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1 Review of differential operators

Given a scalar function ¢ : RY — R, its gradient V¢ is the vector of partial derivatives
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For a vector field u : RN — RY, its divergence is

N
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The Laplace operator is defined as
N
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Now consider a velocity field u : R x RY +— RN, so that u(t,z) = (u,...,uN)(t,z) denotes
the velocity of the particle located at the point x = (x1,...,zy) at time t. We then define the
Material Derivative of a function ¢ = ¢(t,x) as
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This provides the time-derivative of ¢ along particle trajectories. We recall that the wedge
product of two vectors v, w € R? can be obtained as follows. Let e, ez, e3 be the vectors in the
standard orthonormal basis of R3. Then

e} €y e3
vAw=det| wvi w9 w3
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Given a velocity field u : R? — R3, its vorticity w = curl u is defined as
w = curlu = (82u3 — 9qu?, Osut — u?, Ou® — 82u1) .

Note that, formally, one can write
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2 Euler and Navier-Stokes equations
for a homogeneous incompressible fluid

The flow of a homogeneous incompressible, non-viscous fluid in R is modelled by the system
of Euler equations

Dyu(t,z) = =Vp(t,x), balance of momentum
divu(t,z) =0, incompressibility condition (1)
u(0,z) = up(x), initial data
Where t is time,
z € RY is the Eulerian space variable,
u=(u',...,u) is the fluid velocity,
latex fluid.tex p is the scalar pressure,

Dy = 0y +u -V, is the material derivative.

When viscosity is present, an additional diffusion term is present in the momentum equation.
This leads to the Navier-Stokes equations:

Diu(t,x) = —Vp(t,z) + vAu, balance of momentum
divu(t,z) =0, incompressibility condition (2)
u(0,z) = up(z), initial data

The positive constant v is the coefficient of kinematic viscosity. Its reciprocal is called the
Reynolds number: Re = 1/v.

If the fluid motion takes place in a bounded set Q C RY, one must add suitable boundary
conditions. In the case of the inviscid Euler equations, one requires that the velocity u of the
fluid is tangential to the boundary 9€2. Calling n the unit outer normal, we thus have

n-u=0 x € 00N. (3)

In the presence of viscosity, instead of (3), the Navier-Stokes equations are supplemented by
the non-slip boundary conditions

u=0 x € 0f. (4)

2.1 Derivation of Euler equation from the balance law of momentum

Consider any region Wy C R™. Denote by W, the region occupied at time ¢ > 0 by those fluid
particles which are initially in Wj. Assume that the only force acting on the fluid through the
boundary W} is the pressure. Then the balance law of momentum takes the form

d
— / udV = [total forces across the boundary]
Wi

dt
= —/ pndA.
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If e is any fixed vector in RY by the divergence theorem we get
/ pe-ndA= div(pe) dV
8Wt Wt

= Vp-edV.
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Then: p
< / wdV = | Dudv=— [ vpav, (7)
dt Jw, W, W,

for any region W; in the fluid at time ¢. Hence the equality holds also in the differential form:

Diu = —Vp Euler equation.

2.2 Symmetry groups for the Euler and Navier-Stokes equations

Assume that v = u(t,x) and p = p(t,x) provide a solution to Euler or Navier-Stokes equation.
Further solutions can then be obtained by various variable transformations.

e Translation Invariance: For any constant vector ¢ in RY
{ ut(t,x) :== u(t,x — ct) + ¢,
pe(t,x) := p(t,z — ct),

is another solution.

e Rotation Invariance: For any orthogonal matrix Q
{ ul(t,x) == Q" u(t, Qu),
pQ(t,IL‘) = p(ta Q$)7
is another solution.

e Scale Invariance: If u,p provide a solution to the Euler equations, then for any A, 7 > 0

the functions

u(s, %),

2
pA’T(t7:E) = %fp($7 %)7

provide a 2-parameters family of solutions to the Euler equation.

uA’T(t,a:) =

S

(4)

If u, p are a solution to the Navier-Stokes equations, then for all 7 > 0 the functions

u” (t,x) = r—1/2 u(%, Tl—gc/z)7

() = 7 p(L, o).

provide a 1-parameter family of solutions to the Navier-Stokes equation for 7 € R. Observe
that (A) coincides with (B) when A\ = r1/2

3 Particle trajectories

Given a fluid flow with velocity field v (not necessarily incompressible), the particle trajectory
mapping
X :[0,00) xRV — RV 8
t ., « — X(t,«) 8)
describes the trajectory of the particle which is initially located at point a = (ay,...,an) at
time ¢t = 0. The Lagrangian variable «, can be regarded as a particle marker. The function
X(t,«) is determined by solving the Cauchy problem

%X(t,a) = u(t, X(t,a)),

X(0,a) = au



An initial domain Wy C RY in the fluid evolves in time to
X(t,WQ) =W; = {X(t,a)\ o € Wo}

We shall denote by V,X the Jacobian matrix of first order partial derivatives of X w.r.t. «, so

that .
(VQX(t,a)) = gi(t,a).

ij

a;
The evolution of V,X along a particle trajectory is described by the linear evolution equation

Dy(VaX(ta)) = (Veult, X(t,0)) - VaX(t,0).
The Jacobian determinant of X(¢,-) is denoted as
J(t,a) =det (VoX(t,)).
Clearly J(0,«) = 1. If w is a smooth velocity field then the time evolution of J is given by
0

EJ(@Q) = [divu(t,X(t,a))} J(t,a).

In particular, J(¢, X (¢,«)) = 1 if the flow is incompressible.

Theorem 1 The Trasport Formula

Let W be an open, bounded domain in RN with smooth boundary, and let X be the particle
trajectory mapping of a given smooth velocity field u.
For any smooth function f = f(t,x) we have

d
G par= [ 1o div () de
Proof p p
7 e fdx = 7 /Wf(t,X(t, a))J(t, X(t,a)) do

:/ (Def J + f 1) do

w

:/ (fo+u-Vf+ fdive) Jdo
w

:/ [fe + div(fu)] dz.
Wy
(]

Definition 1 A flow X is incompressible if for any subregion W with smooth boundary, and
for any time t > 0, X is volume preserving:

Vol(X (t,W)) = Vol(W).
Applying the transport formula with f = 1 one obtains
Proposition 1 The following are equivalent:
o The fluid flow is incompressible,
o divu =0,

o J(t,a) =1



4 Vorticity

In the following, we consider a smooth velocity field u : R? — R3. We define the vorticity field
w = as the curl of the velocity:

w = curlu = (82u3 — 0qu?, Bzut — Aud, Oju® — agul) .

4.1 Local behavior of an incompressible flow

In a neighborhood of any point x(, we now show that, up to higher order terms w.r.t. |x — x|,
a smooth incompressible velocity field u = u(x) can be written in a unique way as the sum of
infinitesimal translation, rotation and deformation field.

Indeed, let zg be a given point in R3. A first order Taylor expansion of u yields

u(wo + h) = u(zo) + Vu(zo) - h + O(h?).
The Jacobian matrix Vu, can be written as the sum of its symmetric and antisymmetric parts:

Vu= D + Q

Symm.  Antisymm.

Where
D= %(Vu + (Vu)t), hencetrD =0

Q= %(Vu - (Vu)t>, hence Qh = Jw A h.

Observe that, since every symmetric matrix can be diagonalized and the trace is invariant under
orthogonal trasformations, D can be written as

The Taylor expansion thus takes the form

1
u(zo+h) = wu(zg) + v Ah + Dh  +O(h?).

translation N deformation
rotation by

vector w

4.2 Evolution equation for the vorticity

Proposition 2 Let the velocity field u = u(t,x) provide a solution to the Navier-Stokes equa-
tions. Then the vorticity w = curlu evolves according to the equation

Diw = (w-V)u+ rvAw. (9)
Proof We use the vector identity:

1
§V]u\2 =uAcurl u+ (u-V)u
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in order to replace the term (u - V)u in the Navier-Stokes equation:
1 2
atu+§V]u\ —uAw = —Vp+rvAu.

We now recall that curl(Vy) = 0 for every . Taking the curl of both sides of the above identity
one obtains
Oyw — curl (u Aw) = vAw. (10)

In order to write esplicitly the term curl (u A w) we recall the following general vector identity:
curl(uAw) = (w- V)u —wdivu — (u- V)w + udivw.
Since divu = 0, this reduces to
curl(u Aw) = (w-V)u— (u-V)w.
Therefore, from (10) we obtain

Ohw+ (u-Vw = (w- V)u+ rAw. (11)

5 Vorticity transport formula for the Euler equation

The map t — X(t, ) describes the trajectory of the particle that was in a at ¢ = 0. Consider
any vector hy € R3. At a given time ¢, the position of the particle which is initially at a 4 eh
can be described by

X(t,a+¢eh)=X(t,a) +e- Vo X(t,a) - h+ O(?).

In the present section we will show that the inviscid vorticity equation, i.e. the vorticity
evolution equation associated to Euler equation,

Diw = (w-V)u, (12)

can be integrated by means of the particle trajectory equation

d
5 X(ta) = u(t, X(t,0)).

Let h(t,z) be a smooth vector field in RY, and consider the perturbed flow
X(t,a+h) = X(t,a) + Vo X(t,a) h+O(h?).
N— ——
*)

(%) is the term which tell us how the perturbation evolves in time. Then the evolution equation
of a first order perturbation takes the form

Dih = h-Vu.

The following lemma applies also to the more general case in which the velocity field u is not
divergence free.



Lemma 1 Let u = u(t,x) be a smooth vector field with associed particle trajectory mapping
X(t,a). The smooth vector field h = h(t,z) satisfies

Dih = h-Vu (13)
if and only if
h(t, X(t,a)) = Vo X(t, a)h(0,a). (14)
Proof The particle trajectory mapping is the solution of

%X(t,a) = u(t, X(t,a)),

X(0,a) = au
By differentiation with respect to a we obtain

%VQX(t,a) = Vou(t, X(t,a)) Vo X (¢, a),

hence
d

dt
If (14) holds then

VaoX(t,a) h(0,0) = Vyu(t, X(t,a)) Vo X (¢, ) h(0, ),

d
Eh(tv X(ta Oé)) = qu(t7 X(ta Oé)) h(tv X(ta Oé))
This implies (13). Viceversa, if (13) holds, then for a fixed « the vector h(t, X (¢, «)) satisfies
d
Chit X(1,0) = V(X (1)) hit, X(1,0).
Since t +— h(t, X (t,«)) and t — VX (t,@)h(0, ) satisfy the same linear ODE with initial data
h(0, ), they coincide for all times ¢. O

Proposition 3 Vorticity Transport Formula
Let X (t, ) be the smooth particle trajectory mapping corresponding to the smooth divergence-
free vector field u(t,z). Then

w(t, X(t,a)) = VaoX(t, a)wo(a)
solves (12).

Proof We observe that the vorticity equation has the same form of the evolution equation
satisfied by a first order perturbation.
The proof of Proposition 3 follows from the application of the lemma in the case h = w. [

Definition 2 The smooth curve
y={v(s) eRY [0 <s <1}

is a vortex line at time t if

%7(5) = A(s)w(t,v(s)), for some \(s) # 0.



Corollary 1 In a non-viscous fluid flow, the vortex lines move with the fluid.

Proof Let 7y be a vortex line at time ¢ = 0. As a set of particles vy evolves in time to 7,

Yo = {X(t,70(s)) |0 < s < 1},

and there holds

Definition 3 Let u be a smooth divergence-free vector field and let v be a smooth oriented closed
curve in the fluid. The circulation of u around v the line integral

%u-dl.
Y

Lemma 2 Transport theorem for curves
Let v := X(t,70) be a closed curve transported by the flow. The following identity holds:

i}l{u-dl: Dyu - dl.
dt J,, e

Proof Let s — ~vy(s) be a parametrization of 79, and let s — X(¢,v0(s)) = 7(s) be the
parametrization of ;.

1
%}itu.dl = %/0 u(t,X(t,yO(s)))%X(t’70(8))(15

1
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(16)
+ /1 u(t X(t (3)))22}(@ (S))ds
0 R0 Bt s 10
1 2
t, X(t
szmw+ O lut, X(t, () o
Ve o Os 2
Since ¢ is a loop the last term of the right hand side is null and we obtain the equality
d
—j{u-dl: Dy - dl.
dt J, .
O

Theorem 2 Kelvin’s circulation theorem
For an inviscid, incompressible fluid the circulation of the velocity u around any closed curve
v moving with the fluid is constant in time.



Proof J
—%u'dl:%Dtu-dl:—j{Vpdl. (17)
dt Yt vt Yt

since the line integral of a gradient on a closed loop is zero. O
Corollary 2 The vorticity flux through a 2-dimensional surface moving with the fluid is constant
in time.

Consider the 2-dimensional surface ¥; whose boundary is a closed curve 7, moving with the

fluid. By Stokes formula we obtain
jé u-dl = / w-dA,
Ve 3t

where n is a vector, ||u|| = 1, normal to X

An example of this behavior is given by tornadoes: the surface of a horizontal section de-
creases as the distance from the soil, then the angular velocity around the vertical axis has to
increase.

6 Conserved quantities for the Euler equation
A conservation law in IV space dimensions takes the form:
Opu(t, x) + div, F(u(t,z)) =0, (18)

where ¢ > 0 is the time variable, = (z1,...,zy) € RY is the space variable, u = (u1,...,u,)
is a vector in RV and F is a smooth map defined on a convex neighborhood of the origin in RY
with values in RY. The components of  are called the conseved quantities while the components
of F', are the fluzes.

Let W C RY be a closed region with smooth boundary. Integrating (18) on W we obtain:

i/ u(t,m)dx:/ u(t, x) dz

= —/ div F(u(t, z)) dz
W

= —/ F(u(t,z)) -ndA
ow
= [Flow through the boudary].

Observation 1 Notice that
— u(t,z)de = 0 if |F| = lz]*).
dt ]RN

In fact

d / . d / . /
— u(t,z)dr = lim — u(t,z)dr = lim — F(u(t,z)) -ndA,
dt RN ( ) R—oo dt |z|<R ( ) R—o0 |z|=R ( ( ))

is zero if |F| = o(|z|'~N).



The following are conserved quantities for the Euler equations.

e Components of momentum The Euler equation is equivalent to the momentum balance
law. Then, if u is a solution to the Euler equation its components satisfy

N
uy + E u”umj = —Da,,
i=1

which can be written (div u=0) as a system of conservation law:
ul +div (v'u + P) =0, i=1,...,N
where P; = (0,...,0,p;,0,...,0).
e Vorticity The i-th component of the vorticity equation is
wi + (uV)w' = (wV)u'.
It can be written as a system of conservation laws::

w! 4+ div (w'u + u'w) =0.

e The energy By multipling Euler equation by u we obtain the energy equation
|2 Nooo N
Lhat I U iy
(M), 3 s, + Y, =0
ij=1 i=1
It can be written as a conservation law

(g)t + div (gu + pv) =0.

e Helicity The helicity measures the component of velocity in the direction of the vorticity:

H=u-w.

EH = U W + U W
=[-(u-Vu—-Vpl-w+u-[—(u-Vw+ (w-V)u]
N N N N
= — Z uju;jwi — meiwi - Z uiujw;j + Z uiwju;j
i,j=1 i=1 i,j=1 1,j=1

This can be written as

2
H, + div [(wu)u - %w + pw] = 0.

10



7 Leray formulation of Navier-Stokes
equation

Our aim in this section will be to eliminate the pressure from the explicit formulation of Navier-
Stokes equation in order to obtain a system of closed evolution equations for u. Let’s assume
that wu satisfies the equation

d
d—z: =—(u-V)u+vAu—Vp (19)
Then u solves (2) if and only if the function p has been chosen in such a way that divu(t,z) =0
for all t > 0.

We define a subspace E C L2?(R?%; R3) containing all vector fields whose divergence (in
distributional sense) vanishes identically.

Ei{uel[ﬂ; divu:O}.
Assume that ¢ — u(t) € E is a smooth solution of (19) Observe that

divu =0 = div(Au) =0,

divu =0 % div(u-Vu) = 0. (20)
More precisely, if the i-th component of (u - V)u is
[(w- V)u]' =) wlug,
J
we can write o o
div (u-V)u = Z (ug%ugcj +ulug, o ).
7;7]- H,—/
Al,‘]
Since divu = Zu;Z =0, we get Z” A; j = 0. Therefore, in general,
div(u-V)u = Z uélu;] = tr(Vu)? # 0.
i,J
We now need to choose p so that the sum
du
i —(u-V)u+yAu—Vp
¢FE S
lies in F.
Since o
div [(u- V)u+ Vp] = Z up, uy, + Ap
0.
= tr(Vu)? + Ap,

the pressure p satisfies the relation

div[(u-V)u+ Vp] =0
if and only if it solves the elliptic equation:

Ap = —tr(Vu)? (21)

on the whole space RN .
We now recall a solution formula for linear elliptic equations

11



Lemma 3 Solution of the Poisson equation
Let f be a smooth function in RY, vanishing sufficiently rapidly as
|x| — oo. Then the solution to the Poisson equation

{Az:f,

Vz—0, aslz|—0,
s given by
“Aa) = Novx f(@) = [ Navta =)o) do

where the fundamental solution N is the Newton potential

L ; —
N (z) = { 5= In ||, if N =2,

|2—N’ ZfN > 3 (22)

@ Nyox 1*
and on denotes the surface area of a unit sphere in R,
Observation 2 Ny is the solution in RN of

AN =6
where &g is the Dirac mass concentrated at the origin.

By applying this Lemma we can solve the equation (21)

p(t,z) = o N (z —y) tr(Vu(t,y))? dy.
The gradient of p takes the form:

Vp(t,z) = VNy *tr(Vu)? (z) = Cy / " tr(Vu(t,y))? dy,

RN ’95 - y’N

for a suitable constant C'y. Using this result we can eliminate the pressure from the explicit
formulation of Navier-Stokes equation and we obtain a system of closed evolution equations for
u. This is the Leray’s formulation of Navier-Stokes equation

r—y

e r— tr(Vu(t,y))* dy. (23)

Diu(t,x) = vAu — Cy /
R

Observation 3 The Navier-Stokes equation can be written:
u = lg(u-V)u + vAu,
where Ilg is the perpendicular projection operator on the space E.

To prove this claim, we have to show that, for any scalar function p vanishing sufficiently
fast as |z] — oo, the gradient Vp is orthogonal to all functions v € E.

Lemma 4 Let w be a smooth, divergence-free vector field in RYN and let ¢ be a smooth scalar

function such that
w(z)|lg(x)| = o(|x|"™™) s x| — oo.

Then w and Vq are orthogonal in L?:

/ w-Vqgdr = 0.
RN

12



Proof A direct computation yields

/ div (wq)dz = lim (wq) -ndA =0
|z[<R R0 Jig|=R

8 Vorticity-stream formulation of the Navier-Stokes equations

Taking the curl of both sides of Navies-Stokes equation we obtain the vorticity evolution equa-
tion, in which the pressure does not appear. This provides an alternative way to close our
system. In this case, the key step is to recover u from w = curl u).

8.1 The 2-dimensional case

If the flow lies on a plane, the velocity field has components v = (u!, u2, 0) and the vorticity
field is w = (0, 0, u2, — u},). We can denote them respectively as

u' 2 1
u= 2 and W= Uy, — Uy,
In this case the evolution of the vorticity is reduced to a scalar equation
Ow + (u-Vw = vAw.
To recover the velocity u from the scalar function w, we first recall that the system of PDE’s

{ 1/11‘1 - a(xla‘%?)v
Yy = b(1,22),

has a solution if and only if az, = by,. Since divu = u}, + u2, = 0, there exist a function v,
called stream function , which solves

{ 1/11‘1 = ’11,2(1'1,1'2),

Ve, = —ul(z1,32).

We then have

= () 2w en
w = curlu = curl (V1) = A (25)

Let w : R? — R be a given vorticity function. We can determine 1 by solving the Poisson
equation (25) as in lemma 3

wit.) = Noswe) = 3= [ In(la = yl)et.o) dy.
We then obtain u from (24),
u(t,z) = Ky *xw(r) = . Ka(z — y)w(y) dy. (26)

13



Here the kernel Ky is the fundamental solution of the equation
curl z = 4y,

its explicit form is

B 1 —Z9
Ka(z) = 27 |x|? ( x1 > ’

Notice that the singularity at the origin has size

1
|Ka(z)| = o]

The formula (26) is called Biot-Savart equation since it takes the same form of the Biot-Savart
law for the magnetic field. Observe that also in this second reformulation of the Navier-Stokes
Equation the pressure can be obtained from the the Poisson equation

Ap = —tr(Vu)?

8.2 The 3-dimensional case

Since in the 3-dimensional case the term w - Vu in the vorticity equation is non zero, we have
to recover both u and Vu from vorticity.

Lemma 5 Let w : R3 — R3 be a smooth vector field with a sufficiently fast decay as |z| — oco.
The overdetermined elliptic system

curlu = w
. ’ 2
{ divu = 0, (27)
admits a solution if and only if divw = 0.
In the positive case, the solution is constructed by means of the equation
u = —curl. (28)
where the stream function ¢ solves the Poisson equation
AY = w. (29)

Observation 4 We solve the equation (29) using lemma 3

$(@) = Ny rw(z) = / o

B 2 R3 \x—y!

and then the explicit solution to (28) is provided by the Biot-Savart formula

u(r) = Kzxw = . Ks(x — y)w(y) dy,

where the kernel K3 is defined by the relation

Ks(z) -h = — = h e R3.



Proof
Necessity: If w = curlu then divw = div (curlu) = 0.
Sufficiency: Assume that divw = 0. Consider the vector identity

Ay = V(divy) — curl (curle). (30)

Take the inner product with V(div) we obtain

/V(div V) - Apdr = /V(div Y) - V(divey)dx — /V(div ) - curl (curl ¢) dz .

The first and the third integral terms vanish because divergence-free fields are orthogonal to
gradient fields, as shown in lemma 4. Therefore

/ |V(divy)|2dz = 0.
]RN

This proves that 1 is divergence-free and
w = Ay = —curl(curle).

Setting
u = —curly

we obtain w = curlu and of course divu = div (—curly) = 0. O

9 Particle trajectory formulation of the Euler equation

In this section we show that the Euler equations can be reformulated as a family of integro-
differential equation for the particle trajectories. Given a smooth velocity field u, the particle
trajectory mapping X satisfies the following Cauchy problem, for each value of the Lagrangian

variable o € RN
{ 4X(t0) = ult, X(t,0)).

X(0,0) = a

We would like to recover u from X and VX. We begin by recalling the wvorticity transport
formula
W(t,X(t,Oé)) = VO&X(taa)w(](a)7

and the Biot-Savart law

u(t,z) = x Kn(x —y)w(t,y) dy.

Together, these equations yield

u(t, X(t,0)) = %X(t,a) = [ n(X o) = gult. ) dy.

Consider the change of integration variable given by

y = X(t,a'), for a suitable Lagrangian variable o,

15



Then
u(t, X(t,a)) = /]RN Kn(X(t,a) — X (¢, ))w(t, X(t,a)) do’

— [ Kn(X(ta)
RN

The explicit form of this integral depends on N, we will consider the two cases separately.

— X(t,d"))VaX(t, o )wo(a)) de’.

The 3-dimensional case
In the 3-dimensional case the kernel K3 is defined by the relation
1 zAh

:ZW for z, h € R3.
0

Ks(z)-h
Then the integral form of u(t, X (¢, «))

u(t, X(t,a)) = K3(X(t,a) — X(t,a')) Vo X (t, " )wo(a) do’

RS

is a singular integral operator in a neighborhood of the origin.

The 2-dimensional case
In this case the situation is simpler because vorticity is constant along particle trajectories

w(t, X (t,a)) = wo(a).

In fact if the flow lies on the plane R?, then the velocity field is u = (u!,u?,0)!, the vorticity is
w = (0,0, uil - uglm)t, and we get:

aX;  dxy
doip doo 0 0
VoX(ta)w = % % 0 0 = 0
w3 w3
0 0 1

Then the integral form of u(t, X (¢,)) becomes:

u(t, X (1)) = /R Ka(X(t,0) — X(t,0")uo(o) dol

10 Energy estimates

Taking the scalar product of the Navier-Stokes equation with u and integrating by parts we
obtain:

d |u|? ik B . 2
p RNde + /]RNdIV(TU) de = — /RNdlv(pu)da; — V/]RN |Vu|® de.

If we assume, as in the previous sections, that u decays sufficiently fast as |x| — oo, then the
two integrals containing the divergence operator are zero because of Stokes theorem. We obtain
an equality between the time derivative of the kinetic energy of the fluid and a negative term
depending on the viscosity coefficient

d [ |ul®

2 dr =
dt RN 2 o

—1// |Vu|?dz < 0.
RN
This equation provides an a priori bound of the .2 norm of the velocity.

16



11 Uniqueness of solutions

Let v1 and v3 be two smooth solutions of the same Navier-Stokes equation, vanishing sufficiently
fast as |z| — 0o, and so, in particular, both in IL2. If p; and po are the associate pressures we

define
v = V1 — V2,

P = p1—D2.
These two functions v, p satisfy the evolution equation

vy + (Ul'V)f} + (’D'V)UQ = —Vp = vAUD.

Let’s note that the linear terms involve only ¥ and p.
Taking the inner product of this equations with ¢ we obtain:

/z7~f1td:n+ / 0 (v -V)ode +/ 0 (0-V)vadr =
RN RN RN

~~

(*)

— /6-Vﬁdw —1// - AU dx
RN RN

(x%)

We observe that (x) and (x*) are equal to zero: (%) is the scalar product in L2 of a divergence
free vector field and the gradient of a scalar function, while integrating (x) by parts we get

N |1~}i|2 N ) |1~}i
(%) :ZZ:;/RN’ul-V(T>dx: ZZ:;/RNle (1)1- 5

because of the fast decay of vy as |z| — oo.
Integrating by parts the other terms the equation (31) becomes:

d 5% . 12
— —dr = — V- (0-V)vadr —v |Vo|“dx .
dt RN 2 RN RN

~~

<0

| 2

)dsz

Then the following estimate holds:

d

—lllE2 < o121 Vsl ee.

Comparison with an ODE
The function defined as

(T) = exp (/OT 2V ua(t) |12 dt) =(0)
solves the ODE with initial data:
{ (t) = 2[[ Vs L~z(t),
2(0) = [19(0)]I72,
and for any instant T > 0 there holds:
I9(T)I[E> < #(T).

So if the solutions v and wvs coicide at ¢ = 0, then they coincide for all ¢ > 0.
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