
Chapter 3
Categorical Constructions

The goal of this chapter is to establish that the category C(R) has set indexed prod-
ucts and coproducts. As C(R) is Abelian, it will then follow from general principles
that it has all small limits and colimits, but we restrict our treatment to (co)limits
over preordered sets.

3.1 Products and Coproducts

SYNOPSIS. Coproduct; product.

3.1.1 Construction. Let {Mu}u∈U be a family of R-complexes. Consider the graded
R-module whose module in degree v is the coproduct

∐
u∈U Mu

v in M(R). It is sim-
ple to verify that this graded module endowed with the differential with degree v
component

∐
u∈U ∂

Mu
v is a complex; it is denoted

∐
u∈U Mu.

Notice that the embedding

(3.1.1.1) ιu : Mu �
∐

u∈U
Mu

is a morphism of R-complexes for every u ∈ U. An element in
∐

u∈U Mu has the
form (mu)u∈U = ∑u∈U ι

u(mu), where mu = 0 in Mu for all but finitely many u ∈ U.

3.1.2 Lemma. Given an R-complex N and a family {αu : Mu→ N}u∈U of mor-
phisms in C(R), the assignment

(mu)u∈U 7−→ ∑
u∈U

αu(mu)

defines a morphism α :
∐

u∈U Mu→ N with the property that αu = αιu holds for all
u ∈ U; here ιu is the embedding (3.1.1.1). Moreover, α is unique with this property.

PROOF. The assignment defines a morphism of graded R-modules with αu = αιu

for all u∈U, and it is straightforward to verify that it is a morphism of R-complexes.
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66 3 Categorical Constructions

For any morphism α′ :
∐

u∈U Mu→ N in C(R) with αu = α′ιu for all u ∈U, one has
α′(∑u∈U ι

u(mu)) = ∑u∈U α
′ιu(mu) = ∑u∈U α

u(mu) = α(∑u∈U ι
u(mu)).

In terms of the diagram ∐
u∈U Mu

α

##

Mu

ιu

OO

αu
// N

the lemma sums up as: given the solid morphisms, there is a unique dotted morphism
that makes the diagram commutative; it is called the universal morphism for the
solid morphisms.

The lemma verifies the requirements of a categorial coproduct in C(R).

3.1.3 Definition. Let {Mu}u∈U be a family of R-complexes. The complex
∐

u∈U Mu

together with the family of canonical embeddings {ιu}u∈U , constructed in 3.1.1, is
called the coproduct of {Mu}u∈U in C(R).

REMARK. Another name for the coproduct defined above is direct sum; we reserve that term for
the (iterated) biproduct; see 3.1.21.

3.1.4 Definition. Let {αu : Mu→ Nu}u∈U be a family of morphisms in C(R). The
morphism of R-complexes∐

u∈U

αu :
∐
u∈U

Mu −→
∐
u∈U

Nu given by (mu)u∈U 7−→ (αu(mu))u∈U

is called the coproduct of {αu : Mu→ Nu}u∈U in C(R).

3.1.5. It is straightforward to verify that for a family {αu : Mu→ Nu}u∈U of mor-
phisms in C(R), the unique morphism α that makes the diagram∐

u∈U Mu α
//
∐

u∈U Nu

Mu αu
//

OO

OO

Nu
OO

OO

commutative for every u ∈ U is α=
∐

u∈U α
u.

One readily sees that the coproduct is exact.

3.1.6. Let {αu : Mu→ Nu}u∈U and {βu : Nu→ Xu}u∈U be families of morphisms
in C(R). The sequence∐

u∈U

Mu
∐

u∈U α
u

−−−−−→
∐
u∈U

Nu
∐

u∈U β
u

−−−−−→
∐
u∈U

Xu

is exact if and only if the sequence Mu αu
−→ Nu βu

−→ Xu is exact for every u ∈ U.
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3.1 Products and Coproducts 67

3.1.7. For an integer s and a family {Mu}u∈U of R-complexes there is an equality
Σ

s∐
u∈U Mu =

∐
u∈U Σ

s Mu. Moreover, if {αu : Mu→ Nu}u∈U is a family of mor-
phisms in C(R), then one has Σ

s∐
u∈U α

u =
∐

u∈U Σ
sαu.

3.1.8. Let {Mu}u∈U be a family of R-complexes. Note that the differential ∂
∐

u∈U Mu
,

considered as a morphism
∐

u∈U Mu→ Σ
∐

u∈U Mu, is the coproduct of the family
of morphisms {∂Mu

: Mu→ Σ Mu}u∈U . Hence, there are equalities

(3.1.8.1) Z(
∐

u∈U
Mu) =

∐
u∈U

Z(Mu) and B(
∐

u∈U
Mu) =

∐
u∈U

B(Mu)

of subcomplexes of
∐

u∈U Mu; cf. 3.1.6.

Homology, as a functor H: C(R)→ C(R), preserves coproducts.

SETUP FOR 3.1.9. Let {Mu}u∈U be a family of R-complexes. For every u ∈ U the
embedding (3.1.1.1) induces a morphism H(ιu) : H(Mu)→ H(

∐
u∈U Mu), so there

is a canonical morphism of R-complexes,

(3.1.9.1)
∐
u∈U

H(Mu)−→ H
(∐

u∈U

Mu) ,
given by (hu)u∈U 7→ ∑u∈U H(ιu)(hu); cf. 3.1.2.

3.1.9 Proposition. The canonical map (3.1.9.1) is an isomorphism.

PROOF. A homology class in H(
∐

u∈U Mu) has by (3.1.8.1) the form

[(zu)u∈U ] = [∑
u∈U

ιu(zu)] = ∑
u∈U

[ιu(zu)] = ∑
u∈U

H(ιu)([zu]),

for cycles zu ∈ Z(Mu). Thus, the assignment [(zu)u∈U ] 7→ ([zu])u∈U defines an in-
verse to the canonical morphism (3.1.9.1).

The tensor product, as a functor from C(R) to C(k), preserves coproducts.

SETUP FOR 3.1.10. Let {Mu}u∈U be a family of Ro-complexes and let N be an
R-complex. For every u ∈ U the canonical embedding (3.1.1.1) induces a mor-
phism ιu⊗R N : Mu⊗R N→ (

∐
u∈U Mu)⊗R N, so there is a canonical morphism of

k-complexes

(3.1.10.1)
∐
u∈U

(Mu⊗R N)−→
(∐

u∈U

Mu)⊗R N

given by (tu)u∈U 7→ ∑u∈U(ι
u⊗R N)(tu); cf. 3.1.2.

3.1.10 Proposition. The canonical map (3.1.10.1) is an isomorphism.
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68 3 Categorical Constructions

PROOF. In an element (tu)u∈U each tu is a finite sum ∑iu(m
u
(iu)
⊗R n(iu)). An ele-

ment in
(∐

u∈U Mu
)
⊗R N is a finite sum ∑i (∑u∈U mu

(i))⊗R n(i). Therefore, the as-
signment

∑i (∑u∈U mu
(i))⊗R n(i) 7−→ (∑i(mu

(i)⊗R n(i)))u∈U

defines an inverse to the morphism (3.1.10.1).

SETUP FOR 3.1.11. Let M be an Ro-complex and let {Nu}u∈U be a family of R-
complexes. Similarly to (3.1.10.1) there is a canonical morphism of k-complexes

(3.1.11.1)
∐
u∈U

(M⊗R Nu)−→ M⊗R
∐
u∈U

Nu

given by (tu)u∈U 7→ ∑u∈U(M⊗R ι
u)(tu).

3.1.11 Proposition. The canonical map (3.1.11.1) is an isomorphism.

PROOF. Follows from 3.1.10 and commutativity 4.1.2.

PRODUCTS

3.1.12 Construction. Let {Nu}u∈U be a family of R-complexes. Consider the
graded R-module whose module in degree v is the product ∏u∈U Nu

v in M(R). It
is elementary to verify that this graded module endowed with the differential whose
degree v component is ∏u∈U ∂

Nu
v is a complex; it is denoted ∏u∈U Nu.

Notice that for every u ∈ U the canonical projection

(3.1.12.1) πu : ∏
u∈U

Nu→ Nu

is a morphism of R-complexes. An element n∈∏u∈U Nu has the form n=(nu)u∈U =
(πu(n))u∈U , where nu = πu(n) belongs to Nu.

3.1.13 Lemma. Given an R-complex M and a family {βu : M→ Nu}u∈U of mor-
phisms in C(R), the assignment

m 7−→ (βu(m))u∈U

defines a morphism β : M→∏u∈U Nu such that βu = πuβ holds for all u ∈ U; here
πu is the canonical projection (3.1.12.1). Moreover, β is unique with this property.

PROOF. The assignment defines a morphism of graded R-modules with βu = πuβ
for all u∈U, and it is straightforward to verify that it is a morphism of R-complexes.
For any morphism β′ : M→∏u∈U Nu in C(R) with βu = πuβ′ for all u ∈ U, one has
β′(m) = (πuβ′(m))u∈U = (βu(m))u∈U = β(m).
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3.1 Products and Coproducts 69

In terms of the diagram

∏u∈U Nu

πu

��

M

β
;;

βu
// Nu

the lemma sums up as: given the solid morphisms, there is a unique dotted morphism
that makes the diagram commutative; it is called the universal morphism for the
solid morphisms.

The lemma verifies the requirements of a categorial product in C(R); hence:

3.1.14 Definition. For a family of R-complexes {Nu}u∈U , the complex ∏u∈U Nu

together with the family of canonical projections {πu}u∈U , constructed in 3.1.12, is
called the product of {Nu}u∈U in C(R).

REMARK. The product defined above is sometimes called the direct product.

3.1.15 Definition. Let {βu : Nu→ Mu}u∈U be a family of morphisms in C(R). The
morphism of R-complexes

∏
u∈U

βu : ∏
u∈U

Nu −→ ∏
u∈U

Mu given by (nu)u∈U 7−→ (βu(nu))u∈U

is called the product of {βu : Nu→ Mu}u∈U in C(R).

The product is exact.

3.1.16. Let {αu : Xu→ Nu}u∈U and {βu : Nu→ Mu}u∈U be families of morphisms
in C(R). The sequence

∏
u∈U

Xu ∏u∈U α
u

−−−−−→ ∏
u∈U

Nu ∏u∈U β
u

−−−−→ ∏
u∈U

Mu

in C(R) is exact if and only if each sequence Xu αu
−→ Nu βu

−→ Mu is exact.

3.1.17. Let {Nu}u∈U be a family of R-complexes. The differential ∂∏u∈U Nu
is the

product of the family of morphisms {∂Nu
: Nu→ Σ Nu}u∈U , and it is immediate

from 3.1.16 that there are equalities

(3.1.17.1) Z( ∏
u∈U

Nu) = ∏
u∈U

Z(Nu) and B( ∏
u∈U

Nu) = ∏
u∈U

B(Nu)

of subcomplexes of ∏u∈U Nu.

Homology, as a functor H: C(R)→ C(R), commutes with products.

SETUP FOR 3.1.18. Let {Nu}u∈U be a family of R-complexes. For every u ∈U the
canonical projection (3.1.12.1) induces a morphism H(πu) : H(∏u∈U Nu)→ H(Nu),
so there is a canonical morphism of R-complexes
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70 3 Categorical Constructions

(3.1.18.1) H
(
∏
u∈U

Nu)−→ ∏
u∈U

H(Nu) ,

given by h 7→ (H(πu)(h))u∈U ; cf. 3.1.13.

3.1.18 Proposition. The canonical map (3.1.18.1) is an isomorphism.

PROOF. An element h ∈ H(∏u∈U Nu) is by 3.1.17 a class [(zu)u∈U ], where each
zu belongs to Z(Nu), and it gets mapped to ([zu])u∈U . The assignment ([zu])u∈U 7→
[(zu)u∈U ], therefore, defines an inverse to (3.1.18.1).

The functor HomR(M,–), from C(R) to C(k), preserves products.

SETUP FOR 3.1.19. Let M be an R-complex and let {Nu}u∈U be a family of R-
complexes. The canonical projection (3.1.12.1) induces for every u ∈ U a mor-
phism of k-complexes HomR(M,πu) : HomR(M,∏u∈U Nu)→ HomR(M,Nu). It fol-
lows that there is a canonical morphism in C(k),

(3.1.19.1) HomR(M,∏
u∈U

Nu)−→ ∏
u∈U

HomR(M,Nu),

given by ϑ 7→ (HomR(M,πu)(ϑ))u∈U = (πuϑ)u∈U ; cf. 3.1.13.

3.1.19 Proposition. The canonical map (3.1.19.1) is an isomorphism.

PROOF. Assign to an element (ϑu)u∈U in ∏u∈U HomR(M,Nu) the homomorphism
ϑ in HomR(M,∏u∈U Nu) that maps an element m ∈ M to (ϑu(m))u∈U in ∏u∈U Nu.
This assignment defines an inverse to (3.1.19.1).

REMARK. The category C(R)op has products because C(R) has coproducts.

The functor HomR(–,N), from C(R)op to C(k), preserves products.

SETUP FOR 3.1.20. Let N be an R-complex and let {Mu}u∈U be a family of R-
complexes. The canonical embedding (3.1.1.1) induces for every u ∈ U a mor-
phism of k-complexes HomR(ι

u,N) : HomR(
∐

u∈U Mu,N)→ HomR(Mu,N). It fol-
lows that there is a canonical morphism in C(k),

(3.1.20.1) HomR(
∐
u∈U

Mu,N)−→ ∏
u∈U

HomR(Mu,N),

given by ϑ 7→ (HomR(ι
u,N)(ϑ))u∈U = (ϑιu)u∈U ; cf. 3.1.13.

3.1.20 Proposition. The canonical map (3.1.20.1) is an isomorphism.

PROOF. Assign to an element (ϑu)u∈U in ∏u∈U HomR(Mu,N) the homomorphism
in HomR(

∐
u∈U Mu,N) that maps an element ∑u∈U ι

u(mu) to ∑u∈U ϑ
u(mu). This

assignment defines an inverse to (3.1.20.1).
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3.1 Products and Coproducts 71

BOUNDEDNESS AND FINITENESS

3.1.21. For every family {Mu}u∈U of R-complexes, the coproduct
∐

u∈U Mu is a
subcomplex of the product ∏u∈U Mu. If U is a finite set, then the product and co-
product coincide; per 1.1.8 we use the biproduct notation

⊕
u∈U Mu for this com-

plex, and we call it the direct sum of {Mu}u∈U in C(R).

If M\ is finitely presented, then the functor M⊗R – preserves products.

SETUP FOR 3.1.22. Let M be an Ro-complex and let {Nu}u∈U be a family of
R-complexes. For every u ∈ U the canonical projection (3.1.12.1) induces a mor-
phism of k-complexes M⊗R π

u : M⊗R ∏u∈U Nu→ M⊗R Nu. It follows that there
is a canonical morphism in C(k),

(3.1.22.1) M⊗R ∏
u∈U

Nu −→ ∏
u∈U

(M⊗R Nu) ,

given by t 7→ ((M⊗R π
u)(t))u∈U ; cf. 3.1.13.

3.1.22 Proposition. If M is a bounded complex of finitely presented Ro-modules,
then the canonical map (3.1.22.1) is an isomorphism.

PROOF. Assume that M is a bounded complex of finitely presented Ro-modules. It
follows that the graded module M\ has a presentation L1 → L0 → M → 0, where
L0 and L1 are finitely generated graded free Ro-modules. Consider the commutative
diagram whose upper row is obtained by application of the functor –⊗R ∏u∈U Nu to
the presentation of M\,

L1⊗R ∏u∈U Nu //

κL1

��

L0⊗R ∏u∈U Nu //

κL0

��

M⊗R ∏u∈U Nu //

κM

��

0

∏u∈U(L1⊗R Nu) // ∏u∈U(L0⊗R Nu) // ∏u∈U(M⊗R Nu) // 0 .

The rows are exact; the vertical morphism κM is the canonical morphism (3.1.22.1),
and the morphisms κL0 and κL1 are defined by l⊗(nu)u∈U 7→ (l⊗nu)u∈U . For every
v, the module (L1⊗R ∏u∈U Nu)v is a direct sum,

sup L1⊕
i=inf L1

L1
i ⊗R ( ∏

u∈U
Nu)v−i ∼= ∏

u∈U
(
⊕

i
L1

i ⊗R Nu
v−i)
∼= ∏

u∈U
(L1⊗R Nu)v ,

and this composite isomorphism is κL1
in degree v. Similarly, κL0

is an isomor-
phism, so it follows from the Five Lemma 2.1.27 that κM is an isomorphism.

If N\ is finitely presented, then the functor –⊗R N preserves products.

SETUP FOR 3.1.23. Let {Mu}u∈U be a family of Ro-complexes and let N be an
R-complex. Similar to (3.1.22.1) there is a canonical morphism in C(k),
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72 3 Categorical Constructions

(3.1.23.1)
(
∏
u∈U

Mu)⊗R N −→ ∏
u∈U

(Mu⊗R N) ,

given by t 7→ ((πu⊗R N)(t))u∈U .

3.1.23 Proposition. If N is a bounded complex of finitely presented R-modules,
then the canonical map (3.1.23.1) is an isomorphism.

PROOF. Follows from 3.1.22 and commutativity 4.1.2.

If M\ is finitely generated, then the functor HomR(M,–) preserves coproducts.

SETUP FOR 3.1.24. Let M be an R-complex and let {Nu}u∈U be a family of R-
complexes. The canonical embedding (3.1.1.1) induces for every u ∈ U a mor-
phism of k-complexes HomR(M, ιu) : HomR(M,Nu)→ HomR(M,

∐
u∈U Nu). It fol-

lows that there is a canonical morphism in C(k),

(3.1.24.1)
∐
u∈U

HomR(M,Nu)−→ HomR(M,
∐
u∈U

Nu) ,

given by (ϑu)u∈U 7→ ∑u∈U HomR(M, ιu)(ϑu) = ∑u∈U ι
uϑu; cf. 3.1.2.

3.1.24 Proposition. If M is a bounded complex of finitely generated R-modules,
then the canonical map (3.1.24.1) is an isomorphism.

PROOF. Let M be a bounded complex of finitely generated R-modules. The graded
module M\ is then finitely generated, so a homomorphism ϑ : M→

∐
u∈U Nu factors

through a subcomplex
⊕

u∈U ′ N
u, where U ′ is a finite subset of U. For u∈U ′ denote

by πu :
⊕

u∈U ′ N
u→ Nu the canonical projection. Assign to a homomorphism ϑ in

HomR(M,
∐

u∈U Nu) the element (ϑu)u∈U in
∐

u∈U HomR(M,Nu) with ϑu = πuϑ for
u ∈ U ′ and ϑu = 0 for u /∈ U ′. This defines an inverse to (3.1.24.1).

EXERCISES

E 3.1.1 Let U be a set. Show that U-indexed families of R-complexes form an Abelian category,
and that the product and coproduct are exact functors from this category to C(R).

E 3.1.2 Let {Mu}u∈U be a family of R-complexes; show that one has

sup
(∐

u∈U Mu
)
= sup

u∈U
{sup Mu}= sup

(
∏
u∈U

Mu)
inf
(∐

u∈U Mu
)
= inf

u∈U
{inf Mu} = inf

(
∏
u∈U

Mu)

3.2 Colimits

SYNOPSIS. Colimit; pushout; filtered colimit; telescope.
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3.2 Colimits 73

3.2.1 Definition. Let (U,6) be a preordered set. A U-direct system in C(R) is a
family {µvu : Mu→ Mv}u6v of morphisms in C(R) with the following properties

(1) µuu = 1Mu
for all u ∈ U;

(2) µwvµvu = µwu for all u6 v6 w in U.

Mention of a U-direct system {µvu : Mu→ Mv}u6v includes the tacit assumption
that (U,6) is a preordered set. A Z-direct system is simply called a direct system.

3.2.2 Construction. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R). The
quotient of the coproduct

∐
u∈U Mu by the subcomplex generated by the set of ele-

ments {ιu(mu)− ιvµvu(mu) | mu ∈ Mu, u6 v} can be described as the cokernel of a
morphism between coproducts in C(R).

Set ∇(U) = {(u,v) ∈ U×U | u 6 v} and set M(u,v) = Mu for all (u,v) ∈ ∇(U).
The assignment

(m(u,v))(u,v)∈∇(U) 7−→ ∑
(u,v)∈∇(U)

(ιu(m(u,v))− ιvµvu(m(u,v))) ,

where ι is the canonical embedding (3.1.1.1), defines a morphism of R-complexes

∆µ :
∐

(u,v)∈∇(U)

M(u,v) −→
∐
u∈U

Mu ;

the cokernel of ∆µ is denoted colimu∈U Mu.
Notice that for every u ∈U the composite of ιu from (3.1.1.1) with the canonical

projection onto colimu∈U Mu is a morphism of R-complexes,

(3.2.2.1) µu : Mu→ colim
u∈U

Mu,

and one has µu = µvµvu for all u 6 v. Every element in colimu∈U Mu has the form
∑u∈U µ

u(mu) for some element ∑u∈U ι
u(mu) in

∐
u∈U Mu, and one has

(3.2.2.2) ∂colimu∈U Mu
(∑

u∈U
µu(mu)) = ∑

u∈U
µu(∂Mu

(mu)).

REMARK. Though the complex colimu∈U Mu depends on the morphims µvu : Mu→ Mv, it is stan-
dard to use this symbold that supresses the morphisms.

3.2.3 Lemma. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R). Given an
R-complex N and a family of morphisms {αu : Mu→ N}u∈U with αu = αvµvu for
all u6 v, the assignment

∑
u∈U

µu(mu) 7−→ ∑
u∈U

αu(mu)

defines a morphism α : colimu∈U Mu→ N in C(R) with the property that αu = αµu

holds for every u ∈ U. Moreover, α is unique with this property.
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74 3 Categorical Constructions

PROOF. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R). Let an R-complex
N and a family of morphisms {αu : Mu→ N}u∈U with αu = αvµvu for all u6 v be
given. The identities αu = αvµvu ensure that the morphism

∐
u∈U Mu → N from

3.1.2 factors through colimu∈U to yield a morphism α with the stipulated definition.
It is evident from the definition that α satisfies αu = αµu for all u ∈U. Moreover,

for any morphism α′ : colimu∈U Mu→ N that satisfies αu = α′µu for all u ∈ U, one
has α′(∑u∈U µ

u(mu)) = ∑u∈U α
′µu(mu) = ∑u∈U α

u(mu) = α(∑u∈U µ
u(mu)).

In terms of the diagram

colimu∈U Mu α

$$

N

Mv

µv

bb

αv

>>

Mu

µu

OO

µvu 55
αu

JJ

the lemma sums up as: given the commutative diagram of solid morphisms, there is
a unique dotted morphism that makes the total diagram commutative; it is called the
universal morphism for the solid diagram.

The lemma verifies the requirements of a categorical colimit in C(R); hence:

3.2.4 Definition. For a U-direct system {µvu : Mu→ Mv}u6v in C(R) the complex
colimu∈U Mu together with the canonical morphisms µu, constructed in 3.2.2, is
called the colimit of {µvu : Mu→ Mv}u6v in C(R).

REMARK. Other names for the colimit defined above are direct limit, inductive limit, and injective
limit; other symbols used for this gadget are lim−→ and inj lim.

Every coproduct is a colimit.

3.2.5 Example. Let {Mu}u∈U be a family of R-complexes. Endowed with the dis-
crete order, U is a preordered set, and {µuu = 1Mu}u∈U is a U-direct system with
colimu∈U Mu =

∐
u∈U Mu and µu = ιu for all u ∈ U.

3.2.6 Definition. Let {µvu : Mu→ Mv}u6v and {νvu : Nu→ Nv}u6v be U-direct
systems in C(R). A family of morphisms {αu : Mu→ Nu}u∈U in C(R) that satisfy
νvuαu = αvµvu for all u6 v is called a morphism of U-direct systems.

Given a morphism {αu : Mu→ Nu}u∈U of U-direct systems in C(R), the map

colim
u∈U

αu : colim
u∈U

Mu −→ colim
u∈U

Nu given by ∑
u∈U

µu(mu) 7−→ ∑
u∈U

νuαu(mu)

is a morphism in C(R) called the colimit of {αu : Mu→ Nu}u∈U .

3.2.7 Example. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R). Because
the maps µvu are morphisms in C(R), the family {∂Mu

: Mu→ Σ Mu}u∈U is a mor-
phism of U-direct systems. From definitions one has colimu∈U ∂

Mu
= ∂colimu∈U Mu

.

1-Nov-2011 Draft, not for circulation
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The next statement sum up as: colimits are right exact.

3.2.8 Lemma. Let {αu : Mu→ Nu}u∈U and {βu : Nu→ Xu}u∈U be morphisms of
U-direct systems in C(R). If the sequence Mu → Nu → Xu → 0 is exact for every
u ∈ U, then the sequence

colim
u∈U

Mucolimu∈U α
u

−−→ colim
u∈U

Nucolimu∈U β
u

−−→ colim
u∈U

Xu −→ 0

is exact.

PROOF. Let ∇(U) be as in 3.2.2, and for all (u,v) ∈ ∇(U) set α(u,v) = αu and
β(u,v) = βu . By of 3.1.6 and 3.2.6 there is a commutative diagram with exact columns
and exact upper and middle rows,

∐
∇(U)

M(u,v)
∐
α(u,v)
//

∆

��

∐
∇(U)

N(u,v)
∐
β(u,v)
//

∆

��

∐
∇(U)

X(u,v) //

∆

��

0

∐
u∈U

Mu

��

∐
αu

//
∐

u∈U
Nu

��

∐
βu

//
∐

u∈U
Xu

��

// 0

colim
u∈U

Mu colimαu
// colim

u∈U
Nu colimβu

// colim
u∈U

Xu // 0 ,

,

where the vertical morphisms ∆ are defined in 3.2.2 A simple diagram chase now
shows that the lower row in the diagram is exact.

The tensor product, as a functor from C(R) to C(k), preserves colimits.

SETUP FOR 3.2.9. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(Ro) and let
N be an R-complex. It is straightforward to verify that the induced family

{µvu⊗R N : Mu⊗R N→ Mv⊗R N}u6v

is a U-direct system in C(k). Let ηu : Mu⊗R N→ colimu∈U(Mu⊗R N) be the canon-
ical morphism; cf. (3.2.2.1). The morphisms in the family {µu⊗R N}u∈U satisfy
µu⊗R N = (µv⊗R N)(µvu⊗R N) for all u 6 v, so there is a canonical morphism of
k-complexes

(3.2.9.1) colim
u∈U

(Mu⊗R N)−→ (colim
u∈U

Mu)⊗R N

given by ∑u∈U η
u(tu) 7→ ∑u∈U(µ

u⊗R N)(tu); cf. 3.2.3.

3.2.9 Proposition. The canonical map (3.2.9.1) is an isomorphism in C(k).
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PROOF. There is a commutative diagram in C(k) with exact rows

∐
∇(U)

(M(u,v)⊗R N)
∆µ⊗N

//

∼=
��

∐
u∈U

(Mu⊗R N) //

∼=
��

colim
u∈U

(Mu⊗R N) //

κ

��

0

( ∐
∇(U)

M(u,v))⊗R N
∆µ⊗N

//
( ∐

u∈U
Mu)⊗R N // (colim

u∈U
Mu)⊗R N // 0

where κ is the canonical morphism (3.2.9.1), and the middle and left-most vertical
maps are isomorphisms by 3.1.11. It follows from the Five Lemma 2.1.27 that κ is
an isomorphism.

SETUP FOR 3.2.10. Let M be an Ro-complex and {νvu : Nu→ Nv}u∈U be a U-
direct system in C(R). Similar to (3.2.9.1) there is a morphism of k-complexes,

(3.2.10.1) colim
u∈U

(M⊗R Nu)−→ M⊗R colim
u∈U

Nu ,

given by ∑u∈U η
u(tu) 7→ ∑u∈U(M⊗R ν

u)(tu)

3.2.10 Proposition. The canonical map (3.2.10.1) is an isomorphism in C(k).

PROOF. Follows from 3.2.9 and commutativity 4.1.2.

If M\ is finitely generated, then the functor HomR(M,–) from C(R) to C(k) pre-
serves colimits.

PUSHOUTS

3.2.11 Construction. Let U = {u,v,w} be a set, preordered as follows v > u < w.

Given a diagram M α←− X
β−→ N in C(R), set

Mv = M, Mu = X, Mw = N,

µvv = 1M , µvu = α, µuu = 1X , µwu = β, and µww = 1N .

This defines a U-direct system in C(R). It is straightforward to verify that the colimit
of this system is the cokernel of the morphism (−α,β) : X→ M⊕N.

3.2.12 Definition. For a diagram M α←− X
β−→ N in C(R), the colimit of the U-direct

system constructed in 3.2.11 is called the pushout of (α,β) and denoted MtX N.

REMARK. As for the colimit, the notation for the pushout supresses the morphisms.
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3.2.13. Given morphisms α : X→ M and β : X→ N, the pushouts of (α,β) and
(β,α) are canonically isomorphic via the map induced by the canonical isomor-
phism M⊕N ∼= N⊕M.

SETUP FOR 3.2.14. Given a diagram in M α←− X
β−→ N in C(R), let

α′ : N −→ MtX N and β′ : M −→ MtX N

be the canonical morphisms (3.2.2.1); they are given by n 7→ [(0,n)]Im(−α,β) and
m 7→ [(m,0)]Im(−α,β). There is a commutative diagram with exact rows and columns

(3.2.14.1)

X
β

//

α

��

N //

α′

��

Cokerβ //

ᾱ

��

0

M
β′
//

��

MtX N //

��

Cokerβ′ // 0

Cokerα
β̄
//

��

Cokerα′

��

0 0 ,

where β̄ is the morphism induced by β′, it maps [m]Imα to [β′(m)]Imα′ , and ᾱ is
defined similarly.

3.2.14 Proposition. Let M α←− X
β−→ N be a diagram in C(R). The following asser-

tions hold for the morphisms in (3.2.14.1).

(a) If α is injective, then α′ is injective.
(b) β̄ is an isomorphism, whence α is surjective if and only if α′ is surjective.
(c) If β is injective, then β′ is injective.
(d) ᾱ is an isomorphism, whence β is surjective if and only if β′ is surjective.

Further, given a diagram M
β′′−→ Y α′′←− N in C(R) with β′′α= α′′β, the assignment

[(m,n)]Im(−α,β) = α′(n)+β′(m) 7−→ α′′(n)+β′′(m)

defines a morphism γ : MtX N→ Y with γα′ = α′′ and γβ′ = β′′, and γ is unique
with this property.

In terms of the diagram
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X
β

//

α

��

N

α′

��
α′′

��

M
β′
//

β′′

//

MtX N
γ

##

Y ,

the last assertion in 3.2.14 sums up as: given a commutative diagram of solid mor-
phisms, there is a unique dotted morphism that makes the total diagram commuta-
tive; it is called the universal morphism for the solid diagram.

PROOF. The assertions about γ are immediate from 3.2.3.
By symmetry, see 3.2.13, it is sufficient to prove parts (a) and (b). If n is in Kerα′,

then one has n = β(x) for some x in Kerα; this proves (a). Let m be in M; if β′(m)
is in Imα′, then m is in Imα, so β̄ is injective. For every element α′(n) + β′(m)
in M tX N one has (α′(n) + β′(m)) + Imα′ = β′(m) + Imα′ in Cokerα′, so β̄ is
surjective.

FILTERED COLIMITS

Every complex is a colimit of complexes bounded above.

3.2.15 Example. Let M be an R-complex. The inclusions among subcomplexes
M6u give rise to a direct system {µvu : M6u→ M6v}u6v in C(R). The embeddings
αu : M6u� M satisfy αu = αvµvu for all u 6 v, so there is a canonical morphism
α : colimu∈Z M6u→ M, given by ∑u∈Z µ

u(mu) = ∑u∈Z mu. It is surjective by con-
struction. Let m = ∑u∈Z µ

u(mu) be an element in Kerα and set v = max{u ∈ Z |
mu 6= 0}, then one has ∑u∈Z ι

vµvu(mu) = ιv(∑u∈Z mu) = 0, so in
∐

u∈Z Mu one then
has ∑u∈Z ι

u(mu) = ∑u∈Z(ι
u(mu)− ιvµvu(mu)). This element is in the image of ∆µ,

see 3.2.2, so m is zero in colimu∈Z M6u. Thus, α is an isomorphism.

3.2.16 Lemma. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R). If U is
filtered, then the following assertions hold.

(a) For every m in colimu∈U Mu there is a v∈U and an mv ∈Mv with µv(mv) =m.
(b) If mv in Mv has µv(mv) = 0, then there is a w∈U with v6w and µwv(mv) = 0.
(c) If elements mu ∈ Mu and mv ∈ Mv satisfy µu(mu) = µv(mv), then there is a w

in U with u6 w, v6 w, and µwu(mu) = µwv(mv).

PROOF. (a): Fix an element m in colimu∈U Mu; it has the form m = ∑u∈U µ
u(mu).

As U is filtered, one can choose v ∈U with v> {u ∈U |mu 6= 0}, and then one has

m = ∑u6v µ
vµvu(mu) = µv(∑u6v µ

vu(mu)).
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(b): If µv(mv) = 0 holds, then one has

(1) ιv(mv) = ∑(t,u)∈∇(U)(ι
t(m(t,u))− ιuµut(m(t,u))),

for some element (m(t,u))(t,u)∈∇(U) in
∐

(t,u)∈∇(U) M(t,u); see 3.2.2. Choose a w in
U with w > {t ∈ U | m(t,u) 6= 0}. Now apply the morphism

∐
u∈U Mu → Mw

given by ∑u∈U ι
u(mu) 7→ ∑u6w µ

wu(mu) to both sides in (1) to get µwv(mv) =

∑(t,u)∈∇(U)(µ
wtm(t,u)−µwuµut(m(t,u))) = 0.

(c): Choose w ∈ U with u,v 6 w, then one has µw(µwu(mu)−µwv(mv)) = 0. By
part (b) there is a now a w′ in U with w′ > w and 0 = µw′w(µwu(mu)−µwv(mv)) =

µw′u(mu)−µw′v(mv).

A classical application of colimits is to write an arbitrary module as a colimit of
finitely generated modules.

3.2.17 Example. Let M be an R-module and let U be the set of all finitely generated
submodules of M. The set U is preordered under inclusion and filtered. For submod-
ules M′ ⊆M′′ in U let µM′′M′ be the inclusion map, then {µM′′M′ : M′→ M′′}M′⊆M′′

is a U-direct system. The morphisms in the family {αM′ : M′� M}M′∈U of embed-
dings satisfy αM′ = αM′′µM′′M′ for all M′ ⊆ M′′, so there is a morphism

α : colim
M′∈U

M′ −→ M ,

given by ∑M′∈U µ
M′(m′) = ∑M′∈U α

M′(m′) = ∑M′∈U m′. An element m∈M is in the
image of αRm, so the morphism α is surjective. Assume that m ∈ colimM′∈U M′ is
in the kernel of α. By 3.2.16(a) there is a submodule M′ in U and an m′ in M′ with
µM′(m′) = m. In M one now has m′ = αM′(m′) = αµM′(m′) = α(m) = 0. Thus, α is
an isomorphism

A colimit of a U-direct system is called filtered if the set U is filtered. The next
result sums up as: filtered colimits are exact.

3.2.18 Proposition. Let {αu : Mu→ Nu}u∈U and {βu : Nu→ Xu}u∈U be morphisms
of U-direct systems in C(R). If the sequence 0→ Mu→ Nu→ Xu→ 0 is exact for
every u ∈ U and U is filtered, then the sequence

0−→ colim
u∈U

Mu colimu∈U α
u

−−−−−−−→ colim
u∈U

Nu colimu∈U β
u

−−−−−−→ colim
u∈U

Xu −→ 0

is exact.

PROOF. By 3.2.8 it is sufficient to prove that α = colimu∈U α
u is injective. Let

m ∈ Kerα and choose by 3.2.16(a) a v in U and an mv in Mv with µv(mv) = m,
then one has 0 = αµv(mv) = νvαv(mv). By 3.2.16(b) there is a w ∈ U with w > v
and 0 = νwvαv(mv) = αwµwv(mv). Since αw is injective, one has µwv(mv) = 0 and,
therefore, m = µv(mv) = µwµwv(mv) = 0.
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We shall now see that filtered colimits commute with boundaries and cycles.

3.2.19. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R). It induces U-direct
systems {µvu : B(Mu)→ B(Mv)}u6v and {µvu : Z(Mu)→ Z(Mv)}u6v of subcom-
plexes, and it follows from (3.2.2.2) that the family {µu}u∈U , see (3.2.2.1), induces
canonical morphisms,

µB : colim
u∈U

B(Mu)→ B(colim
u∈U

Mu) and µZ : colim
u∈U

Z(Mu)→ Z(colim
u∈U

Mu) ,

that map a coset generated by ∑u∈U ι
u(mu) in colimu∈U B(Mu) or colimu∈U Z(Mu)

to ∑u∈U µ
u(mu). Notice that µB is surjective. By (2.1.40.1) and 3.2.8 there is a com-

mutative diagram with exact rows

colim
u∈U

B(Mu)
%
//

µB

��

colim
u∈U

Mu //

=

��

colim
u∈U

C(Mu) //

µC

��

0

0 // B(colim
u∈U

Mu) // colim
u∈U

Mu // C(colim
u∈U

Mu) // 0 .

It follows from the Snake Lemma 2.1.29 that µC, which maps a coset generated by
∑u∈U ι

u(mu +B(Mu)) to ∑u∈U µ
u(mu)+B(colim

u∈U
Mu), is an isomorphism.

Assume now that U is filtered. By 3.2.18 the morphism % is then injective, so
µB is an isomorphism; again by application of the Snake Lemma to the diagram.
Finally, a similar commutative diagram based on (2.1.40.2) shows that µZ is an
isomorphism. In particular, one has

(3.2.19.1) colim
u∈U

B(Mu) ∼= B(colim
u∈U

Mu) and colim
u∈U

Z(Mu) ∼= Z(colim
u∈U

Mu) .

Filtered colimits commute with homology.

SETUP FOR 3.2.20. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R). The
induced morphisms H(µvu) : H(Mu)→ H(Mv) form a U-direct system in C(R); let
ηw denote the canonical morphism H(Mw)→ colimu∈U H(Mu); cf. (3.2.2.1). The
morphisms H(µw) : H(Mw)→ H(colimu∈U Mu) satisfy H(µw) = H(µv)H(µvw) for
all w6 v, so there is a canonical morphism in C(R)

(3.2.20.1) colim
u∈U

H(Mu)−→ H(colim
u∈U

Mu),

given by ∑u∈U η
u(hu) 7→ ∑u∈U H(µu)(hu); cf. 3.2.3.

3.2.20 Theorem. If U is filtered, then the canonical map (3.2.20.1) is an isomor-
phism in C(R).

PROOF. From the U-direct system {µvu : Mu→ Mv}u6v one gets direct systems
of boundaries and cycles, see 3.2.19. In the following commutative diagram, the
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middle and left-most vertical maps are the isomorphisms established in 3.2.19, and
κ is the canonical morphism (3.2.20.1).

0 // colim
u∈U

B(Mu) //

∼= µB

��

colim
u∈U

Z(Mu) //

∼= µZ

��

colim
u∈U

H(Mu) //

κ
��

0

0 // B(colim
u∈U

Mu) // Z(colim
u∈U

Mu) // H(colim
u∈U

Mu) // 0

It follows from (2.1.40.4) and 3.2.18 that the rows in the diagram are exact, and then
it follows from the Five Lemma 2.1.27 that κ is an isomorphism.

TELESCOPES

3.2.21 Construction. Let {κu : Mu→ Mu+1}u∈Z be a family of morphisms in C(R).
It determines a direct system {µvu : Mu→ Mv}u6v as follows; set

µuu = 1Mu
for all u in Z and µvu = κv−1 · · ·κu for all u < v in Z.

Given additional families {λu : Nu→ Nu+1}u∈Z and {αu : Mu→ Nu}u∈Z of mor-
phisms, such that αu+1κu = λuαu holds for all u ∈ Z, it is simple to verify that
{αu}u∈Z is a morphism of the systems determined by {κu}u∈Z and {λu}u∈Z .

3.2.22 Definition. A family {κu : Mu→ Mu+1}n∈Z of morphisms in C(R) with
Mu = 0 for all u� 0 is called a telescope in C(R). The colimit colimu∈Z Mu of the
associated direct system, see 3.2.21, is called the colimit of the telescope in C(R).

Given telescopes {κu : Mu→ Mu+1}u∈Z and {λu : Nu→ Nu+1}u∈Z , a family of
morphisms {αu : Mu→ Nu}u∈Z that satisfy αu+1κu = λuαu for all u ∈ Z is called
a morphism of telescopes. The morphism limu∈Zα

u : limu∈Z Mu→ limu∈Z Nu, see
3.2.21 and 3.2.6, is called the colimit of {αu : Mu→ Nu}u∈Z .

3.2.23. Let {κu : Mu→ Mu+1}n∈Z be a telescope and let {µvu : Mu→ Mv}u6v be
the associated direct system in C(R). Given an R-complex N and a family of mor-
phisms {αu : Mu→ N}u∈Z that satisfy αu =αu+1κu for all u∈Z, one has αu =αvµvu

for all u 6 v, so there is a morphism α : colimu∈U Mu→ N in C(R) with properties
as described in 3.2.3.

3.2.24 Example. Let M0 ⊆ M1 ⊆ M2 ⊆ ·· · be an ascending chain of R-complexes.
The natural embeddings κu : Mu→ Mu+1 form a telescope; let {µvu : Mu→ Mv}u6v
be the associated direct system; see 3.2.21. Set M = ∪u∈ZMu, and for every u let αu

be the natural embedding Mu� M. One has αu = αu+1κu for all u ∈ Z, so there is
a surjective morphism α : colimu∈Z Mu→ M, given by α(∑u∈Z µ

u(mu)) = ∑u∈Z mu;
see 3.2.23. Let ∑u∈Z µ

u(mu) be in Kerα and set v = max{n ∈ Z | mn 6= 0}. One has
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∑
u∈Z

ιu(mu) = ∑
u6v

ιu(mu)− ιv(∑
u6v

µvu(mu)) = ∑
u6v

ιu(mu)− ιvµvu(mu) ,

so the element ∑u∈Z ι
u(mu) in

∐
u∈Z Mu is in the image of ∆µ, see 3.2.2, whence one

has ∑u∈Z µ
u(mu) = 0, and α is an isomorphism.

3.2.25 Proposition. Let {κu : Mu→ Mu+1}u∈Z be a telescope in C(R). The follow-
ing assertions hold.

(a) If κu = 0 holds for all u� 0, then one has colimu∈Z Nu = 0.
(b) If κu is bijective for all u� 0, then one has colimu∈Z Nu ∼= Nv for all v� 0.

PROOF. Let {µvu : Mu→ Mv}u∈Z be the direct system associated to the telescope.
(a): Assume that κu = 0 holds for all u > t; one then has µvu = 0 for all u6 v

with v > t. For every u in Z one can choose v with u, t < v, and then one has
ιu(mu) = ιu(m(u,v))− ιvµvu(m(u,v)) in

∐
u∈Z Mu for every element m(u,v) = mu in

M(u,v) = Mu. Thus, the morphism ∆µ, see 3.2.2, is surjective, and colimu∈Z Nu = 0
holds as desired.

(b): Assume that κu is an isomorphism for u > w, then µvu is an isomorphism
for all u 6 v with u > w. For each isomorphism µvu, let νuv denote the inverse. The
assignment

∑
u∈Z

ιu(mu) 7−→ ∑
u6w

µwu(mu)+ ∑
u>w

νwu(mu)

defines a surjective morphism of R-complexes % :
∐

u∈Z Mu→ Mw. For every ele-
ment m̈ in

∐
(u,v)∈∇(U) M(u,v) one has %∆µ(m̈) = 0, cf. 3.2.2, so ρ factors through the

quotient colimu∈Z Mu. To show that the induced map colimu∈Z Mu→ Mw is an iso-
morphism, let m = ∑u∈Z ι

u(mu) be in Ker%; the goal is then to show that m is in the
image of ∆µ. Define m̈ = (m(u,v))(u,v)∈∇(U) as follows: set m(u,v) = 0 for v 6= u+ 1,
and set

m(u,u+1) = mu + ∑
t<u
µut(mt) for u < w and m(u,u+1) =− ∑

u>w
νwu(mu) for u> w .

Now it is straightforward to verify that one has ∆µ(m̈) = m+%(m) = m.

EXERCISES

E 3.2.1 Define U-direct systems in M(R). Show the every such system is a U-direct system
in C(R) and that its colimit in C(R) is a colimit in M(R). Conclude that M(R) has
colimits.

E 3.2.2 Show that Mgr(R) has colimits.
E 3.2.3 Given a U-direct system {µvu : Mu→ Mv}u6v in C(R) and a functor F: C(R)→C(S ),

show that there is a canonical morphism colimu∈U F(Mu)→ F(colimu∈U Mu).
E 3.2.4 Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R). Show that the inequalities

sup(colimu∈U Mu)6 supu∈U{sup Mu} and inf(colimu∈U Mu)> infu∈U{inf Mu}
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hold if U is filtered.
E 3.2.5 Show that U-direct systems in C(R) and their morphisms form an Abelian category and

that the colimit is a right exact functor from this category to C(R).
E 3.2.6 Let {αu : Mu→ Nu}u∈U and {βu : Nu→ Xu}u∈U be morphisms of U-direct systems in

C(R). Show that if the sequence 0→ Mu→ Nu→ Xu is exact for every u ∈U, then the
sequence 0−→Ker∆µ→Ker∆ν→Ker∆µ is exact. Show also that if each morphims βu

is surjective and U is filtered, then the morphism Ker∆ν→ Ker∆µ is surjective.
E 3.2.7 (Cf. 3.2.11) Verify the isomorphism colimu∈U Mu ∼= Coker(−α,β) in 3.2.11.

Hint: establish an isomorphism

M⊕X⊕N
{(−α(x′), x′+ x′′,−β(x′′)) | x′, x′′ ∈ X}

∼=−→ M⊕N
{(−α(x),β(x)) | x ∈ X}

.

E 3.2.8 Show that a filtered colimit of flat modules is flat.
E 3.2.9 Show that the following conditions on R are equivalent: (i) R is von Neuman regular;

(ii) R/b is a is a flat Ro-module for every right ideal b in R; (iii) every R-module is flat.
E 3.2.10 Let {κu : Mu→ Mu+1}u∈Z be a telescope. Show that colimu∈Z Mu can be realized as

the cokernel of an injective endomorphism of
∐

u∈Z Mu.
E 3.2.11 Let {κu : Mu→ Mu+1}u∈Z be as in 3.2.21 and show that the colimit of the associated

direct system does not depend on κu for u� 0.
E 3.2.12 Show that every complex is the colimit of a telescope of bounded above complexes.

3.3 Limits

SYNOPSIS. Limit; pullback; tower

3.3.1 Definition. Let (U,6) be a preordered set. A U-inverse system in C(R) is a
family {νuv : Nv→ Nu}u6v of morphisms in C(R) with the following properties:

(1) νuu = 1Nu
for all u ∈ U;

(2) νuvνvw = νuw for all u6 v6 w in U.

Mention of a U-inverse system {νuv : Nv→ Nu}u6v includes the tacit assumption
that (U,6) is a preordered set. A Z-inverse system is just called an inverse system.

3.3.2 Construction. Let {νuv : Nv→ Nu}u6v be a U-inverse system in C(R). The
subcomplex of the product ∏u∈U Nu generated by the elements (nu)u∈U with nu =
νuv(nv) for all u6 v, is the kernel of a morphism between products in C(R).

Indeed, let ∇(U) be as in 3.2.2 and set N(u,v) = Nu for all (u,v) ∈ ∇(U). The
assignment

(nu)u∈U 7−→ (nu− νuv(nv))(u,v)∈∇(U) ,

defines a morphism of R-complexes

∆ν : ∏
u∈U

Nu −→ ∏
(u,v)∈∇(U)

N(u,v) ;

the kernel of ∆ν is denoted limu∈U Nu.
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84 3 Categorical Constructions

Note that for every u∈U, restriction of the canonical projection (3.1.12.1) yields
a morphism of R-complexes,

(3.3.2.1) νu : lim
u∈U

Nu→ Nu ,

and one has νu = νuvνv for all u6 v.

REMARK. As with the colimit, it is standard to use notation that supresses the morphisms νuv,
though the complex limu∈U Nu depends on them.

3.3.3 Lemma. Let {νuv : Nv→ Nu}u6v be a U-inverse system in C(R). Given an
R-complex M and a family of morphisms {βu : M→ Nu}u∈U with βu = νuvβv for all
u6 v, the assignment

m 7−→ (βu(m))u∈U

defines a morphism β : M→ limu∈U Nu in C(R) with the property that βu = νuβ holds
for every u ∈ U. Moreover, β is unique with this property.

PROOF. Let {νuv : Nv→ Nu}u6v be a U-inverse system in C(R). Let an R-complex
M and a family of morphisms {βu : M→ Nu}u∈U with βu = νuvβv for all u6 v be
given. The identities βu = νuvβv ensure that the morphism β : M→∏u∈U Nu from
3.1.13 maps to the subcomplex limu∈U Nu.

It is evident from the definition that β satisfies βu = νuβ for all u ∈ U. Moreover,
for any morphism β′ : M→ limu∈U Nu that satisfy βu = νuβ′ for all u ∈ U, one has
β′(m) = (νu(β′(m))u∈U = (βu(m))u∈U = β(m).

In terms of the diagram

limu∈U Nu

νu

��

νv

}}

M

βu

..

βv

//

β //

Nv
νuv

((
Nu

the lemma sums up as: given the commutative diagram of solid morphisms, there is
a unique dotted morphism that makes the total diagram commutative; it is called the
universal morphism for the solid diagram.

The lemma verifies the requirements of a categorial limit in C(R); hence:

3.3.4 Definition. For a U-invers system {νuv : Nv→ Nu}u6v in C(R) the complex
limu∈U Nu together with the canonical morphisms νu, constructed in 3.3.2, is called
the limit of {νuv : Nv→ Nu}u6v in C(R).

REMARK. Other names for the limit defined above are inverse limit and projective limit; other
symbols used for this gadget are lim←− and proj lim.

Every product is a limit.
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3.3 Limits 85

3.3.5 Example. Let {Nu}u∈U be a family of R-complexes. Endowed with the dis-
crete order, U is a preordered set, and {νuu = 1Nu}u∈U is a U-inverse system with
limu∈U Nu = ∏u∈U Nu and νu = πu for all u ∈ U.

3.3.6 Definition. Let {νuv : Nv→ Nu}u6v and {µuv : Mv→ Mu}u6v be U-inverse
systems in C(R). A family of morphisms {βu : Nu→ Mu}u∈U in C(R) that satisfies
βuνuv = µuvβv for all u6 v is called a morphism of U-inverse systems.

Given a morphism {βu : Nu→ Mu}u∈U of U-inverse systems in C(R), the map

lim
u∈U

βu : lim
u∈U

Nu −→ lim
u∈U

Mu given by (nu)u∈U 7−→ (βu(nu))u∈U

is a morphism in C(R) called the limit of {βu : Nu→ Mu}u∈U .

3.3.7 Example. Let {νuv : Nv→ Nu}u6v be a U-inverse system. Because the maps
νuv are morphisms in C(R), the family {∂Nu

: Nu→ Σ Nu}u∈U is a morphism of U-
inverse systems. From the definitions one has limu∈U ∂

Mu
= ∂limu∈U Mu

.

3.3.8 Construction. Consider U-inverse systems in C(R)

{χuv : Xv→ Xu}u6v , {νuv : Nv→ Nu}u6v , and {µuv : Mv→ Mu}u6v .

Let {αu : Xu→ Nu}u∈U and {βu : Nu→ Mu}u∈U be morphisms of U-inverse sys-
tems, such that the sequence Xu→ Nu→ Mu is exact for every u ∈U. Let ∇(U) be
as in 3.2.2, and for all (u,v)∈∇(U) set α(u,v) = αu and β(u,v) = βu . In view of 3.1.16
and 3.3.6 there is a commutative diagram with exact columns and exact lower and
middle rows

(3.3.8.1)

limu∈U Xu limαu
//

��

limu∈U Nu limβu
//

��

limu∈U Mu

��

∏
u∈U

Xu

∆χ

��

∏αu
// ∏
u∈U

Nu

∆ν

��

∏βu
// ∏
u∈U

Mu

∆µ

��

∏
∇(U)

X(u,v) ∏α(u,v)
// ∏
∇(U)

N(u,v) ∏β(u,v)
// ∏
∇(U)

M(u,v)

where the vertical morphisms ∆ are defined in 3.3.2.

Limits are left exact.

3.3.9 Lemma. Let {αu : Xu→ Nu}u∈U and {βu : Nu→ Mu}u∈U be morphisms of
U-inverse systems in C(R). If the sequence 0→ Xu→ Nu→ Mu is exact for every
u ∈ U, then the sequence

0−→ lim
u∈U

Xu limu∈U α
u

−−−−−→ lim
u∈U

Nu limu∈U β
u

−−−−−→ lim
u∈U

Mu
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86 3 Categorical Constructions

is exact.

PROOF. Consider the commutative diagram (3.3.8.1). Assuming that each sequence
0→ Xu → Nu → Mu is exact, it follows from 3.1.16 that the morphisms ∏u∈U α

u

and ∏(u,v)∈∇(U)α
(u,v) are injective. Now a simple diagram chase yields the desired

exact sequence.

The functor HomR(M,–) from C(R) to C(k) preserves limits.

SETUP FOR 3.3.10. Let {νuv : Nv→ Nu}u6v be a U-inverse system in C(R) and let
M be an R-complex. It is elementary to verify that the induced family

{HomR(M, νuv) : HomR(M,Nv)→ HomR(M,Nu)}u6v

is a U-inverse system in C(k). The morphisms in the family {HomR(M, νu)}u∈U sat-
isfy HomR(M, νu)=HomR(M, νuv)HomR(M, νv) for all u6 v, so there is a canonical
morphism of k-complexes,

(3.3.10.1) HomR(M, lim
u∈U

Nu)−→ lim
u∈U

HomR(M,Nu) ,

given by ϑ 7→ (HomR(M, νu)(ϑ))u∈U = (νuϑ)u∈U ; cf. 3.3.3.

3.3.10 Proposition. The canonical map (3.3.10.1) is an isomorphism in C(k).

PROOF. There is a commutative diagram in C(k) with exact rows

0 // HomR(M, lim
u∈U

Nu) //

κ

��

HomR(M, ∏
u∈U

Nu)

∼=
��

HomR(M,∆ν)
// HomR(M, ∏

∇(U)
N(u,v))

∼=
��

0 // lim
u∈U

HomR(M,Nu) // ∏
u∈U

HomR(M,Nu)
∆Hom(M,ν)

// ∏
∇(U)

HomR(M,N(u,v)) ,

where κ is the canonical morphism (3.3.10.1), and the middle and right-most verti-
cal maps are isomorphisms by 3.1.19. It follows from the Five Lemma 2.1.27 that
κ is an isomorphism.

REMARK. The category C(R)op has limits because C(R) has colimits.

The functor HomR(–,N), from C(R)op to C(k), preserves limits.

SETUP FOR 3.3.11. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R) and let
N be an R-complex. It is elementary to verify that the induced family

{HomR(µ
vu,N) : HomR(Mv,N) −→ HomR(Mu,N)}u6v

is a U-inverse system in C(k). The morphisms in the family {HomR(µ
u,N)}u∈U sat-

isfy HomR(µ
u,N) =HomR(µ

vu,N)HomR(µ
v,N) for all u6 v, so there is a canonical

morphism of k-complexes,
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(3.3.11.1) HomR(colim
u∈U

Mu,N)−→ lim
u∈U

HomR(Mu,N) ,

given by ϑ 7→ (HomR(µ
u,N)(ϑ))u∈U = (ϑµu)u∈U ; cf. 3.3.3.

3.3.11 Proposition. The canonical map (3.3.11.1) is an isomorphism in C(k).

PROOF. There is a commutative diagram in C(k) with exact rows

0 // HomR(colim
u∈U

Mu,N) //

κ

��

HomR(
∐

u∈U
Mu,N)

∼=
��

HomR(∆µ,N)
// HomR(

∐
∇(U)

M(u,v),N)

∼=
��

0 // lim
u∈U

HomR(Mu,N) // ∏
u∈U

HomR(Mu,N)
∆Hom(µ,N)

// ∏
∇(U)

HomR(M(u,v),N) ,

where κ is the canonical morphism (3.3.11.1), and the middle and right-most verti-
cal maps are isomorphisms by 3.1.20. It follows from the Five Lemma 2.1.27 that
κ is an isomorphism.

PULLBACKS

3.3.12 Construction. Let U = {u,v,w} be a set, preordered as follows v > u < w.

Given a diagram N
β−→ Y α←− M in C(R), set

Nv = N, Nu = Y, Nw = M,

νvv = 1N , νuv = β, νuu = 1Y , νuw = α, and νww = 1M .

This defines a U-inverse system in C(R). It is straightforward to verify that the limit
of this system is the kernel of the morphism (β,−α) : N⊕M→ Y .

3.3.13 Definition. For a diagram N
β−→ Y α←− M in C(R), the limit of the U-inverse

system constructed in 3.3.12 is called the pullback of (β,α) and denoted NuY M.

REMARK. As for the limit, the notation for the pullback supresses the morphisms.

3.3.14. Given morphisms α : M→ Y and β : N→ Y , the pullbacks of (β,α) and
(α,β) are canonically isomorphic via the map induced by the canonical isomorphism
N⊕M ∼= M⊕N.

SETUP FOR 3.3.15. Given a diagram in N
β−→ Y α←− M in C(R), let

α′ : NuY M −→ N and β′ : NuY M −→ M

be the canonical morphisms (3.3.2.1); they are given by restrction: (n,m) 7→ n and
(n,m) 7→ m. There is a commutative diagram with exact rows and columns
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88 3 Categorical Constructions

(3.3.15.1)

0

��

0

��

Kerα′
β̃
//

��

Kerα

��

0 // Kerβ′ //

α̃

��

NuY M
β′

//

α′

��

M

α

��

0 // Kerβ // N
β

// Y

where α̃ and β̃ are restrictions of α′ and β′.

3.3.15 Proposition. Let N
β−→ Y α←− M be a diagram in C(R). The following asser-

tions hold for the morphisms in (3.3.15.1).

(a) If α is surjective, then α′ is surjective.
(b) β̃ is an isomorphism, whence α is injective if and only if α′ is injective.
(c) If β is surjective, then β′ is surjective.
(d) α̃ is an isomorphism, whence β is injective if and only if β′ is injective.

Further, given a diagram N α′′←− X
β′′−→ M in C(R) with βα′′ = αβ′′, the assignment

x 7−→ (α′′(n),β′′(m))

defines a morphism γ : X→ NuY M with α′γ = α′′ and β′γ = β′′, and γ is unique
with this property.

In terms of the diagram

X

##

β′′

��

α′′

--

NuY M
β′

//

α′

��

M

α

��

N
β

// Y

the last assertion in 3.3.15 sums up as: given a commutative diagram of solid mor-
phisms, there is a unique dotted morphism that makes the total diagram commuta-
tive; it is called the universal morphism for the solid diagram.

PROOF. The assertions about γ are immediate from 3.3.3. By symmetry, see 3.3.14,
it is sufficient to prove parts (a) and (b).

(a): Assume that α is surjective. For every n in N there is then an m ∈ M with
α(m) = β(n). The pair (n,m) is, therefore, in NuY M and one has n = α′(n,m).
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3.3 Limits 89

(b): The kernel of α′ consists of all pairs (0,m) in N⊕M with α(m) = 0.

TOWERS

Every complex is a limit of bounded below complexes.

3.3.16 Example. Let N be an R-complex. The canonical surjections among the
quotient complexes N>u give rise to a direct system {νuv : N>−v→ N>−u}u6v in
C(R). The projections βu : N� N>−u satisfy βu = νuvβv for all u 6 v, so there is
a canonical morphism β : N→ limu∈Z N>−u, given by β(n) = (βu(n))u∈Z; cf. 3.3.3.
It is injective by construction. To see that β is surjective, assume without loss of
generality that (nu)u∈Z in limu∈Z N>−u is homogeeous of degree−w, and set n = nw

considered as an element in the module N−w. Then one has βu(n) = 0= nu for u<w,
and for u> w one has βu(n) = nu as the homomorphisms νwu

−w : Nu
−w→ Nw

−w are the
identity map on N−w for w6 u. Thus, β is an isomorphism.

3.3.17 Construction. Let {λu : Nu→ Nu−1}u∈Z be a family of morphisms in C(R).
It determines an inverse system {νuv : Nv→ Nu}u6v as follows; set

νuu = 1Nu
for all u in Z and νuv = λu+1 · · ·λv for all u < v in Z.

Given additional families {κu : Mu→ Mu−1}u∈Z and {βu : Nu→ Mu}u∈Z of mor-
phisms, such that βu−1λu = κuβu holds for all u ∈ Z, it is simple to verify that
{βu}u∈Z is a morphism of the systems determined by {λu}u∈Z and {κu}u∈Z .

3.3.18 Definition. A family {λu : Nu→ Nu−1}n∈Z of morphisms in C(R) with Nu =
0 for all u� 0 is called a tower in C(R). The limit limu∈Z Nu of the associated
inverse system, see 3.3.17, is called the limit of the tower in C(R).

Given towers {λu : Nu→ Nu−1}u∈Z and {κu : Mu→ Mu−1}u∈Z in C(R), a family
of morphisms {βu : Nu→ Mu}u∈Z that satisfy βu−1λu = κuβu for all u∈Z is called a
morphism of towers. The morphism limu∈Z β

u : limu∈Z Nu→ limu∈Z Mu, cf. 3.3.17
and 3.3.6, is called the limit of {βu : Nu→ Mu}u∈Z .

3.3.19. Let {λu : Nu→ Nu−1}n∈Z be a tower and let {νuv : Nv→ Nu}u6v be the
associated inverse system in C(R). Given an R-complex M and a family of mor-
phisms {βu : M→ Nu}u∈Z that satisfy βu−1 = λuβu for all u∈Z, one has βu = νuvβv

for all u 6 v, so there is a morphism β : M→ limu∈U Nu in C(R) with properties as
described in 3.3.3.

3.3.20 Example. Let N0 ⊆ N1 ⊇ N2 ⊇ ·· · be a descending chain of R-complexes.
The natural embeddings λu : Nu→ Nu−1 form a telescope; let {νuv : Nv→ Nu}u6v
be the associated inverse system; see 3.3.17. Set N =∩u∈ZNu, and for every u let βu

be the natural embedding N� Nu. One has βu = λuβu+1 for all u∈Z, so there is an
injective morphism β : N→ limu∈Z Nu, given by β(n) = (βu(n))i∈Z; see 3.3.19. Let
(nu)u∈Z be an element in limu∈Z Nu; in particular one then has
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0 = nu−λu+1(nu+1) = nu−nu+1

for all u ∈ Z, so (nu)u∈Z is in the image of β.

3.3.21 Proposition. Let {λu : Nu→ Nu−1}u∈Z be a tower in C(R). The following
assertions hold.

(a) If λu = 0 holds for all u� 0, then one has limu∈Z Nu = 0.
(b) If λu is bijective for all u� 0, then one has limu∈Z Nu ∼= Nv for all v� 0.

PROOF. (a): Assume that λu = 0 holds for all u > v. For an element (nu)u∈Z in
limu∈Z Nu one has nu = λu+1(nu+1) for all u ∈ Z. The assumption yields nu = 0 for
u> v, and it follows by descending recursion that nu = 0 holds for u < v as well.

(b): Assume that λu is bijective for all u > v, and let κu−1 : Nu−1→ Nu denote
the inverse of λu for u > v. Assign to n ∈ Nv the element (nu)u∈Z in ∏u∈Z Nu with
nu = λu+1 · · ·λv(n) for u < v, nv = n, and nu = κu−1 · · ·κv(n) for u > v. For the mor-
phisms νuv defined in 3.3.17, one has nu = νuvnv for all u6 v, so (nu)u∈Z belongs to
limu∈Z Nu. This assignment n 7→ (nu)u∈Z defines a morphism Nv→ limu∈Z Nu, and
it is an isomorphism as the canonical morphism limu∈Z Nu→ Nv is an inverse.

3.3.22 Theorem. Let {αu : Xu→ Nu}u∈U and {βu : Nu→ Mu}u∈U be morphisms
of towers in C(R), and assume that maps in the tower {ξu : Xu→ Xu−1}u∈Z are
surjective. If the sequence 0→ Xu→ Nu→ Mu→ 0 is exact for every u ∈ U, then
the sequence

0−→ lim
u∈Z

Xu limu∈Z α
u

−−−−−→ lim
u∈Z

Nu limu∈Z β
u

−−−−−→ lim
u∈Z

Mu −→ 0

is exact.

PROOF. Let {χuv}u6v , {νuv}u6v , and {µuv}u6v be the inverse systems deter-
mined by the towers and consider the commutative diagram (3.3.8.1). Assuming
that each sequence 0→ Xu → Nu → Mu → 0 is exact, it follows from 3.1.16 and
the Snake Lemma 2.1.29 that it suffices to prove that the connecting morphism
δ : limu∈Z Mu→ Coker∆χ is the zero map. Set α̈ = ∏(u,v)∈∇(U)α

(u,v); given an el-
ement m in limu∈Z Mu, the image δ(m) in Coker∆χ is the coset generated by an
element ẍ = (x(u,v))(u,v)∈∇(U) with α̈(ẍ) = ∆ν(n) for a preimage n = (nu)u∈Z of m.
The goal is to prove that ẍ is in the image of ∆χ. The map α̈ is injective, so it is
sufficient to construct an element x = (xu)u∈Z in ∏u∈Z Xu with

(1) α̈(∆χ(x)− ẍ) = 0 .

Without loss of generality, assume that one has Nu = 0 for u < 0. It follows that
∆ν(n)(u,v) is zero for all (u,v) in ∇(U) with u6 0. Set xu = 0 for u6 0, then one has
(α̈(∆χ(x)− ẍ))(u,v) = 0 for all (u,v) ∈∇(U) with u6 0. For u> 0 one can, because
αu is injective and ξu+1 is surjective, choose xu+1 such that the equality

(2) αu(xu− ξu+1(xu+1)) = (nu−λu+1(nu+1)) = ∆ν(n)(u,u+1)
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holds. One then has (α̈(∆χ(x)− ẍ))(u,u+1) = 0 for all u> 0, and an induction argu-
ment now finishes the proof. Fix n> 2 and assume that (α̈(∆χ(x)− ẍ))(u,u+n−1) = 0
holds for all u > 0. In the computation below, the fourth equality follows from this
hypothesis, and the last equality follows from the already established case n = 2.

(α̈(∆χ(x)− ẍ))(u,u+n)

= (ä(∆χ(x)))(u,u+n)− (∆ν(n))(u,u+n)

= αu(xu−χuu+n(xu+n))− (nu− νuu+n(nu+n))

= αu(xu−χuu+n−1(xu+n−1)+χuu+n−1(xu+n−1− ξu+n(xu+n)))

− (nu− νuu+n(nu+n))

= αuχuu+n−1(xu+n−1− ξu+n(xu+n))− (νuu+n−1(nu+n−1)− νuu+n(nu+n))

= νuu+n−1(αu+n−1(xu+n−1− ξu+n(xu+n)− (nu+n−1−λu+n(nu+n))))

= νuu+n−1((α̈(∆χ(x)− ẍ))(u+n−1,u+n)) = 0 .

REMARK. One can realize the limit of a tower {λu : Nu→ Nu−1}u∈Z as the kernel of a morphism
∏u∈Z Nu→∏u∈Z Nu, and that opens to an even more elementary proof of 3.3.22; see E 3.3.8.

3.3.23. Let {νuv : Mv→ Mu}u6v be a U-inverse system in C(R); it induces U-
inverse systems {νuv : B(Mv)→ B(Mu)}u6v and {νuv : Z(Mv)→ Z(Mu)}u6v of
subcomplexes. The morphisms (3.3.2.1) induce canonical morphisms between sub-
complexes of ∏u∈U Nu,

νB : B(lim
u∈U

Nu)→ lim
u∈U

B(Nu) and νZ : Z(lim
u∈U

Nu)→ lim
u∈U

Z(Nu) .

Notice that both maps are injective. By (2.1.40.2) and 3.3.9 there is a commutative
diagram with exact rows

(3.3.23.1)

0 // Z(lim
u∈U

Nu) //

νZ

��

lim
u∈U

Nu //

=

��

Σ B(lim
u∈U

Nu) //

Σ νB

��

0

0 // lim
u∈U

Z(Mu) // lim
u∈U

Nu // Σ lim
u∈U

B(Nu)

The Snake Lemma 2.1.29 implies that νZ is an isomorphism. In particular, one has

(3.3.23.2) Z(lim
u∈U

Nu) ∼= lim
u∈U

Z(Nu) .

SETUP FOR 3.3.24. Let {νuv : Nv→ Nu}u6v be a U-inverse system in C(R). The
induced morphisms H(νuv) : H(Nv)→ H(Nu) form a U-inverse system as well. The
morphisms in the family {H(νu)}u∈Z satisfy H(νu) = H(νuv)H(νv) for all u6 v, so
there is a canonical morphism in C(R),

(3.3.24.1) H(lim
u∈U

Nu)−→ lim
u∈U

H(Nu) ,
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92 3 Categorical Constructions

given by h 7→ (H(νu)(h))u∈U ; cf. 3.3.3.

Next is the Mittag-Lefler condition.

3.3.24 Theorem. Let {λu : Nu→ Nu−1}u∈Z be a tower in C(R). If each morphism
λu is surjective, then the following assertions hold.

(a) The canonical map (3.3.24.1) is surjective.
(b) If H(λu) = 0 holds for all u� 0, then one has H(limu∈Z Nu) = 0.
(c) Let n ∈ Z; if the homomorphisms Hn+1(λ

u) are surjective for all u ∈ Z, then
the degree n component of the canonical map (3.3.24.1) is an isomorphism;
that is, one has Hn(limu∈Z Nu)∼= limu∈Z Hn(Nu).

PROOF. (a): Let {νuv : Nv→ Nu}u6v be the inverse system in C(R) determined by
the tower {λu}u∈Z . The morphisms νuv are surjective, by the assumptions on the
tower, so they are surjective on boundaries; that is, the morphisms in the system
{νuv : B(Mv)→ B(Mu)}u6v are surjective; cf. 3.3.23. It follows from (2.1.40.4) and
3.3.22 that there is a commutative diagram with exact rows,

(1)

0 // B(lim
u∈Z

Nu) //

νB

��

Z(lim
u∈Z

Nu) //

∼= νZ

��

H(lim
u∈Z

Nu) //

κ

��

0

0 // lim
u∈Z

B(Nu)
%
// lim
u∈Z

Z(Nu) // lim
u∈Z

H(Nu) // 0 ,

where νB and νZ are the canonical morphisms from 3.3.23, and κ is the morphism
(3.3.24.1). It follows from the Snake Lemma 2.1.29 that κ is surjective.

(b): If H(λu)= 0 holds for all u� 0, then one has limu∈Z H(Nu)= 0 by 3.3.21(a),
so the morphism % in (1) is surjective. Let z = (zu)u∈Z be a cycle in limu∈Z Nu; inter-
preted as an element in limu∈Z Z(Nu), via νZ, it has the form (∂Nu

(nu))u∈Z. There-
fore, one has z = ∂limu∈Z Nu

(n) for n = (nu)u∈Z, and H(limu∈Z Nu) = 0 as desired.
(c): The degree n component of κ is an isomorphism if (and only if) the de-

gree n component of νB is surjective. Let (bu)u∈Z = (∂Nu

n+1(n
u))u∈Z be an element

in (limu∈Z B(Nu))n = limu∈Z Bn(Nu). It is in the image of νB if the homomorphism
limu∈Z ∂

Nu

n+1 : limu∈Z Nu
n+1→ limu∈Z Bn(Nu) is surjective. Assume that the homo-

morphisms Hn+1(λ
u) are surjective for all u ∈ Z, then all the homomorphisms

Hn+1(ν
uv) are surjective, and since the homomorphisms νuv

n+1 are, themselves, sur-
jective (and surjective on boundaries), it follows that they are surjective on kernels.
Thus, the morphisms in the system {νuv

n+1 : Zn+1(Nv)→ Zn+1(Nu)}u6v are surjec-
tive. For every u ∈ Z there is an exact sequence

0−→ Zn+1(Nu)−→ Nu
n+1

∂Nu
n+1−−→ Bn(Nu)−→ 0,

and it follows from 3.3.22 that limu∈Z ∂
Nu

n+1 is surjective.
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EXERCISES

E 3.3.1 Show that the categories M(R) and Mgr(R) have pushouts and pullbacks.
E 3.3.2 Define U-inverse systems in M(R). Show the every such system is a U-inverse system

in C(R) and that its limit in C(R) is a limit in M(R). Conclude that M(R) has limits.
E 3.3.3 Show that Mgr(R) has limits.
E 3.3.4 Given a U-inverse system {νuv : Nv→ Nu}u6v in C(R) and a functor F: C(R)→C(S ),

show that there is a canonical morphism F(limu∈U Nu)→ limu∈U F(Nu).
E 3.3.5 Given a U-direct system {µvu : Mu→ Mv}u6v in C(R) and a functor F: C(R)op→C(S ),

show that there is a canonical morphism F(colimu∈U Mu)→ limu∈U F(Mu).
E 3.3.6 Show that U-inverse systems in C(R) and their morphisms form an Abelian category

and that the limit is a right left functor from this category to C(R).
E 3.3.7 (Cf. 3.3.12) Verify the isomorphism limu∈U Nu ∼= Ker(β,−α) in 3.3.12.
E 3.3.8 Let {λu : Nu→ Nu−1}u∈Z be a tower. Show that limu∈Z Nu can be realized as the kernel

of an injective endomorphism of ∏u∈Z Nu. Use this to prove 3.3.22.
E 3.3.9 Let {λu : Nu→ Nu−1}u∈Z be as in 3.3.17 and show that the limit of the associated

inverse system does not depend on λu for u� 0.
E 3.3.10 Show that every complex is the limit of a tower of bounded below complexes.
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