The Method of Undetermined Coefficients and the Shifting Rule.
Math 5330, Spring 1996

In these notes, we will show how to use operator polynomials and the shifting rule to find a particular
solution for a linear, constant coefficient, differential equation.

This method works for the same class of forcing functions (right hand sides) as the method discussed in
the book. This method is computationally more efficient than the method in the book. It does not require
you to solve the homogeneous equation first.

To use the method, you have to write the equation in operator form. We use D to stand for the differen-
tiation operator, so Dy = y', D?y = D[Dy] = y" and so forth. Thus we can write the equation

y" + 3y’ + 5y = sin(x)

in the form
D?*y + 3Dy + 5y = sin(z).

We can rewrite this in the form
(D* + 3D + 5)y = sin(x)

or just
P(D)y = sin(z)

where P(D) is the differential operator
P(D) =D?+3D +5.

This operator can be thought of as a polynomial in the differential operator D. In fact, it can be thought of
as the result of substituting D for A in the polynomial

P(A) = X? +3\+5,
which is, of course, the characteristic polynomial of the equation.
With this notation, we can state the Shifting Rule as follows: Let P(D) be a polynomial in D and let
a be a real or complex number. Then, for any sufficiently differentiable function y, we have
e**P(D)y = P(D — a)[e*"y].
Note that if we replace a by —a, we get the alternate form

e *P(D)y = P(D + a)le” *“"y]

of the shifting rule, which is often helpful.
We’ll give some examples of how to apply the shifting rule to find a particular solution in these notes.

Polynomial Right Hand Sides. We first consider the case of an equation of the form

where ¢(z) is a polynomial of degree n. If P(D) has a non-zero constant term, we look for a solution which
is a polynomial of the same degree as ¢(x).

(1) Example: (D?+2D + 1)y =22 + 1.

We look for a solution which is a polynomial of degree 2. Thus, we try
y = Az> + Bz + C.
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For this to be a solution we must have

2> +1=(D*+2D+1)y
=D’y +2Dy+y
=2A + 2[2Az + B] + [Az? + Bz + C]
=24+ 4Az + 2B+ Az + Bz +C
= Az’ + (4A+ B)z + (2A+2B +0)

Equating coefficients of the powers of £ on both sides we get

A=1
4A+B=0
2A+2B+C =1

The solution of this system of equations is clearly
A=1, B = -4, c=".

and so our particular solution is
y=a>—4z+7

The other case to consider is where P(D) has no constant term. In this case, we take out as many factors
of D as we can, which reduces the problem to solving a lower order equation and then integrating. The
procedure is shown in the next example.

(2) Example: (D? 4+ 3D)y = z*.

We rewrite the equation as
(D + 3)Dy = 2°.

Temporarily, let z = Dy. Then z satisfies
(D +3)z =2°.

We can’t pull out any more factors of D, so we look for a solution which is a polynomial of the same
degree as the right hand side. Thus, we try

z = Az® + Bz + C.
Plugging this into the equation for z yields

2> =Dz + 3z
=24z + B+ 3(Az* + Bz + C)
=2Ax + B + 342 + 3Bz + 3C
=342° + (2A +3B)z + (B +3C)

This yields the system of equations

3A=1
2A+3B=0
B+3C=0
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which have the solution

1 2 2
A==, B = —9’ C= 77
Thus, we get
1, 2 2
z= ga: - §m+ o7
Now, recall that z = Dy. Thus
1 2 2
Dy = §m2—§m+2—7.

We can then find y be taking anti-derivatives:

1 2
3_ 2,24 =,

1
Y=97 "9 27

(we can take the constant of integration to be zero because we’re looking for a particular solution,
i.e., just one function that satisfies the equation).

Right Hand Sides of the form ¢(z)e®**. Suppose we have an equation of the form

P(D)y = q(z)e™".
where ¢(z) is a polynomial. To solve this equation, we rewrite it as

e P(D)y = q(z).
By the shifting rule, this is the same as

P(D + a)fe*7y] = q(a).
If welet Q(D) = P(D + «) and z = e~ *®y, then z satisfies the equation
Q(D)z = q(z).

Since the right hand side is a polynomial, we know how to solve this equation. Once we’ve found z, we can
solve z = e~ *“*y for y, namely y = e**z.

(3) Example: (D? + 2D + 1)y = ze?®.

We write the equation in the form
(1) P(D)y = ze**
where
(2) P(D)=D?+2D + 1.
We rewrite equation (1) in the form
e ?*P(D)y = z.
By the shifting rule, this is equivalent to
P(D +2)[e™>"y] = .
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(4)

Temporarily, let z = e 2%y, so
P(D+2)z=z.

Now, we calculate P(D + 2) by substituting D + 2 for D in equation (2). This gives

P(D+2)=(D+2*+2(D+2)+1
=D?4+4D +4+2D+4+1
=D?+6D +9.

Thus, z satisfies the equation
(D?*+6D +9)z =z.
For z, we try a polynomial of the same degree as the right hand side, so we try
z = Ax + B.
Plugging this into (3) yields

z=D?2+6Dz+ 92
=0+ 6(A) + 9(Az + B)
=6A +9Ax + 9B

This yields the equations
94 =1, 6A+9B =0,

and so we have the solution

This gives us

Example: (D? — 4D + 3)y = 2¢e®.

For the solution, write the equation as
P(D)y = 2¢€°, P(D) =D? —4D + 3.
Move the exponential over to the left hand side and write the equation as
e "P(D)y =2.
By the shifting rule, this is the same as
P(D + 1e~"y] = 2.
Let z = ey, so we want to solve the equation
P(D+1)z=2.
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Now calculate P(D + 1) as follows:

PD+1)=(D+1)>-4D+1)+3
=D?>+2D+1—-4D —4+3
=D2-2D

Thus, the equation for z becomes
(D? —2D)z = 2.

Since we can factor out a D, we do so and rewrite the equation as
(D—-2)Dz=2.
Let w = Dz, so we have the equation

(D-2)w=2

for w. Our trial solution should be a polynomial of the same degree as the right hand side. In this
case, the right hand side has degree zero, so we want a polynomial of degree zero, i.e., a constant.

Thus, we try
w=A.
Plugging into the equation yields
2 =Dw - 2w
=0-24
=24
so, clearly, A = —1. Thus we have w = —1. Since w = Dz, we have
Dz =-1.
Anti-differentiation yields
z=-x
Recalling that z = e *y, we finally have
y = ze® = —zxe”.

Right Hand Sides of the Form ¢(z)e®”* cos(8z) or ¢(z)e*” sin(fx).
Consider the equations

P(D)y = q(z)e™” cos(Bz)
P(D)y = q(z)e™” sin(Bz)

where we assume that « and 8 are real numbers, ¢(z) is a polynomial with real coefficients, and that the

coefficients of P(D) are real.

To deal with these problems, recall that if o = a+if is the complex number with real part o and imaginary

part 3, then

e’? = e*? cos(fx) + ie*? sin(fz).

Of course, the independent variable z is always a real number, so this formula is the expression of e’ is

terms of its real and imaginary parts. Thus,

q(z)e’® = q(x)e®® cos(fx) + ig(x)e*” sin(fx).
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Since g(z) is always real, we conclude that

q(x)e™® cos(fz) = Relg(x)e”]
q(x)e™® sin(fz) = Img(x)e”]

Now consider the equation
(4) P(D)y = q(x)e* cos(Bx) = Re[g(x)e”™].
To solve this equation, we find a complex solution of
(%) P(D)y = q(z)e”.

Once we’ve found the complex solution, we can get a solution of (4) by taking its real part. Similarly, the
imaginary part of the solution of (5) is a solution of

(6) P(D)y = Im[g(x)e”] = q(x)e** sin(Bz).

Thus, by solving the complex equation (5) we solve the two real equations (4) and (6) at the same time.
We can solve (5) by exactly the same method we used above for exponential right hand sides; the only
difference is that we now have to deal with complex coefficients.

(5) Example: (D? + 2D + 1)y = zsin(2z)

We want to solve
(1) (D? +2D + 1)y = zsin(2z)
The right hand side if of the form ¢(z)e®* sin(fz) where @« = 0 and § = 2. Thus,
zsin(2z) = Im[ze*™®).
The complex equation we want to solve is
(8) (D? +2D + 1)y = ze*™®.

The solution of (7) will be the imaginary part of the solution of equation (8).
We write equation (8) as

P(D)y = ze?™®,  P(D)=D?+2D+1.

Moving the exponential over gives

e 2@ P(D)y = .
By the shifting rule, this can be rewritten as

P(D + 2i)[e~*"y] = a.

Let z = e 2"y, so we want to solve

P(D +2i)z = x.

Next, we calculate

P(D + 2i) = (D + 2i)*> + 2(D + 2i) + 1
=D?4+4iD+4i>+2D +4i+ 1
=D?44iD—4+4+2D +4i+1
=D?+(2+4i)D + (=3 + 4)
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Thus, the equation for z is
[D? + (2 + 4i)D + (=3 + 4i)]z = .

Our trial solution is
z = Az + B.

Plugging this into the equation yields
z=D*2+ (2+4i)Dz+ (-3 + 4i)z

=0+ (2+4i))A+ (-3+4i)(Ax + B)
=[(-3+4i)Alz + [(2 + 4i)A + (-3 + 4i)B].

Equating coefficients gives the equations

9) (—3+4i)A=1

(10) (2+4i)A+(-3+4i)B=0
From equation (9) we have

1 1 —3-4i  -3—4

A= - =
—3+4i -3+4i-3—-4i (=3)2+(4)

S = —3/25— 4i/25.

Then, from equation (10), we have
(=3 4+ 4i)B = —(2+ 4i)A = (—2 — 4i)(—3/25 — 4i/25) = 6/25 — 16/25 + 12i/25 + 8i/25 = —2/5 + 4i /5
B = (=2/5+ 4i/5)/(—3 + 4i) = (—2/5 + 4i/5)(—3/25 — 4i/25) = 22/125 — 4i/125.
Thus, we get
7= (—3/25— 4i/25)z + (22/125 — 4i/125) = [(—3/25)x + 22/125] — i[(4/25)z + 4/125]

Recalling that z = e~ 2"y, we get

y= Ze2z'z

= {[(—3/25)x + 22/125] — i[(4/25)x + 4/125]}{cos(2x) + isin(2z)}
= {[(—3/25)z + 22/125] cos(2x) + [(4/25)z + 4/125] sin(2z)}
+i{[(=3/25)x + 22/125] sin(2z) — [(4/25)x + 4/125] cos(2z) }

This is a particular solution of the complex equation (8). Taking the imaginary part of this solution,
we finally get the particular solution

y = [(—3/25)x + 22/125]sin(2z) — [(4/25)x + 4/125] cos(2x)

for the original equation (7).
Notice that the real part

[(=3/25)x + 22/125] cos(2z) + [(4/25)z + 4/125] sin(2z)
of the solution of (8) is a particular solution of the equation
(D? 4+ 2D + 1)y = Re[ze**®] = z cos(2x).
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(6) Example: (D? — 2D + 2)y = e” cos(x).
We want to solve
(11) (D? — 2D + 2)y = €” cos(z) = Re[e1+9?],
so we solve the complex equation
(12) (D? — 2D + 2)y = e(1+i)e
and then take the real part. We can rewrite the complex equation as
P(D)y =¢etde  P(D)=D%*-2D+2.
Moving the exponential to the left side gives
e~ (D2 p(D)y = 1.
By the shifting rule, this is the same as
P(D + (1 +i))le”F2y] = 1.
Let z = e (1+9%y 50 we want to solve
PD+(1+1i)z=1.
Now, we calculate
PD+(1+44)=[D+Q+i)]*-2[D+(1+i)]+2
=D?>+2(1+4)D+ (1+i)*-2D—-2—2i+2
=D?*+(2+2)D+2—2D—2-2i+2
=D +2iD
Thus, the equation for z is
(D? +2iD)z = 1.
We factor out a D and write this as
(D +2i)Dz = 1.

Thus, w = Dz satisfies
(D +2i)w = 1.

Since the right hand side is a polynomial of degree zero, we try a polynomial of degree zero for w, so
let w = A. Plugging into the equation gives just

21A =1.
Thus,
1 1
= A = — = ——
w % i
Since, Dz = w, anti-differentiation gives
1.
z=—=iz
2
Since z = e~ (1+)Zy we have
Y= _lzxe(1+l)$

1
= —§ix[e”” cos(x) + ie” sin(z)]

1 1
= ixez sin(z) — i[ixe“” cos(x)]-

This is a particular solution of the complex equation (12). The real part of this is a particular solution
to the original equation, so our final answer (for a particular solution of equation (11)) is

1
y= Ea:ez sin(x).



