2 Sp(n. F) 0 Sp(n, )
Enmxm Oyt +x Oye (VD) = (FIVIOR AYVY)

is a non degenerate alternating bilinear form and hence, by definition of the symplectic group, invariant
under the action of Sp(n, [F). Since

!
En1= ) (xy? = yxd)

j=1
= BPB(€n)
where § denotes the Bockstein operator
B F[VIOg A(VY) — F[V] Op AY(V")
(zi, 0) — 0, 0)
O, z) = (zi, 0)
J
O, z,0...0z) +— Y1)z, 2z, 0...0z, 0...0z),
k=1

for z; € {x1, y1,..., x;, y;}, and P! the first Steenrod reduced power operation, this is also invariant,
hence

€n = R[V]PPC- ),
Moreover we have®

Enivs = P (En,1),
and therefore our statement is proved ¢
Here is another gorgeous observation by Carlisle and Kropholler:

LEMMA 2.2: The symplectic group is precisely the stabilizer subgroup of ¢ ,, 1 in the general linear
group
Sp(n, F) =GL(n, F), ..

PROOF: By the preceding lemma we know that ¢, ; is an invariant and therefore

Sp(n, F) & GL(n, F),, .

On the other hand the map®
BPIB 1 N(VD) > B[V
is injective. Therefore for any g € GL(n, F)¢, ., i.e., g&,1 =&, also
g8én=én.

This in turn means that g = Sp(n, E), since the symplectic group is defined to be the stabilizer of £, «

5 If you can't do this calculation by yourself, you might look it up (Nes! There is o bock OFH\e book!) in Lemma 4.1, where all
Steenrod powers of the ¢'s are calculated.

6 For a graded algebra A we denote the homogeneous part of degree d by A(q). By the way, Carlisle und Kropholler call this map
symmetrizing map.
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REMARK: In the same way we could observe that also the maps
BPIPI™ .. PRI N(VD) s B[V](gina)
are injective, sending £, to &, ;+1. So that the symplectic group is also the stabelizer of all the other
Sn,i+1,S
Sp(n, F)=GL(n, F¢, ., 04,
what in turn could replace the preceding Proposition 2.1.

Next we show that the maximal possible number of the invariants just constructed, namely n of them,
are algebraically independent.

LEMMA 2.3: The polynomials
Sn,l: e én,n = F[V]Sp(n’ B
are algebraically independent.

PROOF: We show this by calculating the determinant of the Jacobian matrix, Jac (£,.1,..., £nn),
associated to these polynomials. To this end note thatforall j=1,..., landie N

85,” - q
8xj J
and
8$n,i — _xqi.
8yj J
Therefore we get
yi v
det (Jac (£,1,..., £x,0)) = det
yfn —xfn o y?n _x?n

However, the latter is, up to sign, the g-th power of the Euler class E,, (of the orbit VP\ 0 of SL(n, F)
on VY and in particular non zero. That's all we need »

We note the obvious corollary:

COROLLARY 2.4:
Flént,..., Enn] & B[V]PO:F)
is a polynomial subalgebra.

Lets remark at this point also that a symplectic matrix has determinant one, because the symplectic
group is generated by symplectic transvections, see Theorem 114 in [6] or, for a more modern treatment,
e.g., [8] Lemma 1 on Section 6.9, and therefore

F[En; dn, 1s se e dn, n—l] = ]F[V]SL(nJ IF) L) ]F[V]SIP(”, Ha))

where E,, denotes the Euler class of the orbit V°\ 0 of SL(n, F) on V=

In a later section it will turn out that these invariants, namely
Sn,l’---, Sn,n, En, dn, 1seves dn, n-1

4
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form a complete set of algebra generators” of the ring of invariants F[ VISP F) in other words, we will
show that

A::]F<$n,1;---’ gn,n: En: dn,l:---’ dn, n-1 >5

where F < - >denotes the [F-algebra generated by the stuff in the < — >brackets (which is possibly not
a polynomial algebra), is precisely the ring of invariants.

We do this by determine also the relations among these generators, which leads to a dozen pages of
calculations. Then we still have to prove that that'’s it: that takes another 6 pages, i.e., it's probably
not really pleasant to read all this (and it is certainly not pleasant to give a talk about it).

§3. A Bunch of Relations

In this section we calculate some relations between the invariants we have so far.

We need some preliminaries.

Define an alternating bilinear form on the n-fold direct product x[F[V] by (h=2| remember)

l
<F, H>= Z(fzj—thJ' = f2jha2j1),

j=1
for n-tuples F = (f1,..., fo;) and H = (hq,..., hy;). Denote by
T:=(12)B4)(--)2l-12]) e 3y
and take its centralizer in the symmetric group
C(1) < %y

Next define

mMF®, ..., FEm =" sign(o)ﬁ < o@D o) >

o j=1

where the sum runs over a set of coset representatives of C(7) in Z,;.

LEMMA 3.1: With the preceding notation we have
(1) -0 is independent of the choice of the coset representatives.
(2) 0---00 is multilinear and alternating.
(3) meW, ..., @)D =1 where e® denotes the i-th standard basis vector (0,..., 0, 1, 0,..., 0).
PROOF:
AD (1) : The centralizer of the element 7 =(12)(34)--- (21 -1 2]) € Z,; can be expressed in the
following way: Take an embedding
3, & 5y, 00,
where we define the image forany k. =1,..., [ by

g2k -1) = 20(k) -1
a(2k) := 20 (k).

7 Note that these generators arise in a very natural way: the Dickson classes, an Euler class, the form §,, that defines the group
and its Steenrod powers.
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Then

C(7) =[12), ;0= zy
=Z2x. - xZ2 X%,

— ] —

=7/2) 3,

so the X; permutes the [ transpositions (12),..., (21 - 1 21) of 7 and the Z/2 permutes the entries
2k -1, 2k, O k of the transpositions. That this is indeed the full centralizer is an easy calculation. An
equally straightforward calculation shows that our sum is the same if we replace o by o where 77 is
one of the generators of C(7), because we just permute the order of the product or the order of the pairs
in the factors.

AD (2) : Since < -, —>is bilinear, we have that [ - - - [ is multilinear. To prove that the form is
alternating assume that FUo) = F(k) = F for some ko, jo=1,..., n. If

01(2ig-1) =jo and 01(2ig) = ko
(or vice versa) for some ig = 1,..., [ and some ¢4, then
< FUI(ZiO_l), FO12i) 5 = < F, F>=0,

i.e., the product [[ < FO1@&D, Foi@) >=< F, F> [] < FO1@™, [Fo1@) > yanishes. If
J J#io
02(2i0 = 1) = jo
and
02(21(’) -1)= ko <0r Uz(Zlé) = ko)

(or vice versa) for some ig, iy =1,..., [ and some o, then

H < FUZ(Zj_l)’ FUZ(Zj) S=c< F’ F02(2i0) S < F’ FUZ(Zi(’)) > H < FUZ(ZJI_:L), FUZ(Zj) > .

J J#io, i
Consider the element 0,(2i 2ig) € Z,,/C(T). 1t gives the same summand as ¢, namely

H < F(o2(2i0 20))2/1)  fr(02(2i0 20p))(2)) >
J
=<F, FoP0) > < F, FoC0) > [ < F(o:@0 20)CiD, p(ox@io 20)CD) 5,
J#io, iy

but with the opposite sign, because sign(o;) = -sign(o2(2io 2i,)). So the two summands cancel. Alto-
gether we have

l
mF®, ..., FYm =Y | sign(o) [] < Fo@™, Fo@) >
g j=1

= Z sign(o1) < F, F > H < Foi@iD) | pou@)
91 J#io
+ Z (Sign(az) <F, FO2(2i0) 5« F, FUZ(Zi(’)) >

g2
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[ < Floato 2)@D, ploetio 2i)@) »

J#io, i

_ H < [ Foa@) 5
J#io. ip
=0.

AD (3) : We have
) _ +1 ifiisoddandj=i+1
<el, e >=¢ 1 jfiisevenand j=i-1
0 otherwise.

Hence all summands vanish except the one where o = id

l
[D]e(l’, ey e(ZZ)E[I] = Z sign(o) H < eo(2j—1)’ eo(2j) >
g Jj=1

l
=[] <™, @ >
j=1

=1

That's all we claimed

So, the first statement of the lemma tells us that our definition of - - is welldefined, while the
second and third imply that
FQO
mFY, ..., Fe9m=det | :
F@l
We are now prepared to prove the following lemma.

PROPOSITION 3.2: With the notation above we have:

(1) The EulerclassE, € B[¢n1,..., £nn-1] is irreducible in B[ V]P0 F),

(2) Epd,,, i € B[£pa,..., Enplforalli=1,..., n—-1.

(3) Iffor some polynomial f eF[V]we havethatE, f<F[{,1,..., Enn1], thenfeB[En1, ..., Enn-l-
PROOF: We take the things in order.
AD 1 : Define 2[-tuples FV) := (xfﬂ, yfj’1 el xl"jfl, quﬂ) e 2><ZIF'[V] of polynomials for j € N. Then

together with the preceding observation the Euler class E, is, according to Dickson [6], given by

X1 yYro o X Yi
E, = det : :
.21—1 .21—1 .21—1 -21—1
xf o oyf o x
FO
= det :
F@h

=mF®Y ..., Fem
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!
= Z sign(o)H < po@Y)  po@) >

o Jj=1

Since
(i) () qmin(i, -1
<FO, O >= g0

as one easily calculates, and for our choice [ — i(x 2/ -1 we get the desired inclusion
En € F[gn,l: L] gn,n—l];

i.e., there exists a polynomial £ = £(X;,..., x,-1) € F[X1,..., X,,-1] in n — 1 indeterminants such that

En = E(Sn,l ey gn,n—l)-

The Euler class is by construction the product of linear forms where we take for each one dimensional
vector subspace of V" exactly one form. Moreover the symplectic group Sp(n, ) acts transitively ® on
the set of hyper planes of V. Hence E,, is irreducible in B[V]P(> ®) and a fortiori in B[£,1,..., £nn-1].

AD 2 : Since (again thanks to Dickson)

g1 gt gt gt

ST R N 4

E,d, ; = det _ - :
qgin g gin g™

X1y XY

forO<iy <ip<:--<ipq<i,<nwherei; # i we can proceed as in (1) and get

l
Endn, i =) |sign(o) [[ < FO®™D, FF® > | cB[¢,1,..., €nnl.

o j=1
In other words there exist polynomials in n indeterminants

D,i=0,i(X1,..., Xp)eB[Xy,..., Xi]
such that

Dn,i(gn,l:---’ gn,n) = Endn, is
foralli=0,..., n—-1.

AD 3 : Consider the composition of maps

W :]F[Sn,l; LI N1 Sn,n—l] L) ]F[V]*) ]F[xl) yl) ey xl-l; yl—l]:

where the first is just the canonical inclusion of algebras while the second is induced by the inclusion
of vector spaces
Spang(es, ..., ey-2) & V,

where ey, ..., es;-» denotes the dual basis to x1, yi1,..., -1, y;-1. By Lemma 2.3 the polynomials
©(n1)=&n21,-.., ©(&nn-2) = £n—2 n— are algebraically independent. Therefore the image of ¢ gener-
ates a subalgebra of Krull dimension at least n —2. Since n —2 =dim(F[x1,..., y;-1] the kernel of ¢ isa
prime ideal of height 1. Obviously the Euler class E,, is in the kernel. By (1) the class E,, is irreducible,
and therefore prime, because F[£,,1,..., £, n-1] iS @ unique factorization domain, i.e.,

(En) =ker(e) = Fléna, ..., Ennaal

8 This is just an application of Witt's Lemma, see, e.g., Section 20 in [1], or Lemma 3 in Section 6.9 of [8].

8
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Denote by < E, > < [F[V] the principle ideal generated by the Euler class in the full polynomial ring
F[V]. Certainly we have

(En) &< En >N ]F[gn,l: ceey gn,n—l]-

Since for every element in the big ideal fE, € <E, >nF[{,1,..., £n.n-1] (i.e., for all f e B[V]) we have
that ¢(fE,) = 0, the two ideals in question must be equal, i.e., the polynomial f € B[¢,1,..., &nn-1]
as we wanted to show e

We need to be more precise about the polynomials D, ; occuring in part (2).

LEMMA3.3: Fori=0,..., n -1 the polynomials D, ;(X1, ..., X,) are linear in X,, with leading
coefficient

Dp2i1(X1,..., Xp)

ProoF: Recall that

gt g1 gt gt
X1 Y1 o XY
E,d, ; = det
qin (.Iin (.Iin (.Iin
Xp Yo o Xy
[ 7]
= det :

L
mFY, ..., FeOm

!
> | sign(o) ] < FO®™, Fo@) >

o Jj=1
l . ..
= > sign(o) [[ < 7@, FO@ >
{0.00(2j-1)-0(2))-10#n,0j} J=1
!
+ > sign(o) [[ <F°@™, FP®@>¢,,
{0,00(2jo-1)-0(2jo)-1CEn} J=L#h
!
= > sign(o) [[ < F@0, FO@) >
{0,00(2j-1)-0(2))-10¢n,0j} J=1
l . .
+ > sign(o) [ <F°@™, FF@ > | ¢,
{0,0(2jo-1)-0 (2jo)-1CEn} 7=L%h

Therefore E,d,, ; is linear in &, ,. To find the leading coefficient we have to work a bit harder and
calculate the sum

l
> sign(o) [[ <F°@™, Fo@) >
{0,0(2jo-1)-0 (2jo)-1C=n} 7=L#h

Note first of all that we can assume without loss of generality that j, = [ (if not we replace o by o7y

9
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where v € C(7) interchanges jo and [). So we have to calculate

-1
> sign(o) [[ < F°@, F°® >
{0, (21-1)-0(2])-1CEn} J=1

where the exponents 0(2j - 1), 0(2j) €{2,..., n —1}. That means that the involved vectors F all are
q-th powers (because F® does not occur anymore) of, say, F, i.e., we have

-1
Z sign(o) H < jro(Zj—l)’ o s
{0,0(21-1)-0(21)-1C=n} Jj=1

Note that we are still summing over coset representatives o of the centralizer C(7) in Z,;, with the
only restriction that our ¢’s look® like (n — 1 1)(n)d, where ¢ € Z,;,_,. We have to convince ourselves
that the elements ¢ run over a complete set of coset representatives (exactly once) of C(T;_2) in 25,5,
where we set 75,5 :=(12)--- (21 -3 2] -2) € Z,;,. Define a map

2012/ C(T212) — {(n=11)(n)5 C(T2)}, 6 C(T21-2) — (n =1 1)(n)5 C(T2).
This map is obviously injective. We define a splitting via
{(n=11)(n)6C(T2))} — Za1-2/ C(T21-2), (n=11)(n)T C(T21) b= 0 C(T2-2).
This map is equally injective, because if we take two different elements
(n—-11)(n)d1C(721) # (n =1 1)(n)F2C(721),
then also 01 C(T21-5) # 02 C(T21-2).
Coming back to our coefficient we summarize

l

E,d, ;= > sign(o) [[ < F°®D, F°® >
{0.0(2j-1)-0(2/)-1C#n,0j} J=1
l . .
+ > sign(o) [[ <F°@™, FP@ > | ¢,n
{0.00(2jo-1)-0(2jo)-1C=n} J=L#o
l . ..
= > sign(o) [[ < F°@™0, FO@) >
{0,00(2j-1)-0(2/)-10#n,0j} =1
-1 B ] . ) q
+ > sign(o) [T (< F2@, F7@>)" | ¢,
{0, (21-1)-0(2])-1CEn} J=1
l . .
= Z Sign(o-) H < FU(ZJ_]-)’ FU(ZJ) >
{0.0(2j-1)-0(2/)-1C#n,0j} J=1
= o a
+ | D (sign@) [[ < FOED, FOE S| €
GeC(Ta-2) Jj=1

9The (n) emphasizes that the ¢'s fix n.

10



SYMPLECTIC INVARIANTS

l
= > sign(o) [[ < F°@™D, FO@) >
{0,000 (2j-1)~0(2))-10#n,0j} J=1

+ (Dn—z, i—l(gn, 1seees gn, n—2)q) gn, ns»
where in the last step we used that
=@,y 0

by construction. Since the invariants §,,1,..., £, , are algebraically independent by Lemma 2.3 this
proves, forall i =0,..., n—1,

Dn,i(Xl ey Xn) = (Dn—l,i—l(Xl ey Xn—Z))q Xn +junk,
where junk does not depend on X, ¢
A similar construction leads to another relation. For that we need the following lemma.

LEMMA 3.4: Let F, .., F("*2) < xR[V] be n + 2 n-tuples of polynomials. Then

n+2
SRO, . PR =N (-1t < FO, O > mp@, L FB, L RO
k=2

defines an alternating multilinear form.

PROOF: Turn the F's into (n + 2)-tuples of polynomials by adding two zero entries at the end and
note that this does not change the value of < F/, F* > for any j, k. We have seen in Lemma 3.1 that

I+1
mF®,..., F*2m:=Y" (sign(o) [] < FO@™, Fo@) >
g Jj=1

is a multilinear alternating form. In every product the factor < F®, F®) > occurs for some &, i.e.,
O'k(Zjo - 1) =1 and O'k(Zjo) =k

(or vice versa) for some jo=1,..., I. Without loss of generality we can assume that o,(1) =1 and
0 (2) = k for otherwise we replace o, by 0.,(2jo — 1 1)(2jo 2), which represents the same coset. Hence
we have
+1
RO, Fr% =N sign(o) < FY, F® > ( T] < o@D, Foed >

g j=2
Like in the preceding lemma we replace o, by & where ¢ = ¥,; permutes the set {3, ..., 2]+ 2} and we
observe that the permutations ¢ run through a complete set of coset representatives of C(75;) in Z5;.
Moreover observe that sign(c) = (-1)*sign(¢), because the number of descents of ¢ is precisely k plus
the number of descents of ¢. Therefore we have

SFO . RS

= Z sign(o) < FY, F® > ﬁ < o@D po) 5
o j=2
n+2 1+1 i )
= Z(_l)k < F(l), FR S Zsign((})H < Fo(zj—l)’ Fo@I) 5
k=2 G Jj=2
n+2 -
=31k < FO, FO > mF, . FB, ..., F*Om
k=2

11
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as claimed »

CONVENTION: Denoted, , =1andd,; =0, whenever j #{0,..., n}. Thensetting D, , = £, makes
the whole story consistent.

PrRoPOSITION 3.5: We have

Py:=) (-1)é,,dn; =0

J=1
in RV]SP(m B),

PROOF: We set
F:F(l) :F(Z) :(.')C]_, Yiseeos Xy yl)
andforj=3,...,n+2

N gt g2 ¢ g2
FU)_(xj_ Jy]_ )""xl :yl )

Since §§ e §§ is alternating we get

0=3F, F, FO, ..., F*g
n+2
=Y -1y <F, F9>mF, FO,. .., FO,..., F"™m
Jj=2
n+2
= Z(—l)j <F, FY >E,d, j»
j=3
n+2 )
> (1Y€ j2Endy, j2

Jj=3

n+2

> (-1Yénj-2dn, j2 | En

Jj=3

Since E,, # 0 € F[V]*P(» F) we have

n

PO = Z(_l)an,jdn,j = 0;

Jj=1
as claimed ¢

§4. Steenrod plays his game

We are going to calculate the Steenrod powers of our invariants, exploit Steenrod to find further rela-
tions, and to show that the F-algebra generated by

Entseevs Enns Eny dpa,een, Ayt
is closed under the action of the Steenrod algebra induced from F[ V], i.e., we will show that
A=F<&1,..0,6nn En, dy 1,00, dpy pe1 >
is an unstable algebra over the Steenrod algebra.

Since the Steenrod powers of the Dickson and Euler classes are known and as well polynomials in the
Dickson and Euler classes, see [11] Appendix A.2 and the references there, we are left to deal with the
new polynomials £, ;. For simplicity of notation we make the following conventions:

12
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CONVENTION: Let 2! = 0 whenever i ¢ No. Moreover, let £, ; =0 for i ¢ N.
LEMMA 4.1: The Steenrod powers of the new classes &, ;, i 2 1, are given by the following formulae
Z’i ifj= q" +1
?j(Sni): gn,i+l ifj: ql
gfu._l ifj=1

0 otherwise

PROOF: By straightforward calculation:

! _ o
ZGOED M CUCRIIEFCHEN)
k=1
l . . . . . . . .
=" (0P ) =P yn + x{ P ) = 27w )
k

=1
=3 (4@ G0 =P () i+ 2PV ()7 =PIV (1) )
k=1

l qi+1 qi+1
Zxkyk X
k=1

yr ifj=q'

i+l

l .
q,q"" gt g s s
Zxkyk — X, Yy ifj=q' +1

k=1

1 . .
q,49" _ ,q9".,9 e s
kz_:lxkyk xXp ifj=1

0 otherwise,

which was to be shown
We evaluate the Steenrod derivations on our £'s in the next lemma.

LEMMA 4.2: The Steenrod derivations act on the £’s by

(1y¢l,  ifj>i
PY(E&ni)=40 o fj=i.
(-1 ed, ifj<i

PROOF: By induction on j. For j = 1 we have
P (&ni) = PHEni)
3 {0 ifi=1

= q . ,
ni-1 ifi>1

where we made use of the preceding lemma. Next take an j >1. Then we get by using again the
preceding lemma and the induction hypothesis
PY(Eni) = PP (€)= P P )
. J-1 i P .
0~ (-1ype™ (e ,,) ifj-1>i
= PA(&,41) -0 ifj-1=1
: J-1 J-1 P .
0-(-1yPe” (¢7,,) ifj-1<i

13
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P (€m0t WS>

= (1YE9 ifj-1=i
n,i+1-j+1 J
. -1
(1P (£pimjn)? ifj-1<i

((1y¢, ifj>i+l
(-1yer)  ifj=i+l
0 o ifj=i
(-1l ifj<i

(-1yed. ., ifj>i
0

= ifj=1,
(Ll i<
as we wanted
REMARK: Since
?Ai.:{?l_ ifi=1
[P, PA1] ifi>1

the the action of #4i and 27 24" ... papl agree on the classes in V. This can be used to give another
proof of Lemma 4.2.

Now we can prove

PROPOSITION 4.3: The F-algebra A generatedby &,,1,..., &nn, En, dp, ..., dy -1 IS an unstable
algebra over the Steenrod algebra.

PRrROOF: The only thing we need to show is that our algebra A is closed under the action of the
Steenrod algebra. The rest is inherited from F[V].

First note that part (1) of Proposition 3.2 tells us that
F<&ni,ooos &nn-1, dpa,een, dypa >
contains the Euler class E,, while Proposition 3.5 gives that it also contains &, ,, i.e.,
A=F<&n1,..0 &nnt, Ay, .o, dy g >
From [11] Appendix A.2 we havefor j=20and i =0,..., n -1 that
P (dni) € Fldno,-.., A1l =FEST, dpa,.., dynea] S A
Next we consider j 20andi=1,..., n—1and get from Lemma 4.1

PIEn) B, .., €nn] ©A
by Proposition 2.1 ¢

This allows us to construct a second family of relations from Pg given in Proposition 3.5 in a very natural
way.

COROLLARY 4.4: InF[V]P(™ B) ywe have

n l

Pi= Y (1l dn)) > (¢l dns) = 0

-1
j=i+l Jj=0

fori=0,..., n—-1.

14
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PROOF: By Proposition 3.5 we know that
PO =0.

Therefore all Steenrod powers of this polynomial are zero, and, by Proposition 4.3, are again polynomi-
als in the algebra generators of A. Observe that

Py = P4 (P),

which is proved by a straighforward calculation, to wit:

PPy= 3 (027 (¢2,d0)) -3 (w2 (¢700))

j=i+l Jj=0

n -1
=S| Y 2l PP ) | - | Y 2l )PP ()

Jj=i+l a+f=q' j=0 a+B=q'

n ) i-1 ) o )
=Y WY Y P ) PP | DY | D P (Eni)T PP ()

j=i+l a+f=qi j=0 at+f=q

= Z( 1Y (PHEns-)" duy + €529 (An)

Jj=i+l

-Z( 1Y (€752 @n) + P Eni)” P77 (dn) + 27 (€1,0)7 )

i-1

— Z( l)] ( n] i1 nj) +(—:|_)i+l Z( 1)] (Sn L—/+1 )

Jj=i+l j=0

- Z( 1)]< n] i- 1 ) Z( 1)] <$nz—]+1 )
Jj=i+2
= pi+l:

where we made heavily use of the Cartan formulae, Lemma 4.1 and Appendix A.2 in [11] ¢

Note that Proposition 4.3 tells us a priori that all Steenrod powers of Py are again polynomials in the
algebra generators of A. However, for their explicite description we had to calculate them anyway. In
Section 6 it will turn out that we need only to consider Pg, ..., P;-;. Moreover, note that

P snn i MOD (gn,l)~~'1 Sn,n—i—l)

whenever i < [ - 1.

§5. British T

Recall from Proposition 3.2 (1) that the Euler class E,, is a polynomial in &,1,..., £,,,-1. SO, there
exists a polynomial £, = £,(X31,..., X,-1) such that

En = En(én,l; e gn,n—l)-

The same proposition, part (2), shows that

Endn, i € F[gn,l’---, én,n],

15
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i.e., there exist polynomials D,,,; =0, ;(Xy,..., X,) such that

Endn, i = Dn,i(gn,l: cees gn,n);

forall i=0,..., n —1. Moreover, we have seen that these polynomials D, ; are linear in their last
indeterminant, which has coefficient

(On-2i-1(X1,..., Xu2)?,
compare Lemma 3.3.
PROPOSITION 5.1: There exist polynomials
Tij=Tij(X1,..., Xp) e F[X1,..., X,]

such thatfori, j=1,..., | we have

I-i
k
— q
Oni = E :Ti,z—k—i+1vn,n-k
k=0

and
Tijj = Tijj(Xl ey X2(i+j)—3) S ]F[Xl ey X2(i+j)—3],
i.e., T;; depents only on the first 2(i + j) — 3 variables.

PROOF: We construct the T, ; by induction on j. Let j = 1. Then we define
TinXe, ..., Xu) = Ei(Xa, ..., X)),

which is in F[ X3, ..., X5;-1], because the polynomial £,; lives there. For i = [ this polynomial satisfies
the desired relation

Dno=El=ECI"E, =T,E,.
For i <[ there is nothing more to prove.

Next take an j > 1 and assume T, ; is defined forall i =1,..., land all j=1,..., [ - such that the
required relations hold. We then have by the induction hypothesis that

=i
k
Ti,l—i+lEn = Dn,l—i - Z T?’l_k_i.'.lpn,n—k = ]F[Xl: e Xn]

k=1

We want to show that
Tiie1 €B[Xa, ..., Xp]
From Proposition 3.2 (2) it follows that

I-i
k
— _ q

Tiienbn =00 ZTiJl_k_Han,n—k

k=1

I-i
= Dn,l—i(én,l ey gn,n) - Z Tzlz_k_i.,.lvn,n—k (én,l ey gn,n)

k=1
isan elementin F[Xy,..., X,,]. Since k =1,..., [ - i we have by induction

Tit-p-is1 € B[X1, ..., Xo10p1]

16
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Therefore, together with Lemma 3.3 our polynomial is linear in X,, with leading coefficient

=i
k
DpgimicrXa ooy Xo2)? =S T i Pnznia (K, oos Xoc)? =
k=1

: a
I-i-1
k
Op2t-iaX1, . Xn2) = Y TY 0 Dnaman(X, ..., Xn2)
k=0

= 0,
where the last equation follows from the induction hypothesis. Therefore
Ti-imtn € B[ Xy, ..., Xpal

which in turn implies that
Ti,z-i+1 e F[X1,..., Xual
where the desired relation holds by construction

§6. Some Algebra

In this section we do some algebra and prove that we have found all generators and relations of our
ring of invariants. By what we have done so far we know that

A:]F < Sn,l’---, Sn,n, dn,O)-~': dn,n—l >:]F < Sn,l;---, Sn,n, dn,l)~~': dn,n—l >)
compare Proposition 3.2 (1).1°
Next we show that we can omit the Dickson classes of high degree.

LEMMA 6.1: With the preceding notation we have

A:]F<gn,1:---, En,n, dn,l:---’ dn,n—l>-

PROOF: Certainly A contains this algebra. So we have to show that

dpasee s Ay eF <&y, Snny Ay, dppn >

Proposition 5.1 hands us equations

I-i
k
dn,l-i = E TZl—i—k+1($n,l DR gn,Z(l—k)—l)d n,n—ks
k=0

fori=1,...,1-1. Since 2] -2k -1<2[-1for k =0 we get,

=i
k
dn,l—i = § Tzl_i_k.'.j_(gn,l: ) gn,Z(l—k)—l)dn,n—k: efF< Sn,l P Sn,n: dn,l IR dn.n—l >,
k=0

whereweusethati=1,..., [—-1-

Consider the remembering map o

Q :B= F[Sn,l, ce én,n’ dn,lJ SRR dn,n—l]*) IB'[V]Slp)(n) IF)-

10we forget for a moment that Py, given in Proposition 3.5, cancels &, ,.

17
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Recall the remarks after Corollary 4.4

Pzl MOD(Epi,. . Ennnica),
whenever i < [ -1. Since the sequence
énasis énns dyg,.,dp 1B
forms a regular sequence, so does the sequence
gn,l: cees gn,n—l: Py, dn,l:- e dn,n—l e B.

Therefore also ¢,,1,..., £ Py, d,;,...,d,,,1 € B forms a regular sequence and hence so does

n,n-12

§ntse-es Enn-2, P1, Py, dy,..., d, 1 € B. Successively we get that

Entseees €nty Prayooo, Po, dyy,..., dpp1eB
is a regular sequence, and in particular
Po,..., P1eB
is a regular sequence. Hence we have shown

LEMMA 6.2: The [F-algebra
B/ (Po,..., Pra) =F[éna,.vs €nns dptseons dpnal/ (Po, ..., Pra)

is a complete intersection of Krull dimension n. In particular it is a Cohen-Macaulay algebra.

PROOF: The Cohen-Macaulayness follows from the same calculation:
Entsees &nty Py, Po,dyy, ..., dp 1B
is a regular sequence, and hence in the quotient algebra
Entseves &nty Uutyees, Qppa € Bl (Po,..., Piy),

is a regular sequence of length n ¢

What we are about to do is to show that this algebra B/ (Po yeens Pl_l) is precisely the ring of invariants
we are looking for, and, moreover the same as A.

The proof of the following lemma uses Nagata’s theorem, see [9], i.e., one of the few existing standard
methods to prove that a given ring is the desired ring of invariants, compare [10].

LEMMA 6.3: The algebra B/ (P, ..., P;-1) is a unique factorization domain.

PROOF: We rewrite our system of relations Py,..., P;-; as a system of linear equations for the
Dickson classes, i.e., the system

Po = 0
Pi = 0
P, =0
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is by Corollary 4.4 equivalent to

> ((1€nsns) = 0

j=1

3 (1Y€l dn) - (COVEl o,

Jj=i+l j=0

N
1
o

Ji(( WL tns) -3 (CV67,d0) = 0,

Jj=0

what in turn can be written as

n-1 . -1 .
> (2 énidn) + X (W énidns) + (D énn = 0
Jj=l Jj=1
n-1 L . -1 .
~ (( 1)151” 1 n]) + Z ((_l)]gz,j—idn,j) zg (( 1)jsn L—] )+( 1) Snn i = O
J= j=itl J=
n-1 -2 .
2 (V€ dn) -5 (( 1V E 0 angtng) + (D68 = o.
We set
( 1) gn [ (_1)n_l$n,n—l
M= (1)$nll (1)nlgnnlz
(-1’ Sn,l R ) 15
and ‘
0 €n1 D) pia (-1)’$n,z-1
N = gn,i - Z,i-]_ (_1)i_1$3jf 0 (_1)153,11 ( 1) snl -1-i
Shia e o CDELL R o L S
and get a system of linear equations as follows
dn,l dn,O gn,n 0
M =N | - (D) ="
dn,n—l dn,l—l Sz,l:—lﬂ_ 0

Recall from Proposition 5.1 that the Dickson classes of high degree are given by

Z T I-j,j- k+1(€n 1seees Sn,Z(l—k)—l)d n,n-k
j k

=Trjjenasees En2i) + Z T(ll—j’j—k+]_($n,l s En2(1-k)-1)dp, nek-
k=1
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We put that in our system of linear equations, set T, ;(¢) :==T; j(én1, ..., & ,2i+j)-1) for short and get
0 dn,l dn,O Snn
S EM o =N D
0 dpn-1 dy -1 Z,l:—m
d dn,O 0
n1 Ti12(8) T8
=M . - . - . n,n-1"
Ay - p )
ot T1,:(8) 711408
0 Enn
+—N N dy e+ (-1)" -
19 q™
T @) Enneion
Denote by
0 0 0
L \ [ ] N T;’_Ll(é)
- [ 19 J
0 Til (é) Tg,l—l(g)
the [ x [ matrix with columns
0 0 0
- oo L [Tha®
0 Ttll,l (é) Til—l(é)
Then
0 dn,l dn,o Sn,n
=M =N DT
-1
0 A1 d -1 n i+l
dn l dn !
=M -L
dn,n—l dn,n—l
dn,O sn n
Ti1-1,2(8) ’
- . +(-1)" '
., EqH
T1:(8) nn=lrl
En(énl;- ) gn n—l)q_l
d, ’ ’ Enn
ot Tl—l,z(f)
=T| .. |-N _ +(-1)"
. gt
dn,n—l Tl,l(é) gn,n—l+l
where we set
T:=M-L

20
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and use that the top Dickson class d,, o is nothing but the (g —1)-st power of the Euler class E,, what in
turn is a polynomial in the first n -1 £'s

duo=E)I ™ =Cnnasvs Enn-)?t

by Proposition 3.2. The matrix T is modulo ,,1,..., &, ;-1 upper triangular with determinant

31-1)l

-1
dEt(T)E(_l) 2 Sn,léZ’l"' T, =4 moD gn,l:--wgn,l—l-

n,l

By Lemma 6.2 we know that
Sn,l S B/(po,..., Pl_]_)

is not a zero divisor, hence so is A. Therefore we get by localizing at A an inclusion
B/ (Po,..., Pry) & B[A™/ (Po,..., Pry).

In the bigger algebra the system of equations given by the relations Pg,..., P;_; can be solved for

dpiyeoos dpna (ooe“, ooe\')us)' inver‘\'ecl H\e rJe)’erminom;' oPHwe moA’rix o]pow” sg)s;'em oF\inear

equa)’ions) and hence

B[A™/ (Po,..., Piot) =F[&na,..., Enny 471
is a polynomial algebra, and in particular an integral domain. Hence

B/(Po,..., Pry)

is also an integral domain.

Next, we want to show that A is a prime element in B/(Py, ..., P;-1). Observe that the entries of the
matrix T are polynomialsin £,1,..., &, ,-1. However, ¢, ,-1 occurs only in the top right corner, i.e., we
can rewrite T as

[ (_1)l$n,l T (_1)n_2$n,n—2 (_1)n_15n,n—l
DL+ N

Tcof ..

_ -1
(-D)"EL )+ Niy
where we set

0 0
T?—l,l(S) N
. €3 .

Tg,l—l Ni
The cofactor matrix T¢f has determinant

A% e Flén1, .., Enn-al

Therefore
A" < BI(Py, ..., Py, A)

is not a zero divisor (with a little help from Lemma 6.2). So, if we invert this determinant we get an
inclusion

B/(Po,..., Pr1, 4) & BIA)W(Po, ..., Py, A).
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In the localization the relations P, ..., P, can be solved ford, ;,..., d, ,— and P, gives an equation
for £, ,. The determinant A is linear in £, ,-1 and since we inverted the leading coefficient, namely

A, A can be solved for ¢, ,-1. Hence
BIA®) W(Po, ..., Pra, A). =Fl€n1, .-, énn-zr dnn-1, (4%)7]
is a polynomial ring and in particular an integral domain. Therefore the little algebra
B/(Py,..., Py, A)
is an integral domain, what in turn implies that
AeBl(Po,..., Py)
is a prime element. Therefore
B/(Py,..., Pi)
is a unique factorization domain, because its localization at A
B[A™/ (Po,..., Pra) =Fl¢n1,..., &nn, 87

is, where we use Nagata’'s wonderful theorem, [9] or [2] Lemma 2.2.2. ¢

'-Fina“g), we are going to be rewarded with the explicit description of the ring of invariants of the sym-
plectic group.

THEOREM 6.4: With the preceding notation, the ring of invariants E[V]SP( B) js given by

B/ (Po,..., Pr1) =Fl&n 1,y &nnmts Ay gseees Ay pal (Pry oy Praa).

PROOF: We have the remembering map
0 B=F[¢n 1, s &n, n-1, Ay, 15..n, Ay, ] — BV P,

By Corollary 4.4 the kernel contains the polynomials Py, ..., P;-;. Hence p factorizes through

¢ Bl (Po,..., Piy) — B[V]SP(: ),
In Lemma 6.3 we have seen that the quotient

B/ (Po,..., P)
is an integral domain, so the map ¢ is injective. By construction we have that
DY n) & Im(p) < B[V]SP D),
Since the over all ring extension is finite, so is
Im(¢) < F[V]5P D),

and in particular integral. So, let’'s have a look at what we have now:

D%n) & B/ (Py,..., Py) Olm(p) < R[V]SP(2B

integral, finite integral, finite
and at the level of fields of fractions:

FF@Y(n)) & FF®I (Po...., P1)) OFF(Im()) - (V)™ D . F[V].

Galois
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So, we have Galois groups as follows
Gal (F[VI/FF(2"n))) = GL(n, F) = Gal (F[VI/FF(Im(y)) = Gal (]F[V]/IF'(V)STP’(”' “’>) = Sp(n, F).
Since the image of ¢ contains ¢, 1, so does its field of fractions, i.e.,
Gal (FIVVFF(Im(¢)) = GL(n, F);,, = Sp(n, ),

where we made use of Lemma 2.2. That means that our field of fractions is correct:

Im(e) o F[VIReD

integral

l |

FF(Im(g)) = F(V)¥ 0.

Moreover, E[V]SP(* F) js integrally closed, because its a ring of invariants (ooe“, H\o} goes ")o\c\? Yo

Emm:ﬁ) and Im(g) is integrally closed, because its a unique factorization domain, as we had seen in
Lemma 6.3, [14] Example 1 of Section V.3. Since the ring extension is integral we have that both rings
must be equal ¢

Finally let's just summarize what we know about the symplectic invariants. First of all they are ex-
plicitely given by

FIVISP B =B[E, 1, ..., Enn-t, Dngyeees Dynaad (Pr, ..., Pra),
where the generators are given by Proposition 2.1

l

Sn, i = Z(x]y]q _ij]q ) s ]F[Xj_, Yiseees Xy yl]sp(n, Ha);
J=1

while thed, ;’s are the Dickson classes of degree ¢ - g'. The relations are explicity given by Proposition
3.5 and Corollary 4.4

P; = En: ((—1)/’ gfj_idn,,-) —lf: ((—1)jéZfi_jdn,j)

Jj=i+l Jj=0

fori=1,..., [ - 1. Moreover the ring has Krull dimension n and is an integral domain, which is no
surprise, since any ring of invariants has these properties. What is not always the case but holds for
the ring of invariants of the symplectic group is: it is a unique factorization domain by Lemma 6.3, and
a complete intersection by Lemma 6.2 (and a fortiori Cohen-Macaulay), i.e., its still a relatively nice
ring.

§7. Examples and Rational Invariants

We want to calculate in this final section also the rational invariants of the symplectic group, what is
pretty easy now after all this hard work. Moreover, we have a look at some examples.

THEOREM 7.1: The rational invariants of the symplectic group are given by

F(V)SP-B) =R(¢, 1,0, Enn).
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PROOF: By Theorem 6.4
]F(V)SIP(”, Ha) = FF(]F[SH,, Lseees én, n»s dn, l}“‘) dn, n—l]/ (P0’~'~) Pl—l)))

(Note carefully that I put back in the last &, , which is compensated by adding the respective relation
Py.) However, in the field of fractions, the relations Pq,..., P,y can be solved for d, ;,..., d, n-1,
while Py becomes the trivial relation, i.e., with the help of P,,..., P;_; the Dickson polynomials can be
expressed as rational functions in £,,1,..., £,.,. So we havel!

(V)" B =F(¢n, 1,.... &n, n)
and this is indeed neat ¢

Next we look at examples. If n =2 then the symplectic group is nothing else than the special linear
group
Sp(2, F) =SL(2, F),
(do Exercise 8.13 of [12] if you have doubts). So we knew the invariants from Dickson’s work, namely
FIVI*P® B = F[E,, da4l,
which you, of course, can look up in the bible: Theorem 8.1.8 in [13].

So, a bit more interesting is the next case: n =4, and let’s take the field with 3 elements. Then our
symplectic group has order

51840 = 235,
by Dickson’s calculations. The group is generated by the matrices

0-100 1000 1100 1000 1001
1 0 00 0100 0100 0100 0100
00 10f(” |OO0O0-1|” [OO1O0(” |OO0O211|” [O110}"
0 0 01 0010 0001 0001 0001

(recall Dickson’s Theorem 1.2 from the first Section) and the proof of Satz 9.25 in [7] tells you that the
bad guy, i.e., the 3-Sylow sub group is non Abelian and consists of matrices of the form

1 d a b
0 1 00
0 b-ac 1 ¢
0 -a 01

So, our ring of invariants is generated by
€41+, €44, BEg, dgg, dgp, dygs.
The relations given by Proposition 3.2 are?
Ea=¢81€a3—£42+ £33
Eadan = £a2655 + €218a4~ £32643
Eadaz = £55 + €506a4 43

— 9 3 3
Badasz = £41850 = €518a4 03842

11 Note, that this is purely trancendental over F.

12The proof of this proposition gives you an explicite algorithm to find these expressions: note first that for n =4 we have
that T = (12)(34), the centralizer C(7) ={e, (12), (34), (12)(34), (13)(24), (1324), (1423), (14)(23)} and a complete set of coset
representatives in 24 is given by e, (13) and (14). So, if you use the formula given in Proposition 3.2 you get the above expression.
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Note that E4 is a polynomial in €41, €42, €43 as Proposition 3.2 (1) predicts. The relation Py given in
Proposition 3.5 reads as follows

Po=¢&41041 = §42042+ &43043-844=0.
Corollary 4.4 hands us the remaining P, which is

Py = ¢ dap—&],das+ E]5—€41da0 =0.
The british T's of Proposition 5.1, evaluated at 41, ..., £44 are given by

Ti1 =65,
Tio=da1—€0,0a3= 51602~ E326a3— E41600 + 01642605
To1=dso=E3= (52,154,3 - fiz + fiol)z
The model algebra B of Section 6 is
B=F[¢41, €42, €43, a2, das]/(P1)

and the system of linear equations used in Lemma 6.3 looks like
€42 €43 da £41E] €44
3 3 7 Tt s
54,1 _54,2 - 54,1 das 54,1Tl,2 54,3

A=—¢40 (fiz + 51,1) - 52,154,3

and the cofactor determinant is just g;{l. Finally, note that in this case the ring of invariants is a
hypersurface.

0.

So, we get
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