SOLVING SECOND ORDER, HOMOGENEOUS EULER-CAUCHY
EQUATIONS: THE CASE OF THE REPEATED ROOT

LANCE DRAGER

In this note, we show how to find the second basic solution for a second order
Euler-Cauchy equation in the case of a repeated root of the characteristic equation.
We use the method of reduction of order.

Recall that a second order, homogeneous Euler-Cauchy equation has the form

d? d
(1) ngg—kbﬁ—i—cyzo, x> 0.

The trick for solving this equation is to try for a solution of the form y = z™.
Differentiating this function, we have

y=a"
y/ — mxm—l

Yy =m(m—1)az™2

Plugging this into (1), we get

0=z%y" 4+ bxy +cy

= 2%[m(m — )™ %] + bx[ma™ ] + ca™

=m(m— 1)z™ + bma™ + cz™

= [m(m — 1) + bm + cJz™.
Thus, y = 2™ is a solution if (and only if) m is a root of the characteristic polyno-
mial

Q(m)=m(m —1) +bm + ¢,

which simplifies to

(2) Q(m)=m?+ (b—1)m +c.

If Q(m) has two distinct roots, either real or complex, we know how to solve the
equation. To recall briefly, if Q(m) has two distinct real roots r; and 7o, then 2™
and z™ are two linearly independent solutions of (1), so the general solution of (1)
is

y=Cra™ + Coz™.

If Q(m) has two distinct complex roots 71 and 79, they must be complex conju-
gates, so we can write r1 = a + i3 and ro = « — i3, where a and 3 are real.
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It’s perhaps not so clear what a complex power of z means, but since z > 0, we
have z = ¢™(®) If the complex power makes any kind of sense, we ought to have

xa+iﬂ — (eln(m))a+iﬂ
_ eln(m)(aJriﬁ)
— @ In(x)+46 In(x)

— ln(z)ei,@ In(z)

= (@) %[cos(BIn(z)) + isin(BIn(x))]
= 2% cos(BIn(z)) + iz® sin(B In(z)).
Thus, we define
2o+ = 2% cos(B1n(x)) + iz sin(f In(x))
To justify using this definition to solve Euler-Cauchy equations, we need to check
our definition has the property

d . .
%xaﬂﬁ = (a+ iﬁ)x(a-‘rzﬁ)—l'

We leave this check to the reader. The reader should also check that
ratif = xa—iﬁ?.

We can also check that our two solutions z"* and z" are independent. For
example, we can use the Wronskian. We conclude that in the case of complex roots
the general complex solution of (1) is

y=Aiz" + Az,

where A, and A, are arbitrary complex constants. To find the real solutions, we
set y = 7 and find the conditions that must be satisfied by A; and As. The result
is that in this case the general real solution of (1) is

y = C1z% cos(BIn(z)) + Coz® sin(B1n(x))

for arbitrary real constants C7 and Cj.

Finally, there is the case where Q(m) has only one real root r of multiplicity
two. In this case, we get one solution y; = z" of (1) and we need to find a second
solution that is independent of y;. This can be done by the method of reduction of
order. To apply this method we look for a solution of the form y = u(x)y;, where
y1 is the solution we already know. Before plugging this in, we need to rewrite the
differential equation in the right form.

Since 7 is a root of Q(m) of multiplicity two, we must have Q(m) = (m — r)2.
Thus, we have

m2+(b—1m+c=Q(m)=(m—r)*=m?—2rm+r>
Thus, we must have
c=r?
b—1=-2r = b=1-2r.

Plugging these values into (1), we can rewire (1) as

(3) 22y + (1 —2r)zy’ +r?y = 0.
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Our trial solution is y = u(x)y; = u(x)z". Differentiating this gives
y=ux"
y =u'z" + ruz”!

/ ", .r /1, r—1 /. r—1 2

y' ="+ rd 2 (= Dua”
=u"z" +2rd "+ r(r — Dux” 2.

Now plug these derivatives into equation (3). Here we go:

0=2%"+(1—-2r)zy +r%y

=22 a" + 2rd/ 2" F (e — Dua" 2] + (1 = 2r)2fu/z” + ruc” ] 4 r2[uz”]
=u"2" 22" (e — Dua” + (1 — 2)/ 2" + (1 = 2r)uz” + riux”
="z 4/ 2" (1= 20) 2" +uf(r(r — Da” +r(1 — 2r)2" + r’z"]
=uz" 2 T2 1 = 20 Fua [P — 4 — 202 4 7]
=z "

Thus, we get the equation

uz" T 2™ =0

for . Dividing both sides by x"2 gives the equation

1
u' + —u' = 0.
x
If we set v = v/, we get the first order equation
1
4 v+ —v=0.
4 v

(This method is called reduction of order because it reduces a second order problem
to a first order problem.)

We can solve (4) by separation of variables, or by noting that it is a first order
linear equation with integrating factor x. Multiplying both sides by x gives

d
O=av +v= %(xv),

so we have
C
2w=C — v=—.
T

We're only looking for one u that works, so we can choose the value of C, say C' = 1.
This gives us

u=v=—-.
x
Integrating, we get that

u = In(x)

(again, we can set the constant of integration to 0 because we're only looking for
one u that works). Plugging into our trial solution, y = uz”, we conclude that the
second solution of (1) in the case of a double root r is 2" In(z). It’s pretty clear
that these are independent solutions, so the general solution of (1) in the case of a
double root r is

y = Ciz" + Cox" In(x).
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