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Lagrangian and Eulerian descriptions.

We study the long-time dynamics of the incompressible, viscous fluid flows
in the three-dimensional space.

A. Lagrangian description: trajectory x(t) = x(t, x0) € R with initial fluid
particle (or material point) x(0, x0) = xo.

@ Recent work on short-time properties mostly for inviscid fluids: N.
Besse and U. Frisch (2017), G. Camliyurt and I. Kukavica (2018), P.
Constantin, |. Kukavica, and V. Vicol (2016), P. Constantin and J.
La. (2019), P. Constantin, V. Vicol, and J. Wu. (2015), M.
Hernandez (2019).

@ 2D dynamics (topological equivalence): T. Ma and S. Wang (book:
2005).

@ Solutions have better regularity.
@ Issues with viscosity.

@ Long-time dynamics is little known.
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B. Eulerian description: velocity field u(x, t) and pressure p(x, t), where
x € R3 is the independent spatial variable representing each fixed position
in the fluid.

@ Simpler PDEs especially for viscous fluids: Navier—Stokes equations.
They have been studied extensively.
@ Global weak solutions exist.

@ Many results on long-time dynamics, still much is not known.

C. Relation:

X'(t) = u(x(t), t).
The solutions x(t) of this system are called the Lagrangian trajectories.
D. Our approach:

@ Solve for u(x, t) from Navier-Stokes equations. Then study x(t) from
the ODE.

@ It works sometimes.
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2. The Navier—Stokes equations and others

m The Navier—Stokes equations
m Rotating fluids
m Navier-Stokes—Boussinesq system
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The Navier—Stokes equations

The Eulerian description turns out to be simpler for deriving the set of

equations that govern the fluid flows. They are called the Navier-Stokes
equations (NSE),

ur —vAu+ (u-V)u=—Vp,
divu = 0.

where v > 0 is the kinematic viscosity, and the unknowns are the velocity
u(x, t) and pressure p(x, t).
Initial condition u(x,0) = up(x), where up is a given initial vector field.
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Dirichlet boundary condition (DBC). Let Q be an bounded, open,
connected set in R3 with C* boundary, Q* = Q.

The boundary condition u =0 on 9Q x (0, c0).

Spatial periodicity condition (SPC). Fix a vector

L = (L1, Lo, L3) € (0,00)3. We consider u(-, t) and p(, t) to be L-periodic
for t > 0.

Here, a function g defined on R3 is called L-periodic if

g(x + Lie;) = g(x) for i = 1,2,3 and all x € R®.

Define domain Q = (0, L1) x (0, L2) x (0, L3) in this case, Q* = R3
A function g is said to have zero average over Q if

/Q g(x)dx = 0.
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Notation 1

e H™ = Wm2 for m € N, denotes the standard Sobolev space.

@ In the (DBC) case, let V be the set of divergence-free vector fields in
Co(Q)3.

@ In the (SPC) case, let V be the set of L-periodic trigonometric
polynomial vector fields on R3 which are divergence-free and have
zero average over €.

@ In both cases, define space H (respectively, V) to be the closure of V
in L2(Q) (respectively, H}(Q)).

@ The Leray projection P is the orthogonal projection from L?(Q2) to H.

@ The Stokes operator is A = —PA defined on V NH?(Q).
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Asymptotic expansions

Let (X,] - ||) be a normed space and ()32 be a sequence of strictly
increasing non-negative numbers. A function f : [T,00) — X, for some
T € R, is said to have an asymptotic expansion

t)NZf e~ in X,

where f,(t) is an X-valued polynomial, if one has, for any N > 1, that

|f(e) - Zf et

for some ey > 0.

= O(e~(@nFEmt) a5t — oo,
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Foias—Saut asymptotic expansions

Functional form of NSE:
ur + Au+ B(u,u) =0, u(0) = up.

Let initial data ug € H.
@ Then there exists a Leray—Hopf weak solution u(x, t) for t € [0, c0).
@ This solution becomes regular u € C>*(Q* x [T,0)) for some T > 0.

@ Foias—Saut (1987) proved that the solution u(x, t) has an asymptotic
expansion,

u(-,t) ~ Y qn(-, t)e™t in HM(Q),
n=1

for any m € N, where gj(-, t)'s are polynomials in t with values in
X C C®(Q*)3.
In fact, gi(x, t) is independent of t, hence we write

qi(x, t) = qu(x) € X.
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Other NSE results

For (SPC), H.—Martinez (2017) prove that the Foias—Saut expansion holds
in Gevrey spaces

Goo ={u € H:|ulpoes:= HAae"Al/2uHLz < 00},

for any a, 0 > 0.
With non-potential force H.—Martinez (2018)

ur + Au+ B(u, u) = f(t) Zf(te”"
Cao—H (2020)
ur + Au+ B(u,u) = f(t) ~ Zx,,

Then

u(t) ~ ignt*"".
n=1
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Rotating fluids (with the periodicity boundary condition)

up —vAu+ (u-V)u+Qes xu=-Vp, V-u=0.

Theorem (H.-Titi 2021)

u(t) ~ 3 ga(t)e ™ tin all Gay,  a,0 >0,

n=1

where, with zero average condition,
an(t) = Z t™ cos(wt) X + Z t" sin(wt) X,
finite finite
or, without zero average condition,

qn(t) = Z t"™ cos(cos(wt)) X + Z t™ cos(sin(wt))X

finite finite

+ ) t7sin(cos(wt))X + > tTsin(sin(wt))X.
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Ideas

Functional form
du

dt
withue H, Ju=e3xu, S=PJP.
e Poincaré waves e 5w, for w € H and t € R.
e Set v(t) = e?*u(t), then

+ Au+ B(u,u) +QSu=0

d
d—:—l—Av—i—BQ(t,v,v):O, t>0,

with Bq(t, u,v) = B(Qt, u, v),

B(t,u,v) = e®B(e ®u,e V), forall u,v € D(A).

L. Hoang (Texas Tech) Navier-Stokes equations and associated Lagrangian trajectories 1.21.2021 TAMU



Let k = (Ky, ko, ks) 2L 27(ky /L1, ka/ L2, ks/L3), and, in case k # 0,

iz - (;17 E27 E?:) g

k/|K|,
For u = Z/ﬁke"'v"x € H, we have
ey = Z/ Ex(ks t)ﬁke”v"x, where Ey(t) = cos(t)ls + sin(t)Jk,

with Jz = Kk x z,

0 -k ko
Kk = k3 0 —Kk
—ky Kk 0

Properties
(E(t))" = E(—1),
(e®)* =e " (on H).
€% U|a.o = |U]a.o, forall a,o >0and ue D(A*eA?).

Then we can follow Foias-Saut’s proof.
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Navier—Stokes—Boussinesq system

gl:+(uv)u_yAu:—Vp—a(0—9*)g on Q x (0700)7
% (V)= koAI =0 on ©x (0.50). 1

divu=0 on Q x (0,00),
where Q := [0, L1] x [0, L] x [0, h] C R3, 6, € R is a given reference
temperature.

Boundary conditions:

u, 6 are Lj-periodic in x; for j = 1,2,

0,,—0 = 0|,,— = S0 = const. 0
3 oul Hu>
u ‘X3:0,h =0, 87><3‘X3:0,h = 8—){3‘)@:07/’ =0.
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By shifting the temperature, we can assume ©¢ = 0.
Functional spaces. Consider
@ 6 odd in x3
o ul, u? even in x3
e 3 odd in xs.
Write solutions in Fourier series (L3 = 2h).
Define Sobolev and Gevrey spaces using the Fourier series:

1/2
Voo = | D k* e (i)
k0
Then we re-write the system as
ur + Au+ B(u, u) = L0,
0: + A0 + B(u,0) = 0.

Theorem (Biswas-H.-Martinez 2021)

Any Leray-Hopf solution (u(t),0(t)) decays exponentially, as t — oo, in
any Gevrey norms.
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Asymptotic expansion

Theorem (Biswas-H.-Martinez 2021)

Any Leray-Hopf solution (u(t),0(t)) admits an asymptotic expansion, as
t — 00, in any Gevrey spaces

u(t) ~ > an(t)e 7, Ba(t) ~ Y pa(t)e
n=1 n=1

where qn(t), pn(t) are polynomials in t, with values being trigonometric
polynomials in x. Moreover,

d+ (A=pn)an+ Y Blak, ) = Lpn, (*)
Mktp=[n

ph+ (A = pn)pn + Z B(uk, q) = 0. (**)
Mok =en

v

In fact, at each step, p, is determined first, and the g,.
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Key idea of proof

Prove by Induction. Induction step n = N.
o Let py(t) = ev15(0(t) — SN pa(t)e #nt). Then
v+ (A=pni)on+ > Blakpr) = 0(e™).
Mk =N+
Then approximate py(t) by polynomial solution py1(t) of
P+ (A= pni)pvaa+ Y. Blak,p) =0,
PkHHI=HN+1
with
lon(t) = prsi(t)|ae = O(e™).
o Let wy(t) = ev+1t(u(t) — SN g, (t)e#nt). Then
wy+(A—pns)wn+ Y B(akpr) = Lpnsr + O(e™).
Pk HI=EN+1
Approximate wy(t) by polynomial solution gy41(t) so that

wn(t) — quai(t)lae = O(e™).
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3. Lagrangian trajectories
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Notation 2

@ In the (DBC) case, let V be the set of divergence-free vector fields in
C=(Q)3.
Define X to be the set of functions in (°v_; H™(£2)3 that are
divergence-free and vanish on the boundary 99, and denote Q* = Q.

@ In the (SPC) case, let V be the set of L-periodic trigonometric
polynomial vector fields on R3 which are divergence-free and have
zero average over ().

Define X =V, and denote Q* = R3.
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Assumption

Fix a Leray—Hopf weak solution u(x, t) with large time regularity
ue C®(Q* x[T,)).

Fix a Lagrangian trajectory x(t).
o x(t) € CY([T,00),Q) in the (DBC) case, or
o x(t) € CY([T,00),R®) in the (SPC) case.
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Foias—Saut expansion

u(-,t) ~ > qn(-, et in HM(Q),

n=1

where p, increases strictly to infinity, and S = {u,} preserves the addition.
For m = 2, we have

— O(e*(#/\/ﬂs/\/)f)’

H2(Q)3

N
|uC. ) =3 an t)e et
n=1

for any N € N, and some §y > 0.
By Morrey's embedding theorem, it follows that

sup
xeQ*

N
U(X7 t) - Z qn(X7 t)ei’u"t — O(ef(uN+6N)t)'
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In particular, letting N =1, we infer

sup |u(x, )] < sup |qu(x)|e " + O(e”(HW)E) = O(er1).
xeQ* xeN*

Therefore, there is Cy > 0 such that

sup |u(x, t)] < GCoe Mt forall t > T.
xeQ*

Taking x = x(t) gives
) an(x t)e Hnt| = O(e*(NN‘H;N)t)’

lu(x(t), )] < Coe Mt forall t > T.
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Convergence of the Lagrangian trajectories

X'(t) = u(x(t), t).

Proposition (H. 2020)

The limit x. 2 lim,_,o0 x(t) exists and belongs to Q*, and

Ix(t) — x| = O(e~"1).

Proof. For t > T, we have x(t) = x(T) + f; u(x(7), 7)dr.
Since [u(x(t),t)] < Ce 1t for t > T,

o
xe = lim x(t) = x(T) +/ u(x(7),7)dr which exists in R3.
t—o00 T
Obviously, x, € Q*. Error estimate:

Ix(t) — x| = ’/ U(X(T),T)dT‘ < / Coe MTdr = Copy te 1.
t t
L]
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Consideration I. (SPC) or x, € Q for (DBC).

Foias—Saut expansion: u(x, t) ~ " gn(x, t)e #rt. Write

dn
gn(x,t) = Z tkq,,’k(x), where d, > 0, and gpx € X.
k=0

The Taylor expansion: for any s > 0,

s

1
qn,k(X) = Z mD;nqn,k(X*)(X - X*)(m) + gn,k,s(x)a

m=0
where D["qp « denotes the m-th order derivative of g, , (m-linear
mapping), and g, xs € C(Q*)3 satisfying
Enk,s(x)=O(x — x*|s+1) as X — Xy.
Then

a0 8) = D[ 3 Dl )x — )™ + gk (3)].

k=0 m=0
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Rewrite
S dn
qn(Xa t) = Z Qn,m(X*a t)(X - X*)(m) + Z tkgn,k7s(x)>
m=0 k=0

where
dn k

t 1
Qe t) = D D k(x:) = — D Gux., ).
k=0 " ’

In particular,
Qn,O(X*; t) - qn(X*; t)7 Qn,l(X*; t) - qun(X*; t);

1
Qna(x, t) = ED)%C],,(X*, t).

Note that Q, m(x«, t) is a polynomial in t valued in the space of m-linear
mappings from (R3)™ to R3,
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Above, x(t) — x. as t — oo. Denote z(t) = x(t) — x,. Then

|2(t)] = O(e™").
We have

Zgnmx*, <m>+zrko (I2(D)**),

thus

Z Op.m(xe, £)2(£)(™) 4 O(e~nls+D)=0)ty s > 0,
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Heuristic arguments

Assume z(t) ~ >0 Ca(t)e Hrt.

Z(t) = X'(t) = u(x(t), t) = u(x(t), t qu(x £e ikt

Z( ( ) NnCn t) e Mt ~ Z Z ka X*, )(m)efﬂkf

n=1 k=1 m=0

~ Y Qumlxe )OO Gi(t)e it Y TG (H)e Himt ek
k=1 m=0 P -

~3ST ST Qe OG0, G () e i) gt

k=1m=0j1j>,....1tjpm
Then

Ch(t) = 1nCa(t) = > Qiem (X%, )(Gi (B)s - - G (2))-

Pk pbjy A pjy A = [0

L. Hoang (Texas Tech)
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Theorem (H. 2020)

Under Consideration |, there exist polynomials {, : R — R3, forn >0,
such that solution x(t) has an asymptotic expansion,

X(t) ~ X+ Y Ca(t)e " in R3,

n=1

where each (,, for n > 1, is the unique polynomial solution of the
following differential equation

Cn(t) = 1nCa(t) = > Qiem (%, 1) (G (), -+ G (2))-

Mok pjy Ty F A = Hn

for all t € R.
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Remarks on (,(t)

e Find polynomial solution (,(t) of
Cn(t) — pnCa(t) = > Que,m(Xe, 1) (G (2), -+ - G (1))-
Foke Ry Hy et i =1t

e Equation for (,(t) is linear. The RHS comes from previous steps.
@ The RHS sum is finitely many. In fact, for each n > 1, and integers
M > pup/p1 —1, K>n, J > n—1, one has

M K J
Mok pjy Ty F A = [0 m=0 k=1 Jlyeeesm=1,

Pk Ty e Ay =n
o Examples
G1(t) = paca(t) = qu(x),
Go(t) — pa(t) = Digr(x:)C1(t) + g2(xs, 1),

G3(t) — psa(t) = %D)%Ch(x*)(ﬁ(t), C1(t)) + Dxga(xs, t)Ci(t) + g3(xx, t.
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Proof |. First step of induction.

By induction. First step. We have

Z/(t) = X' (t) = u(x(t),t) = qi(x(t))e " + O(e—(u1+61)t)
= [g1(x«) + O(e—mt/Z)]e—mt + O(e—(m—l-él)t)
= qi(x.)e 1t + O(e~(mte)ty,
Let wo(t) = e*1tz(t). Then
wo(t) — pawo(t) = qi(xi) + O(e ).

Need an Approximation Lemma (see below): there is polynomial (1(t)
such that

Iwo(t) = Gi(t)] = O(e™).
Multiplying by e #1t gives

|2(t) — e M1t (2)] = O(eate)e),
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Proof |I. Approximation lemma

Let (X, - |lx) be a Banach space. Let p: R — X be a polynomial, and
lg(t)lx < Me=0t for t > t,, for some M,d > 0.

Let v > 0. Suppose that y : [t.,00) — X solves

Y'(t) =y (t) = p(t) + g(t) for t > t.,
and satisfies

. 7ryt —
lim (e (8)]x) = 0.
Then there exists a unique polynomial g : R — X such that

M
ly(t) — q(t)]|x < H(Se*‘“ for all t > t,.

More precisely, g(t) is the unique polynomial solution of
q'(t) —vq(t) = p(t) forteR,
and can be explicitly defined by

- / T p(7)dr.
t
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Proof Ill. Sketch of the induction step

Let zy(t) = SN, Ca(t)e 0t and Zn(t) = z(t) — zn(t).

Denote Jn - Zuk+uj1+uj2++ujm:/’6" Qk,m(X*7 t)(g]l(t)7 M ij(t))
Induction hypothesis:

¢l — pnCn = Jy for (1 < n < N) and |Zy(t)] = O(e~(rnten)t),

Define wy/(t) = etN+1tZy(t).

N
Wy = UN+1WN + e’“"“t(zl — Z e (¢ — MnCn))-
n=1

Approximate z'(t) = u(x(t), t) same as in heuristic arguments. Need to
control the errors.
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Let SN+1 € N: syy1 > HN+1/,U1 —1.
Calculations give

N+1 sy41 ~
Z(t) = Z Z OQpm(xe, £)z(t)(Me et  O(e~ (1 o)ty
k=1 m=0
with
Z(m = (z,z,...,z) (m times.)

Write z(t) = SN, ¢j(t)e 1t + O(e~(bwtonint). Then

N+1 sy+1

=22 Z Qe )Gy - - -+ G e it b )

k=1 m=0ji,...jm=1

N+1 sn+1 N
+ Z Z (’)(e*(#NJrEN/?)f))e*#kt + O(e*(l/«N+1+5N+1)t)_
k=1 m=1
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e Observation un + px € S and is greater than pp. Then

BN+ ke 2 UNA-
o Also, pix + pj, + ...+ pj, €S, then

fk 4 pjy + ...+ @, = pn for some n € N,

Split the first sum on the RHS: n < N+ 1 and n > N + 2. We obtain

N+1
Z/(t) _ Z J,,(t)e_“"t + O(e—(NN+1+5N+1)t)’
n=1
N+1 sy+1 N
Jn(t) = Z Z Z Qk,m(X*at)(le(t)a-"aCJ'm(t))‘
k=1 m=0 j17---7jm:17

Pk pjy T pjy F A = [0
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Combine calculations

N
WI/V = UN+1WN _|_eHN+1t Z eﬁunt{Jn _ (C;, _MnCn)} +JN+1 +O(ei€N+1t).

n=1
Note J, = jn. Then
Wy — pnp1wy = Ingr + O(e en+t),
Applying Approximation Lemma, one has
[w(8) = s (1) = O™,
Multiplying by e #n+1t gives

’2N(t) — CN+1(t)e*MN+1f = (’)(e*(#NHJrENH)t)'
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Consideration II. (DBC) with x, € 0Q

Theorem (H. 2020)

Under Consideration Il, one has

Ix(t) — x| = O(e™"*) for all > 0.

Proof. Recall |z(t) — 32N, ¢q(t)e #nt] = O(e~(mnten)t),
Explicit formula:

Gole) == [~ ey, 7)

n—1

+ z_:l > Qs (G (7, - - gjm(T))}dT

kot jm=1,
HokF ey Ly oA R =Hn

Note gn(x«, t) = 0 for all n.

When n =1, one has ¢(i(t) = —q1(x)/p1. Thus, (1(t) = 0.
Recursively, (2(t) =0, (3(t) =0, etc. So, (,(t) = 0 for all n.
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(SPC) without the zero average condition

Let (u(x, t), p(x, t)) be a L-periodic, classical solution the NSE on
R3 x (0, o).

Let x(t) € R3 be a Lagrangian trajectory corresponding to u(x, t).
Theorem (H. 2020)

There exist x, € R3 and polynomials X, : R — R3, for n € N, such that

x(t) ~ (x« + Upt) + ZXn(t)e_“"t in R3,

n=1

where Uy = (L1LaL3)™" [ u(x,0)dx.

L. Hoang (Texas Tech) Navier-Stokes equations and associated Lagrangian trajectories 1.21.2021 TAMU



Galilean transformation. Set
v(X,t) = u(X + Upt, t) — Up and P(X,t) = p(X + Upt, t).

Then (v, P) is a solution of the NSE, L-periodic, and v(-, t) has zero
average.
Let X(t) = x(t) — Upt. We have

X'(t) = X' (t)— Uy = u(x(t), t)— Uy = v(x(t)—Uot, t)+Uo— Uy = v(X(t), t).

Applying above result (for zero average solutions) to v(X, t) and X(t)
yields

o0
X(t) ~x+ Y Xn(t)e Hr,
n=1
Consequently, we obtain

x(t) = X(t) + Uot ~ (x« + Upt) + an(t)e_“”t.

n=1
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THANK YOU!
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