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I will leave out obvious typos.

PAGE 45 : Theorem 2.4.1 can't be true: The extension E(V)/IFF(DYV)) is a
counterexample. The correct statement of Theorem 2.4.1 is the following:

THEOREM 2.4.1' : Let K” - L"be a field extension over the Steenrod algebra. If
dimga(AKD) = dimpa(A@LD) = m < oo
then either K" ¢ L"is separable or L.” is not P "-inseparably closed.
The proof of Theorem 2.4.1 shows precisely this. However, some steps need some elaboration:

ProoF: If KY C L"is separable, then nothing is to be shown. So assume that K” ¢ L=
KY¥) is a non-separable field extension, where ¥ is a minimal generating set. Denote by K-
the algebraic closure of K" in L.”. Then by construction K” - KU is purely inseparable, and
K" < L"is transcendental.

The field K" inherits an action of the Steenrod algebra from L" as we see next. For any k K-
and any i € Ny we have that ¢'(k) € L. Moreover kP° K" for some e = Ny. Since

@ (K)P* = PP (kP') e K
is purely inseparable over K", also EPi(k) e Klfor all i € Np.

Thus we can consider the cases where K" - L"is purely inseparable, resp. purely transcen-
dental, separately. We start with some preliminary results.

Denote by K, resp. L, the subfield of A(KD-constants, resp. A(LY)-constants. Then by
Theorem 19 on page 186 of [17], the field extensions

K" < K" and, L° < L”

both are purely inseparable of degree p™. We have the following diagram
KDC (@GN KD

pm
<01 0
L% S Ko@) o L'=K),
where the labels at the extensions denote the degree. By construction mq + my = m.

Case : K" & L"is purely inseparable

The extension K=, < K".(S) has the same degree as the extension K" . LL". To see this note
first that (IL": K"k OK"(S) : K= Oby construction. Furthermore, for any k € K~(S) < L°we
have a minimal e such that kP° e K" If [(L": K"k OK"(S) : K;Othen there were an element
k K" such that kP° = K”but kP° ¢ K". Since pth powers are constant, this can't happen.
Therefore
K () < K(¥) = L”
is purely inseparable of degree p™. Hence m = m,, m; =0, and so
L% = K%(¥).

This, in turn, means that any element s € ¥ is a A(LD)-constant and, since ¥ was minimal,
has no p-th root in L. Therefore .” is not P ~-inseparably closed.



Cast : K" ¢ Lis purely transcendental

If KP < L is purely transcendental its transcendence degree is equal to the cardinality of
the set ¥. We need to show that K" (¥) = L";. Since L.” = KY() is purely transcendental, we
have that

K”: K5 O= KYY) : K°(¥)0= [L°: K- (¥)O
Thus m, = m and L, = K".(¥) as desired. «

PAGE 46 : Since the statement of Theorem 2.4.1 had to be corrected
Corollary 2.4.2 needs a new proof.

COROLLARY 2.4.2 : LetF(Xq,..., Xn) & LPbe a field extension of fields over the Steenrod
algebra, and let

dimgo(A@D) = n.

L"is P -inseparably closed if and only if F(x,,..., Xn) = L.

ProoF: If L" is not P inseparably closed, it can’t be equal to B(x;,..., Xn), because the
smaller field is P -inseparably closed, by Corollary 2.3.4.

For the converse, assume that L" is P inseparably closed. By Theorem 1.2.3, the module
of derivations, A(F[X1,..., Xn]), is a free module over the polynomial ring generated by n
elements. Hence the vector space of derivations, A(F(X1,..., Xn)), has also dimension n. So
by the preceding theorem, Theorem 2.4.1’, the extension F(V) < L"is separable. By Theorem
3.2.2 the field B(V) is algebraically closed, thus F(V) = L” as claimed.

Well, yes, Theorem 3.2.2 is proven after Corollary 2.4.2, but it does not
depend on in.

PAGE 54, line 11 : ... is algebraic over R, i.e., satisfies an algebraic relation with coeffi-
cientsin R.

PAGE 58, line -2 : ... generated by the products 7{1 i -7{" forjj=1,...,p-landi=
1,..., tbecauseyP =¢;je H"...

PAGE 65, line 11 : (X2, X3,...) & (X1, X2, X3,...)
PAGE 85, line 6 : (1)Ko 1(dy )™ + - - + (-1)@ L (dy k)Pt + P = 0

PAGE 87ff : There are some problems in Section 5.3, because Lemma 5.3.1
is wrong. We start with some lemmata in order to make future reference
easier. The first result is part of Lemma 1.4 in [1].

LEMMA 1 : Let H” be an unstable integral domain. Then FF(HP) = FF(Un (FF(HY))

PrROOF: Since H” < Un (FF(HD) the inclusion “=” is clear. To prove the reverse inclusion,
let f =« FF(Un (FF(HD)). Then f = :—1 for some elements in f;, f, € Un (FF(HY) < FF(HY). Thus
2
there exist elements hq, ..., hy € Hsuch that

_fi_hi/hy _ hihy
f,  halhs  hyhs

which is in FF(HD). «

LEMMA 2 : Let H” be an unstable integral domain. Let FF(HD) be P “inseparably closed.
Then also Un (FF(HD) is P ~-inseparably closed.

2



PROOF: Take an element h e PyUn (FF(HD) such that hP = Un (FF(HY) < FF(HY). Since
the field of fractions is by assumption P inseparably closed, we know that h  FF(HY. But
h being the pth root of an unstable element is unstable. Thus h € Un (FF(HD) as desired. «

The third result was used throughout the text, but it seems reasonable to
phrase it explicitly, cf. Theorem 5.2.1.

LEMMA 3 : Let H”be an unstable Noetherian integral domain. Then the algebra
AV=H<z ..., zm >

obtained from H" by adjoining the roots of the A-polynomial is Noetherian with the same Krull
dimension as H".

PROOF: Note that the A-length, m, of H"is at most the Krull dimension of H” by Corollary
1.2.2. The elements z;,..., zy are the roots of the polynomial

AX) = toX + -+t X9+t X" & FFHO[X].

By Theorem 1.2.1 we havefor j=1,..., m

m+1 m

2" = 9™ (z)) = agPY(z) + o+ AP T (2) = @0Zj + -+ + A

for suitable elements ag, ..., am = H". Thus H” & AUis an integral extension. Furthermore,
Ais finitely generated as an algebra over HE. Thus the extension H” ¢ AU s finite. Since
H" is Noetherian, so is A”. For the same reason, the Krull dimension remains the same for
both algebras. -

We correct Lemma 5.3.1:
LEMMA 5.3.1' : Un (FF(HY) is P inseparably closed if and only if Un (FF(AD) is.

PROOF: By Lemma 1 we have FF(HP) =FF(Un (FF(HY)). Let Un (FF(HD) be P -inseparably
closed. Then looking at the fields of fractions we get

FFHY) S FF(AD)

separable
P purely linsep.

FF("VAD),

where the upper map is P "-separable, because FF(AD) =E"is the splitting field of the separable
polynomial A(X), and the pure P "-inseparability of the map downwards follows from Lemma
4.2.5. So, we find an intermediate field K" between FF(HD) and FF( P\[?AD), such that

FF(HY = K-

is P™-purely inseparable, while
K~ = Fr( "/AD)

is Ptseparable, see the remarks at the end of Section 2.3. However, by Corollary 4.2.7, FF(HD
is P inseparably closed, which means that K" = FF(HY) and

FF(HY < FF("VAD)

is Ptseparable. Thus FF(AD is P inseparably closed, and thus so must be Un (FF(AD) by
Lemma 2.



To prove the converse assume that Un (FF(HD) is not P ~-inseparably closed. By Lemma 4.2.5
and Corollary 4.2.7 we have a commutative diagram

FF(HD . FF( "VHD)

(1 P purely insep.

FF(AD > FR(PVAD).

P Lpurely insep.
Since FF(AD) = E is a splitting field of a P "-separable polynomial, namely of A(X), the ex-
tension FF(AD/FF(HD) is P LLseparable. Therefore FF( "VAD/FF(AD is a proper P Linseparable
extension as claimed. ¢

As noted in Corollary 4.2.7 the field of fractions of a Pinseparable
closed integral domain is P inseparably closed. The converse, however

is not true in general, cf. Example 1 in Section 7.4. This is precisely

the problem with the original proof. We avoided this, by replacing the

algebras HY and AP by the unstable parts of their respective fields of

fractions. Recall from Corollary 4.2.7 that if H"Y is integrally closed
and its field of fractions is P Sinseparably closed, then so is the algebra

HY Indeed, for any algebra H"Y the unstable part Un (FF(HY) coincides
with the integral closure of HY A statement that | was not able to prove

back then, and indeed its proof relies on the results of this memaoir, cf.
Theorem 2.4 in  [1].

Lemma 5.3.2 is just fine. Note that it works also under the weaker
assumption that Un (FF(AD) is Ptinseparably closed. The same comments
apply to Theorem 5.3.3.

We come to Theorem 5.3.4. Since Lemma 5.3.1 was not correct, we need to
refine the proof.

THEOREM 5.3.4 : Let H”be an P “inseparably closed unstable integral domain of A-length
m. Then H" can be embedded into a polynomial ring with m linear generators. Moreover, the
embedding is integral if and only if H" is Noetherian.

ProoF: Since H" is P inseparably closed, so is its field of fractions by Corollary 4.2.7.
Therefore by Lemma 2 the unstable part Un (FF(HY) is also P ™-inseparably closed. Thus the
algebra Un (FF(ADY)) is P ~-inseparably closed by Lemma 5.3.1’. So, Theorem 5.3.3 shows that
the map ¢ is an isomorphism, i.e.,

HE . ADEF[zl,..., Zm]
is the embedding we wanted. The remainder of the proof stays as stated. .
Now, finally we need to correct Theorem 5.3.5.

THEOREM 5.3.5' : Let H” be a A-finite unstable integral domain. Let A”be obtained from
H by adjoining all roots z, ,..., zy of the A-polynomial of H™. The following statements are
equivalent:

(1) Un (FF(HD) is P™inseparably closed.

(2) Un (FF(AD) is P inseparably closed.

(3) Theinclusion ¥ :B[z1,..., zm] & Ais an isomorphism.

Moreover, if H” is Noetherian, the above statements imply that the A-length m of H" is equal
to its Krull dimension.



PROOF: The equivalence of the first two statements is the contents of Lemma 5.3.1". State-
ment (3) implies (2) by Lemma 5.3.2, because Un (FF(AD) is PLinseparably closed if A is by
Lemma 2. In Theorem 5.3.3 we have seen that (2) O (3). The remainder of the proof
stays as it is. .

Another note: In the footnote to Theoerm 5.3.5 a converse is announced
for Corollary 6.1.4. This converse is wrong as we will see later.

PAGE 94 : Theorem 6.1.3 makes use of Lemma 5.3.1. Since this was
wrong, we need to correct the proof. The proof works as stated until
line 18 of page 95. We take it from there:

... Since "/HTis Pinseparably closed, so is Un (FF("/HO<z;,..., zm >)) by Lemma 2. We
look at the fields of fractions involved
Fl[z1,...,zm] & HY<zi,...,Zm> > PVHO< 20 ,..., Zm >,

integral
0 0

F(zy,...,zm) > FFHY<zi,...,zm> < FFR(MHD<zy,..., zm >).

Hence, keeping in mind that HY9and H”< z;, ..., zn > are Noetherian, we have
trzdeg(B(z,,..., Zm)/F)=m
Y dimH5
DdimH"<z1,..., zm >)

= trzdeg(FF(H < 21, ..., zm >)/F),

where (1) is true by assumption and (2) by Lemma 3. Hence the first field extension in the
preceding diagram is algebraic.

The second field extension is also algebraic, because H” C PVHTis integral. Therefore Lemma
3.1.1 yields an integral ring extension ...

The rest of Case 1 of the proof is fine. But in Case 2 the wrong Lemma
5.3.1 is again applied. So we have to do some more work: We start in
line -13 of Page 96.

... Recall again the constructions from Chapter 5: If z,,..., zn is a basis of the vector space
over F of the roots of the A-polynomial of PYH then by Lemma 2

Un (FF("VHD< z4,. .., zm >))
is Pinseparably closed. By Lemma 3 all algebras of the chain
HY HD<21,..., Im > PW<21,..., Zm >
have the same Krull dimension n. However, Theorem 5.3.3 shows that
PIHO< 24 ,..., zm > C Un(FR(TVHO< 24, ..., zm ) = Flz1,. .., Zm],

i.e., the unstable part Un (FF( PW< Z1,..., Zm >)) has Krull dimension m <n. This is a
contradiction, because by Lemma 1

FRCPHD< 2y, ..., zm ) = FRUN (FFCTHD < 24, .., Zm )

have the same transcendence degree.



PAGE 96 : Corollary 6.1.4 is wrong. The “only if” part is ok by
Theorem 5.3.5". However Example 1 of Section 7.4 is a counter example
to the “if” part. Indeed, in the very last line of the proof Theorem

5.3.5 is used to conclude from the P inseparable closedness of A" the
P Linseparable closedness of H"Y which is wrong.
PAGE 118 : Example 1 has some typos: The correct definition of HY is

HY:= B +y2, xy, xy(c+ Y1/ (02 +yAxy)? + (xy(x+y))7?)
The field of fractions of the Dickson algebra is
F(x%y + xy?, x% + y2 + xy).
Furthermore, it is worthwhile noting that the A-length of HY is two.

PAGE 128 : The last sentence of the statement of Theorem 8.1.5 should
read as follows:

If H"is Pinseparably closed then r = 0.

PAGE 138 : Example 1 is just fine. Note that the element xeH"Y is a
Thomclass but H"Y is not reduced. So, this is a counterexample to the
reverse Landweber-Stong conjecture, but not to Proposition 8.4.1.

PAGE 145ff : In Appendix A.2 we should replace the definition of the
Dickson classes by the following (cf. line -6 page 145):

dn .= (_1)dim(V[5—dim(W[5 Z H Vv

WD dim(WB=i \ vgwD
This causes some sign changes in the following; in line -3 of page 145:

n-1 )
t)= [Ix+v)= X+ D)"Y dniX
veVD i=0

PAGE 147/148 : The sign change above causes the following changes of
the formulae of Proposition A.2.1 (and the corresponding formulae on the
preceding page 147:

0 _ ifk=>qn
PX(dn,i) = { K (A1) + P (dnicg) iflsk<qn

dn,i if k=0.
and
0 if0sk<nandk #i
M | (*dn, ifo<k<nandk =i
PHMAni) =9 (—D)"dpodn;  ifk=n

P PA (dp ;) ifk >N,
In Corollary A.2.2 we have then:
ok —dni-1 fork=i-1=20
PV (dni)=< -dpidnny fork=n-120
0 otherwise
foralli=0,..., n-1.
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