
Laplace Transforms to Solve BVPs for PDEs

Laplace transforms can be used solve linear PDEs. Laplace transforms applied to the t variable (change to s)
and the PDE simplifies to an ODE in the x variable. Recall the Laplace transform for f(t).

L{f(t)} =

∫ ∞
0

e−stf(t) dt = F (s), L−1{F (s)} = f(t)

Apply the Laplace transform to u(x, t) and to the PDE.

L{u(x, t)} = U(x, s), L−1{U(x, s)} = u(x, t)

The Laplace transform changes the derivatives with respect to t but NOT x:

L{ut} = sL{u(x, t)} − u(x, 0) = sU(x, s)− u(x, 0)

L{utt} = s2U(x, s)− su(x, 0)− ut(x, 0)

L{uxx} =

∫ ∞
0

e−st
∂2u

∂x2
dt =

d2

dx2

∫ ∞
0

e−stu(x, t) dt =
d2U

dx2
.

Apply the Laplace transform to the heat equation, kuxx = ut and the wave equation a2uxx = utt:

Heat: kL{uxx} = L{ut} ⇒ k
d2U

dx2
= sU − u(x, 0)

Wave: a2L{uxx} = L{utt} ⇒ a2
d2U

dx2
= s2U − su(x, 0)− ut(x, 0)

Example 1: Solve the heat equation with Laplace transforms:


uxx = ut, 0 < x <∞, 0 < t <∞
u(0, t) = 1, lim

x→∞
u(x, t) = 2, 0 < t <∞

u(x, 0) = 2, 0 < x <∞
The Laplace transform changes the PDE in x and t to an ODE in x: L{uxx} = L{ut}

d2U

dx2
= sU − u(x, 0)

d2U

dx2
− sU = −2

Solve the ODE. U = Uc + Up, Uc = c1e
−
√
sx + c2e

√
sx and Up = A. Solving for A, Up =

2

s
.

U(x, s) = c1e
−
√
sx + c2e

√
sx +

2

s

Apply the Laplace transform to BC, x = 0, x→∞: L{u(0, t)} = L{1} and assume lim
x→∞

L{u(x, t)} = L{2}

U(0, s) =
1

s
and lim

x→∞
U(x, s) =

2

s

Solve for c1 and c2 : U(0, s) =
1

s
= c1 + c2 +

2

s
. As x→∞, c2 = 0. So c1 = −1

s

U(x, s) = −e
−
√
sx

s
+

2

s

Take the inverse Laplace transform and use the table.

L−1{U(x, s)} = −L−1
{
e−
√
sx

s

}
+ 2L

{
1

s

}

u(x, t) = −erfc

(
x

2
√
t

)
+ 2



Example 2: Solve the wave equation with Laplace transforms:


uxx = utt, 0 < x < 1, 0 < t <∞
u(0, t) = 0, u(1, t) = 0, 0 < t <∞
u(x, 0) = 0, ut(x, 0) = sin(πx), 0 < x < 1.

The Laplace transform changes the PDE to an ODE in x, L{uxx} = L{utt}.

d2U

dx2
= s2U − su(x, 0)− ut(x, 0)

d2U

dx2
− s2U = − sin(πx)

Solve the ODE: U = Uc + Up: Uc = c1e
−sx + c2e

sx and Up = A sin(πx) + B cos(πx). Solving for A and B by
substituting into the ODE,

−Aπ2 sin(πx)−Bπ2 cos(πx)− s2(A sin(πx) +B cos(πx)) = − sin(πx)

and matching coefficients: −Aπ2 −As2 = −1, −Bπ2 −Bs2 = 0 implies

A =
1

π2 + s2
and B = 0, so that Up =

1

π2 + s2
sin(πx)

The solution is

U(x, s) = c1e
−sx + c2e

sx +
1

π2 + s2
sin(πx)

Apply the BC to find c1 and c2, U(0, s) = 0, U(1, s) = 0: c1 = 0 and c2 = 0.

U(x, s) =
1

π2 + s2
sin(πx)

Take the inverse Laplace transform and use the table:

L−1{U(x, s} = L−1
{

1

π2 + s2

}
sin(πx)︸ ︷︷ ︸

No s variable

u(x, t) =
1

π
sin(πt) sin(πx).

Also, the BVP can be solved using separation of variables and the homogeneous BC:

u(x, t) =
∞∑
n=1

[an cos(nπt) + bn sin(nπt)] sin(nπx)

Applying the IC u(x, 0) = 0 and ut(x, 0) = sin(πx) leads to

u(x, 0) = 0 =
∞∑
n=1

an sin(nπx) =⇒ an = 0, n = 1, 2, . . . .

ut(x, 0) = sin(πx) =

∞∑
n=1

bnnπ sin(nπx) =⇒ b1π = 1, bn = 0, n = 2, 3, . . . .

The same solution is obtained: u(x, t) =
1

π
sin(πt) sin(πx) .

Homework Problems

1. Solve the BVP for the heat equation 14.2 # 11.

2. Solve the BVP for the wave equation using two methods: (1) Laplace transforms and (2) Separation of

Variables. Show the solution is u(x, t) = 4 cos(3πt) sin(3πx) +
2

π
sin(πt) sin(πx).

uxx = utt, 0 < x < 1, 0 < t <∞
u(0, t) = 0, u(1, t) = 0, 0 < t <∞
u(x, 0) = 4 sin(3πx), ut(x, 0) = 2 sin(πx), 0 < x < 1.


