Laplace Transforms to Solve BVPs for PDEs

Laplace transforms can be used solve linear PDEs. Laplace transforms applied to the ¢ variable (change to s)
and the PDE simplifies to an ODE in the x variable. Recall the Laplace transform for f(¢).

L{FB)} = /OOO e f(t)dt = F(s), LTHF(s)} = f(t)

Apply the Laplace transform to u(x,t) and to the PDE.

L{u(z,t)} = U(x,s), LHU(z,s)} =u(x,t)

The Laplace transform changes the derivatives with respect to ¢ but NOT x:

L{u} = sL{u(z,t)} —u(x,0)=sU(z,s)— u(z,0)
L{uy} = s°U(x,s) — su(z,0) — u(z,0)

00 2 2 00 d2
E{Uxx} - /0 eist% dt = d /0 eiStu(as, t) dt = l

or2 da? dx?

Apply the Laplace transform to the heat equation, ku,, = u; and the wave equation a?ug, = uy:

d?U
Heat: kL{uz.} = L{u:} = kW = sU — u(x,0)
2
Wave: a?L {uz,} = L{uy} = (IQ% = 52U — su(z,0) — u(z,0)

Uge = U, 0 < x <00, 0<t <00
Example 1: Solve the heat equation with Laplace transforms: ¢ u(0,t) =1, xll)ﬂolo u(z,t) =2, 0<t<oo
u(xz,0) =2, 0 <z < o0
The Laplace transform changes the PDE in x and ¢ to an ODE in a1 L{ugy} = L{u:}

d*U

@ = SU — U(CL‘,O)
d*U
W —-sU = =2

2
Solve the ODE. U = U, + U, U, = c1e” V3 4 coeV® and U, = A. Solving for A, U, = —.
s

2
Uz, s) = cre”V*® + cpeV™® + 5

Apply the Laplace transform to BC, x = 0, x — oco: L{u(0,¢)} = £{1} and assume li_)m LA{u(x,t)} = L£{2}

1 2
U(O,s):; and lim U(x,s):;

Tr—r00
1 2 1
Solve for ¢; and ¢o : U(0,8) = —=c1+co+—. Asx — 00,0 =0. Soc; = ——
s s s
sz o
U(ac,s):—e + -
s s

Take the inverse Laplace transform and use the table.

LU, s)} =L {eﬁm } +20 {1}

u(z,t) = —erfe <2f/i> +2




Uge = U, 0 < <1, 0 <t <0
Example 2: Solve the wave equation with Laplace transforms: < «(0,t) =0, u(1,t) =0, 0 <t < 00

u(x,0) =0, u(z,0) =sin(rzx), 0 <z < 1.
The Laplace transform changes the PDE to an ODE in x, L{uz,} = L{us}.

d’U

—5 = s2U — su(zx,0) — u(z,0)
d*U
W _ $2U — — Sln(ﬂ-x)

Solve the ODE: U = U, + Up: U, = c1e™ %" 4 2e*® and U, = Asin(mx) + B cos(nz). Solving for A and B by
substituting into the ODE,

—An?sin(nz) — Br? cos(mz) — s*(Asin(rx) + B cos(mz)) = — sin(rx)
and matching coefficients: —An? — As? = —1, —Bn? — Bs? = 0 implies
1 .
A= s and B =0, sothat U, = s sin(7x)

The solution is

U(z,s) =cre *" + cee® + sin(mz)

72+ 52
Apply the BC to find ¢; and ¢z, U(0,s) =0, U(1,s) =0: ¢; =0 and c2 = 0.

1

Us) =5

sin(mx)

Take the inverse Laplace transform and use the table:

LU (z, s} = c—l{

1 .
71 2 sin(mz)

No s variable

™

u(x,t) = %Sin(ﬂ't) sin(7mx).

Also, the BVP can be solved using separation of variables and the homogeneous BC:

u(z,t) = Z[an cos(nmt) + by, sin(nwt)] sin(nmx)

n=1

Applying the IC u(x,0) = 0 and u(z,0) = sin(7x) leads to

oo
u(z,0) = 0= Zansin(nwa}) = a,=0,n=1,2,....
n=1
o0
ut(x,0) = sin(mx) = Z bpnrsin(nmzr) = bir =1, b, =0, n=2,3,....
n=1

1
The same solution is obtained: |u(z,t) = — sin(nt) sin(7z) |
T

Homework Problems
1. Solve the BVP for the heat equation 14.2 # 11.

2. Solve the BVP for the wave equation using two methods: (1) Laplace transforms and (2) Separation of
2
Variables. Show the solution is u(x,t) = 4 cos(3nt) sin(3wz) + — sin(nt) sin(wz).
™
Uge = U, 0 < <1, 0 <t <0

u(0,t) =0, u(l,t) =0, 0 <t < oo
u(z,0) = 4sin(37z), wu(z,0) =2sin(rz), 0 <z < 1.



