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Instructions: Solve five of the problems 1–6 and five of the problems A–F. If you solve more than
five problems from either series, then you must clearly mark which ones you want graded.

The problems 1–6 are worth 10 points each, and your solutions can be written on this piece of
paper. The problems A–F count for 15 points each, and your solutions must be written in a blue
book. For full credit, you must show complete, correct, legible work. Read carefully before you
start working. No books or notes are allowed. Calculators are allowed, phones and PDAs are not.

1. For each of the following relations on the set {1, 2, 3, 4}, indicate if it is reflexive (R), symmetric
(S), or transitive (T).

(a) {(1, 1), (2, 2), (3, 3), (4, 4)}.
(b) {(1, 1), (3, 3), (3, 4), (4, 3), (4, 4)}.
(c) {(1, 2), (2, 1), (2, 3), (1, 3), (3, 1), (3, 2)}.
(d) {(1, 1), (1, 2), (1, 3), (1, 4), (2, 2), (2, 3), (2, 4), (3, 3), (3, 4), (4, 4)}.
(e) {(1, 1), (1, 2), (1, 4), (2, 1), (2, 2), (2, 3), (3, 2), (3, 3), (4, 1), (4, 4)}.

2. Give a counterexample to each of the following statements.

(a) ∀n ∈ N,
√
n ∈ Q.

(b) ∀n ∈ N, n2 > 2n.

(c) ∀x ∈ [0, 2π), cosx < cos 2x.

(d) Let n ∈ Z. If 3|(n2 − 1), then 3|(n− 1).

(e) ∀n ∈ N, n2 + n+ 5 is prime.

3. For each of the following statements, decide if it is true or false.

(a) [2][2] = [1] in Z5.

(b) [3][3] = [3] in Z6.

(c) [2][4] = [1] in Z7.

(d) [2]([4] + [3]) = [0] in Z7.

(e) [1] = [−1] in Z2.

(f) ([2] + [4])([2]− [4]) = [−1] in Z13.

(g) [1] + [3] + [5] = [1] in Z8.

(h) [2][4][5] = [1] in Z9.

(i) [2] + [2] = [−2] in Z3.

(j) [9] + [3] = [0] in Z6.



4. Of the relations R on Z below, mark those that are equivalence relations.

(a) xR y if |x| = |y|.
(b) xR y if x ≥ y.

(c) xR y if 5|(x− y).

(d) xR y if x ≤ 2y.

(e) xR y if x|y.

5. Consider the following induction argument.

In any subset of Z with only one element, all elements trivially have the same parity.
Now, let k ≥ 1 and assume that all numbers in a subset of Z with cardinality k
have the same parity. Let B be a subset of Z with |B| = k + 1. Write B =
{b1, . . . , bk, bk+1}. The subsets B′ = B − {b1} and B′′ = B − {bk+1} both have
cardinality k, so in either set all elements have the same parity. Further, as B′ and
B′′ have elements in common, the elements in B′ and B′′ have the same parity.

It proves (mark all that apply):

(a) In a finite subset of Z all elements have the same parity.

(b) In a non-empty finite subset of Z all elements have the same parity.

(c) Nothing, the induction base is wrong.

(d) Nothing, the induction hypothesis is wrong.

(e) Nothing, the induction step is wrong.

6. Mark each statement that is proved by the following argument.

Let x and y be positive real numbers. Assume that
√
x+ y =

√
x+
√
y holds, one

then has x+y = (
√
x+
√
y)2 = x+y+2

√
xy, which implies 0 =

√
xy in contradition

of the assumption.

(a) For positive real numbers x and y, one cannot take the square root of x+ y.

(b) There are no positive real numbers x and y with
√
x+ y =

√
x+
√
y.

(c) If x and y are non-negative real numbers with
√
x+ y =

√
x+
√
y, then x or y is 0.

(d) There are no real numbers x and y with
√
x+ y =

√
x+
√
y.

(e) For real numbers x and y one has
√
x+ y ≤

√
x+
√
y.



A. Each of the next statements can be proved by contradition. For each statement, write out
how you would start a proof by contradiction: Assume to the contrary that . . .

(a) Let n ∈ N. If 3 6 | (n2 − 1), then 3|n.1

(b) The sum of two odd intgers cannot be the square of an integer.

(c) There is no rational number that solves the equation x3 + x+ 1.

B. Let S be the set of all closed intervals [a, b] ⊆ R with a ≤ b.

(a) Show that the relation [a, b]R [c, d] if b− a = d− c is an equivalence relation on S.

(b) Describe the equivalence class of [0, 1].

(c) For notational peace of mind, let 〈[a, b]〉 denote the equivalence class of an interval [a, b].
Prove or disprove that addition of equivalence classes 〈[a, b]〉 + 〈[c, d]〉 = 〈[a, b + d − c]〉
is a well-defined.2

C. On Q consider the relation R defined by xR y if x− y ∈ Z.

(a) Show that R is an equivalence relation.

(b) Show that addition of equivalence classes [p] + [q] = [p+ q] is a well-defined.2

(c) Show that multiplication of equivalence classes [p][q] = [pq] is not well-defined.

D. Recall that the Fibonacci numbers are given by F1 = 1 = F2 and Fn = Fn−1 +Fn−2 for n ≥ 3.
The number s = 1

2
(1 +

√
5) is a solution to the equation x2− x− 1 = 0. Use this information

to show that Fn ≤ sn−1 holds for all n ∈ N.

E. Prove that for all n ∈ N one has

n∑
i=1

= (−1)n
n(n+ 1)

2
.

F. Prove the following result:

For all natural numbers n ≥ 2 one has n2 < n3.

1Remeber that the symbol a|b means ’a divides b’, and a 6 | b means ’a does not divide b’.
2Remember that an operation on equivalence classes is well-defined when it is independent of the chosen repre-

sentatives.


