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Abstract

In this paper we use techniques and examples from ordered space theory to study spaces having
various kinds of weakly uniform bases. We show that any generalized ordered space<has a
weakly uniform base if and only if it is quasi-developable and has Property N, a generalization of the
Gs-diagonal property. We also show that any linearly ordered topological space wittv-aveakly
uniform base is metrizable. We characterize GO-spaces thahfraxesakly uniform bases using quasi-
developability and another generalization of Ggdiagonal property. We give examples showing that
a quasi-developable linearly ordered topological space can fail to have-aeakly uniform base, that
a linearly ordered space can have:av-weakly uniform base without having amyweakly uniform
base, and that among hereditarily paracompact spaces no two of the countably many propédages “

a < w-weakly uniform base” and “X has anweakly uniform base” are equivalent.
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1 Introduction

In this paper we use techniques and examples from ordered space theory to study spaces having various
kinds of weakly uniform bases. In [HL], Heath and Lindgren defined that a colle@igweakly

uniform if, given two distinct pointsx andy of X, there are only a finite number of members®f

that contain{x,y}. Z. Balogh introduced generalizations of this notion, as follows: the colle@ien
n-weakly unifornif, given any sef with n points, the collectioB € B : F C B} is finite, andB is

< w-weakly uniformif, given any infinite ses, there is some finité C Ssuchtha{Be B:F C B} is

finite. Balogh’s definitions later appeared in the five-author paper [BDJSS]. Clearly, weakly uniform
collections and 2-weakly uniform collections are the same things, anetif, thenm-weakly uniform

= n-weakly uniform=- < w-weakly uniform.

Recall that a spacé has aGs-diagonal if and only if there is a sequen@g(n)) of open covers oKX
such that for eacp € X, N7 St(p, G(n)) = {p}. In an earlier paper [BL] we characterized GO-spaces
having weakly uniform bases as follows:

Theorem 1.1 : A GO-space has a weakly uniform base if and only if it is quasi-developable and has
a Gy-diagonal.



In this paper we generalize that result by making use of a property related@3-tiagonal covering
condition above. The new property is callebperty N where we say thaX has Property N if there
is a sequencég (n)) of open covers oK such that for any infinite sS&C X there is a finite st C S
a pointp € F, and an integen such thaF Z St(p, G(n)). We prove:

Theorem 1.2 : A GO-space X has & w-weakly uniform base if and only if X is quasi-developable
and has Property N.

Heath and Lindgren originally observed [HL] that any LOTS with a weakly uniform base must be
metrizable. As a corollary to Theorem 1.2 we will strengthen the Heath-Lindgren result to

Corollary 1.3 A LOTS X has a w-weakly uniform base if and only if X is metrizable.

Finally, we characterize GO-spaces withweakly uniform bases as being those quasi-developable
GO-spaces that have open covgis) for n > 1 such that for each € X, the sef\{St(p, G(n)) :n>1}
has fewer tham points.

Recall that ayeneralized ordered spa¢&0O-space) is a tripleX, T, <) where< is a linear ordering
of X and wherer is a Hausdorff topology oX that has a base of order-convex sets. In aqaisethe
open interval topology of the ordering, then we say thatX, 1, <) is alinearly ordered topological
space(LOTS). It is well-known that the class of GO-spaces coincides with the class of spaces that
embed topologically in a LOTS.

At several points in the next section, we deal with a sulfset a linearly ordered set and will
need to useelatively convex subsets of ¥e. subset$ C Y such that ify; < y» are points of Y that
belong toS, then[y1,y2]NY C S

Throughout this paper we reserve the symiRl<), andP for the usual sets of real, rational, and
irrational numbers, and the set of all integers (positive and negative) is denofed by

We thank the referee of our paper for valuable comments that signicantly improved our results.

2 GO-spaces with< w-weakly uniform bases

Lemma 2.1 Let X be a GO-space with & w-weakly uniform base. Then:

a) X has a< w-weakly uniform base whose members are convex sets;
b) X is first-countable;
c) X is paracompact.

Proof: To prove a), leB be any< w-weakly uniform base foK. Let C be the family of all convex
components of members @&. Then(C is a base foX and is also< w-weakly uniform. To prove b)
we consider anyp € X. If pis isolated, there is nothing to prove, so either every neighborhoq@d of
contains points beloyg, or every neighborhood qf contains points abowve (or both). In the first case,
computex = cf( | <, p[ ). If K > wy then we can find an infinite sequer@ec C of distinct members
of € and a poingg < p such that the infinite sefq, p[ is a subset of each s&}, contradicting that”

is a< w-weakly uniform collection. In the second case, a similar argument shows that the sef
has countable coinitiality. Therefor¥,is first countable ap.
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To prove c), recall that iK is not paracompact then there is a stationary suBséisome regular
uncountable cardinal that embeds as a closed subspacgkif]. Because the existence of<aw-
weakly uniform base is hereditary, the sp&ieas a< w-weakly uniform base and we may assume
that members of are convex sets. L&t be the set of non-isolated points of the sp&&henT is
also a stationary set, and for each T there is a se€), € C with A € C, C SN[0,A]. Choosex(A) < A
such that]a(A),A]NSCC,. Thenf(A) = a(A) is a regressive function, so there is sofn@end some
stationary set) C T such thatf (A\) = 3 for eachA € U. Lety be the first limit point ofSthat is larger
than + w. But then the infinite sefB,y] NSis a subset of each of the uncountably many €xts
forAeUn Jy,— [ NT, and that is impossible becauseas < w-weakly uniform. HencéX must be
paracompact

Recall that a space guasi-developablé it has a sequencgg (n)) of collections of open sets such
that if V is open ando € V then for somen we havep € St(p, G(n)) C V. It is known that for GO-
spaces, quasi-developability is equivalent to the existence-afisjoint base. [B1] [L]. The following
lemma is easily proved.

Lemma 2.2 : Suppose X is a first-countable GO-space. E=XJ{X(n) : n > 1} where each Xn) is
guasi-developable in its subspace topology, then X is quasi-developable.

Property N, a generalization of the well-know&3-diagonal covering property, was introduced in
the previous section.

Proposition 2.3 If a GO-space X has & w-weakly uniform base then X is quasi-developable and has
Property N.

Proof: Suppose that has a< w-weakly uniform baseB. Lemma 2.1 shows tha{ is paracompact
and that we may assume that member8afre convex.

First we show thaX is quasi-developable. L&l be the union of all open, metrizable subspaces
of X. Because is hereditarily paracompadY) is metrizable. Le¥ = X — M. Observe that it cannot
happen tha¥ contains pointy; <y, such that]ys,y2[ NY is finite and non-empty because being
first-countable, that would forcly, y2[ € M. However, it might happen th&thas consecutive points,
i.e., pointsy; <y, with Jy1,yo[ NY = 0. LetL be the set of all pointg; € Y such that for some
Y2 €YN Jy1,— [, the set]y;,yo[ NY =0, and letR be the set of all pointg, € Y such that for some
y1 €YN |,y the set]ys,yo[ NY =0. LetY,=Y —LandY; =Y —R ThenX=MUY;UY,.

Consider the subspadg. It inherits a< w-weakly uniform base fronX and therefore has a base

D of relatively open, relatively convex subsets thatiso-weakly uniform. Leta, b be distinct points
of Y1. Without loss of generality, we may suppase b. The key property oY; is that the seY; N [a, b
must be infinite. Choose a finite getC [a,b| NY; such that only a finite number of members®df
containF. But by relative convexity, any member @f that contains the poinsandb must contain
all of F. Hence only a finite number of members®fcan contain botta andb, and thereforeD is a
weakly uniform base fov;. Then by Theorem 1.1, the subspages quasi-developable. Similarly;

is also quasi-developable. Because- MUY UY,, we may apply Lemma 2.2 to conclude théais
quasi-developable.

Second we show that has Property N. Lef = {{p} : {p} € B} and let

B(n) = {N{,B; : the setB; are distinct members @b} .



Let G(1) = B. Given the open coveg (n) for anyn > 1, let #(n) be a star-refinement @f(n) and let
G(n+1)=I1U{Ce B(n+1):Cis asubset of some member#f(n)}.

Because any non-isolated pointXfbelongs to infinitely many members & G(n+ 1) is an open
cover ofX.

Now suppose tha®is any infinite subset oK. BecauseB is < w-weakly uniform, there is a finite
subsetr C Ssuch thatB: = {B € B: F C B} is finite, and we may assume tHathas at least two
points. Letk = |Be| and letn = k+2. Let p be any point off and for contradiction suppose that
F C St(p, G(n)). ThenF C St(p,#{(n)) so that, becaus# (n) star-refinesy(n— 1) = G(k+ 1) there
is a membeG € G(k+ 1) with F C St(p, #(n) C G. Becausé has at least two point$; is not a
singleton and therefor& is the intersection ok+ 1 distinct members of3, and that is impossible
becauseBr has onlyk members. Therefor& has Property NO

Proposition 2.4 If X is a quasi-developable GO-space with Property N, then X haswaweakly
uniform base.

Proof: Being a quasi-developable GO-spates paracompact and hasadisjoint baseB = J{B(n) :
n>1}. Let G(n) be the sequence of open covers guaranteed by Property N. Becausaracompact,
we may assume that eagt{n) is a point-finite convex open cover ¥fand thatG (n+ 1) refinesG(n)
for eachn > 1.

Let C(n) = {BNG:B¢& B(n) ands € G(n)}. Then the collectio” = J{C(n) : n > 1} is a base
for the spaceX. To show thatC is < wweakly uniform, letSbe any infinite subset of. Use Property
N to find a finite ser C Sand an integen such that for some@ € F, F Z St(p, G(n)). Consider
G- ={Ce C:F CC}. Ifi >nand there is some memb@r C(i) with F C C, writeC = GNBwhere
G e G(n)andB € B(n). Then

FCGCStp, (i) € Stp,g(n),
contradicting the way was chosen. Therefore

(w)@gUmeOachq.
i=1

Consider any < n. BecauseB(i) is a pairwise-disjoint collection, there is at most one memb&#(of
that containd=. Becausej (i) is a point finite cover oK there are at most finitely many members of
G (i) that containF. Hence there are at most finitely many memberg @J that containF so that in
the light of (**), ¢ must be finite. Therefor¥ has a< w-weakly uniform bas&

Theorem 2.5 A GO-space X has a & w-weakly uniform base if and only if X is quasi-developable
and has Property N.

Proof: Combine Propositions 2.3 and 24,

Our next result generalizes a theorem of Heath and Lindgren [HL] stating that a LOTS with a
weakly uniform base must be metrizable.

Theorem 2.6 If X is a LOTS with a< w-weakly uniform base, then X is metrizable.
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Proof: From Theorem 2.5, we know th&tis quasi-developable, and from Lemma 2.1 we know
that X is paracompact. It is known that any paracompact, quasi-developable p-space (in the sense of
Arhangelskii) is metrizable [B2].

To show thatX is a p-space, begin with any w-weakly uniform baseB whose members are
convex subsets of. For eachn > 1, let

G(n) ={{p}: pisisolated inX} U{N_1B; : By, -, By are distinct members @b}.

Because each non-isolated poinboMmust belong to infinitely many members 8f eachg(n) is an
open cover oK.

For eachp € X, letJ(p) = N{St(p, G(n)) : n> 1}. ThenJ(p) is a convex subset of containing
p. We claim that the sel(p) is finite. If not, then one or both of the sels=J(p)N | <, p[
andJ; =J(p)N ]p,— [ is infinite. Without loss of generality, assundgis infinite. Then there is
a finite subsef C J; such that only a finite number of members, $ayf B containF. We may
assume thaf # 0. Letq be the least point of the finite sEtand considel;(n) wheren > k. Because
ge J(p) C St(p, G(n)) we may choose a sétc G(n) that contains botlj andp. But then by convexity
F C[q,p] € G. HenceG is not a singleton, s& must be the intersection ofdistinct members of,
showing thaf is contained in more th&tmembers ofB, and that is impossible. Hendép) is a finite,
convex subset oX.

BecauseX is a LOTS, for any open sét containing the finite sel(p) there must some interval
la,b[ with J(p) C Ja,b] C U. Because neithes nor b belongs toJ(p) there is somen such that
neithera nor b belongs to Stp, G(n)). But then by convexity, $p, G(n)) C ]a,b[ € U. Hence the
sets Stp, G(n)) form an outer base for the compact 3ap). It now follows from a theorem of Burke
and Stoltenberg [BuS] tha{ is a p-space. According to the theorem of Bennett cited albXvs,
metrizable, as claimedi]

In an earlier version of this paper, we gave a partial characterization of GO-spaces having m-
weakly uniform bases. The referee pointed out that our technique could be used to get the desired
characterization.

Proposition 2.7 : Let X be any GO-space and let m2 be an integer. Then X has an m-weakly
uniform base if and only if X is quasi-developable and has a sequgpn@g) of open covers with the
property that for each g X, N{St(p, G(n)) : n > 1} has fewer than m points.

Proof: First suppose that has ammweakly uniform baseB. We may assume that members®hre
convex. In the light of Lemma 2.1 we know thé&is paracompact. Ldtbe the set of all isolated points
of X.

Let G(1) = B. Given anyG(n), let #(n) be an open cover of that star-refines;(n) and let
G(n+1) be the collection
{{x} :xe 1} J{G=B1N---NBn:1:Bi € B, Bj #Bj if i # j, andG C some member of{(n)}.

ThenG(n+1) is an open cover oX that also star-refineg§(n).

Fix p € X and, for contradiction, suppose the SgtSt(p, G(n)) : n> 1} has at leagnpoints. Then
there is a finite seff with pe F C N{St(p, G(n)) : n> 1} and|F| = m. IndexF asF = {q1,---,0m}
whereq; < o < .-+ < gm and p = g; for somei. BecauseB is an mweakly uniform base foiX,
the collection{B € B : F C B} has only a finite number of members, say K. We know that



St(p, G(K+2)) and that some memb& € G(K + 1) hasF C St(p, G(K+2)) C G. Becausen > 2
we know thaiG is not a singleton, so th& is the intersection oK + 1 distinct members aB. But that
is impossible becaudeis a subset of at most members ofB. Therefore\{St(p, G(n)) : n> 1} has
fewer thanm points, as claimed.

Conversely, suppose that is quasi-developable and has a seque{®é)) of open covers as
described in the theorem. Being quasi-developable, the GO-¥paas ao-disjoint base” = J{C(n):
n>1}. We may assume that the memberg'aire convex sets. Also because the GO-spaisequasi-
developable, we know that is paracompact. Therefore, we may assume ¢hat+ 1) refinesG(n)
and that eaclt (n) is point-finite.

For eachn > 1 define
B(n)={CNG:Ce C(n),Ge G(n)}.

ThenJ{B(n) :n> 1} is abase foK. We claim thatB is anm-weakly uniform base foX. Supposé is

a finite set withm elements and for contradiction suppose thé a subset of infinitely many members
of B. Each collectiorB(n) is point-finite, so thaF is a subset of only finitely many members®fn)
for eachn. Hence there is a sequente< n; < nz < - - - such that for somB; € B(n;) we haver C B;.
ChooseG; € G(ni) with B; C G;. But thenF C N{St(p, G(ni)) :i > 1} =N{St(p, G(n)) :n> 1} and
that is impossible because the latter set is known to have fewenilmamnts. HenceB is the required
m-weakly uniform baseld

3 Examples

Our first example shows that a quasi-developable LOTS may fail to haveyaveakly uniform base,
even when it is the union of two metrizable subspaces. (Recall that the proof of Proposition 2.3 showed
that any GO-space with-a w-weakly uniform base is the union of three metrizable subspaces.)

Example 3.1 There is a quasi-developable LOTS that does not havewmweakly uniform base, does
not have Property N, and is the union of two metrizable subspaces.

Proof: Consider the lexicographically ordered set
M* = (Qx {0})U(PxZ).

Note that, with the relative topology inherited frawi*, both@Q x {0} andP x Z are metrizable and
their union isM*. Itis known [BL] thatM* is a quasi-developable LOTS that is not metrizable. One can
use Theorem 2.6 to show thislt" does not have & w-weakly uniform base. Therefore, Proposition
2.3 shows thaX cannot have Property NI

Next we present a family of examples showing that the various notions of weakly uniform bases
defined in the Introduction are distinct.

Example 3.2 : For each n> 2 there is a hereditarily paracompact GO-space that has(as- 1)-
weakly uniform base, but not an n-weakly uniform base.

Proof: Fixn> 2 and consider the space

Y:(QX{0})U(PX{0>17"'7(n_1)})
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topologized as a subspace Mf (see Example 3.1). Lefly : k > 1} be a countable base of open
intervals with rational endpoints for the usual space of all real numbers, Whieas length< % Let
J={(x,i) €Y :xel}. Then

B={{(x,i)}:xePand0<i<(n—1)}U{Xk:k>1}

is a base fol that is(n+ 1)-weakly uniform.

For contradiction, suppos€has am-weakly uniform bas&. We may assume that membersf
are either singletons or are convex subse¥tbiat contain some points @f x {0}. Choose a sequence
Cm € C such that ifD,m = {x € R : there are pointéa,i) < (b, j) of Cy with a < x < b}, then the length
of Dy, is positive and less tha#. EachDy, is an open subset of the usual space of real numbers and
each sety = U{Dm: m >k} is dense inR. Then the Baire Category Theorem yields an irrational
numberx € N{Ux: k> 1}. Then the n-element subget= {(x,0), (x,1),---,(X,n—1)} of Y is a subset
of infinitely many of the set€,,, showing thatC is notn-weakly uniform.C

Example 3.3 There is a GO-space X that has<aw-weakly uniform base but that does not have an
n-weakly uniform base for any finite n.

Proof: There are 2 Gs-subsets ofR that containQ, and every such set has cardinality. 2This
allows us to construct (inductively) a sequemseof pairwise disjoint subsets d@f such that for each
n>1, P,ND # 0 for everyGs-subseD C R that containg).

LetY = (Qx{0}) U (U1 Py x {0,1,---,n}), topologized as a subspace Mf in Example 3.1.
ThenY is a GO-space and inheritscaw-weakly uniform base fronv*.

For contradiction, suppose thatis an n-weakly uniform base fof, wheren < w. As in Lemma
2.1, we may assume that membersére relatively convex subsets ¥f As in the second half of
the proof of Proposition 2.4, leB(k) be the collection of all sets that are intersection alistinct
members ofB and for eachy € Q chooseB(q,k) € B(k) with g € B(q,k). LetC(g,k) ={yeR:
3(x,0),(z,0) € B(q,k) having(x,0) < (y,0) < (z,0)}. EachC(n,q) is open inR andQ is contained
in the setO(k) = U{C(q,k) : g € Q}. Then the seb =2, O(i) is aGs-subset ofR that containg)
and so there is a poigte Py;1ND. But then the st = {(y,i) : 0 <i <n+1} is a subset oY that is
contained in infinitely many members 8f and that is impossiblel
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