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Part I

Solve problems 1–10 below; they count for 4% each. Your answers must be written on this sheet of
paper. No aids are allowed on this part of the test. When you have turned in this part, you may use
books and notes to solve the problems on Part II. For full credit, you must show complete, correct,
legible work. Read carefully before you start working.

1. Mark with a X each of the following sentences that is a statement.

(a) Let x > y be integers.

(b) Every real number is irrational.

(c) Zero is the only integer that is both odd and even.

2. Let A = {a, b, c}. Give a partition of A of cardinality 2.

3. Let p and q be statements. What is the negation of the implication p =⇒ q?

4. Negate the statement

All prime numbers are even.

5. State the contrapositive of the statement

Let A,B,C, be subsets of a set U . If A or B is a subset of C, then A ∩B is a subset of C.



6. Give counter examples to prove that the following statements are false:

(a) Let n ∈ N. If 4|n3 then 4|n.

(b) The relation R on Q defined by xRy ⇐⇒ xy < 0 is an equivalence relation.

7. Mark with a X each statement that is proved by the following argument.

Let A be a non-empty set and B a proper subset of A. Since A is non-empty, there
is at least one element of A that is not an element of B.

(a) If B is a proper subset of A, then one has |B| < |A|.
(b) If B is a proper subset of A, then the set A−B is non-empty.

(c) None of the above.

8. Mark with a X each statement that is proved by the following argument.

Let A 6= ∅ be a set and R1 and R2 be equivalence relations on A. If the relation
R1∩R2 is reflexive, then (a, a) belongs to both R1 and R2 for every a ∈ A. Therefore,
both R1 and R2 are reflexive.

(a) If R1 and R2 are relations on a nonempty set A and the relation R1 ∩ R2 is reflexive,
then both R1 and R2 are reflexive.

(b) If R1 and R2 are relations on a nonempty set A and the relation R1 ∩ R2 is reflexive,
then either R1 or R2 is reflexive.

(c) None of the above.

9. Mark with a X each statement that is proved by the following argument.

Let l,m, n be integers with l3 = m3 +n3. Multiplication by 8 yields 8l3 = 8m3 +8n3

and hence (2l)3 = (2m)3 + (2n)3.

(a) There are infinitely many triples (x, y, z) of integers with x3 = y3 + z3.

(b) If there exists a triple (x, y, z) of integers with x3 = y3 +z3 then there are infinitely many
such triples.

(c) None of the above.

10. Conjecture a formula for an for n ≥ 1 given

a1 = 0, a2 = 1, a3 = 2, a4 = 5, a5 = 26 .



Part II

Solve five (5) of the problems 11–16; they count for 12% each. Your solutions to these problems
must be written in a blue book. Turn in your solutions to five problems only!

Books, notes, and old homework are allowed aids on this part of the test. Calculators are also
allowed, but phones, PDAs, Apple watches etc. are not.

11. Use mathematical induction to prove the following result,

For every n ∈ N the number 17n − 12n is divisible by 5.

12. Prove or disprove that the relation R on Q defined by

xRy ⇐⇒ 2(y − x) ∈ Z

is an equivalence relation.

13. Consider the statement

∀n ∈ N, n is odd =⇒ 3n + 5 is even.

Give a

(a) direct proof,

(b) proof by contrapositive,

(c) proof by contradiction.

14. Consider the sequence of integers given by a1 = 1, a2 = 1, and an = an−1 + an−2 + 4− n for
n ≥ 3. Use strong mathematical induction to prove that an ≥ n holds for all n ∈ N.

15. Prove that
{(x, y) ∈ R× R | cosx = cos y}

is an equivalence relation of R and describe the equivalence classes.

16. Let A,A′, B, and B′ be nonempty subsets of a set U . Prove or disprove the following statement,

A′ ×B′ ⊆ A×B if and only if A′ ⊆ A and B′ ⊆ B.


