[ >
| This worksheet will compare the books method of doing undetermined
coefficients with the shifting rule method, in a couple of examples.

[ Examplel

> degn := diff(y(x),x,x)—4*diff(y(x),x)+3*y(x) =
x"2*exp(5*x)*cos(2*X);

2
d d 2 (5%
degn = _2y(x) - 4(d_xy(x)j +3y¥) =X € CcoS2X)
ax
> charpoly := lambda”2 -4*lambda + 3;
charpoly := kz -4)+3
[ > factor(charpoly);
[ >

| Book’s Method.

a-Ha-3

[ > yt =
(A*x"2+B*x+C)*exp(5*Xx)*cos(2*X)+(E*x"2+F*x+G)*exp(5*x)*sin(2*x);
2 (5x) 2 (GRS
_yt:=(Ax +Bx+C)e cog2x +(EX +tFX+G)e SIN(2 X)

[ > dyt = diff(yt,x);
(5x) 2 (5x%)
It = 2Ax+B e cog2x+5AxXx +Bx+C)e cog2X
2 Gx Gx
-2(AX +Bx+Ce SIN2x) + (2ExX+F) e SIN(2 X)
> 5Gx) 5 (5 X)
+5EX +tFX+G)e SiIN2x)+2(EX +tFx+Ge C0g2 X)

[ > d2yt = diff(dyt,x);
(5x) (5x)
wt:=2Ae cog2x + 102Ax+B)e C0S2 X)
CRY 2 (5%)
-42Ax+B)e sin2x +21(Ax +Bx+C)e C0g2 X)
2 Gx (G5x)
-20(Ax +BXx+C)e SIN2x) +2Ee SIN(2 X)




5x) (5x%)
+102EX+F) e SIN2x) +4(2ExXx+F) e COS2 X)
2 (5X) . 2 (5X)
+21EX +FX+G e sin2x) +20(EX +FX+G e COS2 X)

[ > Ih ;= d2yt-4*dyt + 3*yt;
(5x%) (5x%)
1:=2Ae cog2x +6(2Ax+Be C0g2 X)
56X 2 (5x)
-42Ax+B)e sin2xy+4Ax +Bx+C)e C0g2 X)
2 Gx Gx)
-12(AXx +Bx+QC)e SIN2x) + 2Ee SIN(2 X)
(5x) (5x)
+6R2EX+tF e sin2x+4@R2ex+tF e cox2X
2 Gx 2 (5x)
+4EX +FX+G)e sin2x +12(Ex +FX+ G e CO32 X)

[ > fi=lh-  xA2%exp(5*X)*cos(2X):
(5 ) (5 )
=2Ae cog2x) +6(2Ax+B)e CO32 X)
5x) > (5 X)
-42Ax+Be sin2x+4Ax +Bx+C)e C0S2 X)
2 Gx Gx
-12(Ax +Bx+C)e SiN2x) + 2Ee SN2 X)
(5x) (5x)
+6(2EX+F)e SIN2x) +4(2ExX+F) e COS2 X)
2 (5X) . 2 (5X)
+4EX +tFX+G)e sin2x +12EXx +FX+G)e C0g2 X)

2 (5X)
-X e COS2 X)

[ s

| We want to choose the coefficients so this is zero. So computer stuff |
the equations:

> f1 := subs(exp(5*x)=e, cos(2*x)=c, sin(2*x)=s, f);
=2Aec+62Ax+B ec-4(2Ax+B)es+ 4(Ax2+Bx+C)ec
—12(Ax2+ BX+C)es+2Ees+6(2ExX+F es+4(2EX+F)ec
+4(EX2+FX+ G) es+ 12(EX2+FX+ G)ec—xzec

> fl:=fl/e;
:=}(2Aec+6(2Ax+ Blec-4(2Ax+B)es+ 4(Ax2+Bx+C)ec
e




—12(Ax2+Bx+C)es+ 2Eest+t6(2EX+tF es+4(2EX+F) ec
+4mx2+Fx+%3es+12@x2+Fx+c3ec—feq

> f2 = expand(fl);

= 2Ac+12cAx+6cB-8SAX-4SB+4CcAX +4cBX+4cC
~12SAX -125BX-125C+ 2Es+ 12SEX+ 6SF + 8CEX
FACF+A4SEX +4SFX+4SG+12cEX + 12¢F x+ 12¢G

2
-X C

T~

>f3 :=collect(f2, [c,s]);
3= (6B+4BX+4C+12AX+8EX+AF+2A+4AX + 12EX
+12FX+12G—X%C
+ 6F+4G-12C-8AX-4B-12BX+2E-12AX + 4F X
2
+12EX+4EX)S

> pl := coeff(f3, c);

1'=6B+4BX+4C+12AX+8EX+AF+2A+4AX + 126X
+12Fx+126—f

> p2 .= coeff(f3, s);
:=6F+4G—12C—8Ax—4B—128x+2E—12Ax2+4Fx+12Ex
2
+ 4EX

> pl := collect(pl,x);

1:=4A+ 12E—1)X2+(12A+8E+4B+12F)X+ 6B+ 4F+4C
+2A+12G

> p2 = collect(p2, x);
2= (-12A+4E) X + (-8A-12B+4F + 12E)x+ 6F + 4G - 12C

-4B+ 2E
| > egs = {};
| egs .=
> for i fromO to 2 do eqs := eqs union {coeff(pl,x,i)=0}; od;

egs.=(6B+4F+4C+2A+12G=0
Qs =6B+4F+4C+2A+12G=0,12A+8E+4B+ 12F =0
s =6B+4F+4C+2A+12G=0,12A+8e+4B+ 12F =0,




L A4A+12E-1=0

> for i fromO to 2 do eqs := eqgs union {coeff(p2, x, i)=0}; od;
s =(6B+4F+4C+2A+12G=0,12A+8e+4B+ 12F =0,
4A+12e-1=0,

6F+4G-12C-4B+2E=0

Qs =(6B+4F+4C+2A+12G=0,12A+8e+4B+ 12F =0,
A4A+12E-1=0,6F+4G-12C-4B+2E =0,
-8A-12B+4F+ 12E=0

s =6B+4F+4C+2A+12G=0,12A+8e+4B+ 12F =0,
4A+12E-1=0,6F+4G-12C-4B+ 2E =0,
-8A-12B+4F+ 12E =0,

-12A+4E=0

> egs;

6B+4F+4C+2A+12G=0,12A+8e+4B+ 12F =0,
AA+12eE-1=0,6F+4G-12C-4B+2E =0,
-8A-12B+4F+ 12 =0,

I -12A+4E =0
[ > sols := solve(eqgs, {ABCEF G);
SO|SZ:{C:_133G: 81 F:__]'?B:iA:i, —%}
4000 4000 200 100 40 4

> yp := subs(sols, yt);
1243 ,.133

(5x)
= —x + e cog2
P [40X 100 4000] 3 X)

(5x)
+( 3 x2— 1 X + 81) e sin2x

40" 200" 4000

> subs(y(x)=yp, deqn);

2
(5x)
d_[(%ox2+ 3 X— 133] e C032 X)

2 100 4000
dx

(5x)
- ix2—17x+ 81 e sin2x
40 200 4000




— 1 1r1r_ 1T

, 3

17X+

(5x)
- 133] e CO32 X)

X
100 4000

81

200

4000

(5%
j e S|n(2x)]

COS2 X)

133 e(5 X)
400J

(5x)
e

. 2 (5X)
SIN2X) =X € C0g2 X)

200 4000

CRY)

+3 e

COS2 X)

133
100" 4000
(5%)

5Gx) _
3 X - 133 e SiN(2x) + ie SN2 X)
100 4000 20

(5x)
17] e sin2x + 4(

1o L2y
20
3
= x-
20

+6[
3

+4[_

3
— X-

200 20 200

17
200
17

X
200

(5x)
17] e C032 X)

81 ( X)
X+ — sin2
4000) (%)
2 (5X)

(5x)
+ 81 e CO32X) =X e
4000

40

3 2
+ 12 cog2
(& @

> simplify(%;

(5%)
e

(5

2 CO32 X) = x2 e

X COS2 X)

ow try the shifting rule method.

vV zZ Vv



> cmplxdegn :=diff(y(x),x,x)—4*diff(y(x),x) +
3*y(x)=exp((5+2*1)*x)*x"2;

d2 d (G+2nx) -
cmplxdegn ;= — yx | -4 ( &y(x)J +3yx =¢€ X

dx

: > subs(lambda = d+5+2*, charpoly);

I (d+(5+2|))2—4d+(—17—8|)
[ > expand(%o);

I d2+6d+4|d+(4+12|)

[ > collect(%,d);

| A+ 120+d +6+41d
- This operator, witld = D, Is the operator we s
_(5
+21)Xx
)Y

houl ly to find
ould apply to g]: ex

: > 7zt .= A*X"2+B*x+C;
I Zt=A x2 +Bx+C
[ > diff(zt,x, X)+(6+4*1)*diff(zt X)+(4+12*1)*zt;
DA+ (B+41)2AX+E +(@G+121)(AX +BX+C)
[ > f:=0% — x"\2;
I f=2A+6G+4)2Ax+B + @+ 121) (Ax2+ BX+ C)—x2
[ > f1:=collect(f,x);

=@+ 120 A-1)X + (12+81)A+ @+ 121)B)x+2A+ 6+ 4B

+ @4+ 12 C
[ > egset :={};
I egset := ¢
[ > forifrom 0 to 2 do egset := eqgset union {coeff(f1,x,i)=0};
od;

egset = 2A+6+4nB+@d+12HC=0
set:=(2A+6+4nB+@4+12)C=0,12+8HA+@A4+12)B=0




=2A+6+4HB+4+12HC=0,12+8nHNA+@4+12)B=0
4+120A-1=0

> egset ;
2A+6+4nB+4+12H)C=0,12+8nDA+A4d+12HB=0
4+ 12HA-1=0

[ > sols := sol ve(eqgset, {A B, C):
wisi={ A=t 3 p=3 417 oo 18 _ 8L |

I
40 40 100 200 4000 4000

> zp := subs(sols, zt);
Zp = i—i| x2+ i+£ X + —_133—_81 |
40 40 100 200 4000 4000

> yc = exp((5+2*1)*x)*zp
(G+21Xx
=e i—i| x2+ i+£| X + —133— 81|
40 40 100 200 4000 4000

[ > assune(x, real);

> eval c(yc);
(5x~)

e cog2x~)| x4 3 x- 133
200 100 4000
(5x~)
e Usinexyy| -3t Ly 81
200 200 4000
(5%)
+1| € Sin2 X~) ix~2+ix~_ 133
200 100 4000
(5%)
re  cog2x)| -SxC+ A x-- 8L
207 " 200" 2000

> yp := Re(yc);
=1 e(5x~) COS2 X~ X~2+ 3 e(5x~) COS2 X~) X~

(5x~) (5x)
_ 133 —— e COg2 X~) + 3 e Sin(2 X~) X~2
4000 40
17 ( ~) g1 (6x)

SIN2 X~) X~ + —e¢e SiN2 X~)
200 4000



[ >
[ Second Example
> X=X}
i X=X
[ > charpoly := (lambda - (2+3*1))*(lambda—(2-3*I));
charpoly .=+ (-2-31) (A, + (-2 + 31))
S expand(charpoly);
2
A —4)1+13

[ > degn := diff(y(x),x,x)—4*diff(y(x),x) + 13*y(x) =
x"2*exp(2*x)*cos(3*X);

d2 d 2 (2%
degn := —ZY(X) —4[&)/()()] + 13yx) =X € CcoS3X

dx

[ >
[ Book’s method.
[ > yt .= (A*x"2+B*x+C)*exp(2*x)*cos(3*x)+
(E*x"2+F*x+G)*exp(2*x)*sin(3*x);
2 (2 X) 2 (2 X) .
_yt::(Ax +Bx+C)e Cog3X) + (EX +tFX+G)e SINE3 X)

[ frontend(expand,[yt]);
X) 2 (2x) (2x) (2x) 2
cog3xX) AXx +xe cog3x) B+ e cog3x)C +e SIN3 X) E X
2x) 2x)
+xe SIN3X) F+ e SIN3X) G

> yt == X*V;
2 (2 %) 2 (2x)
t:=x| AX +Bx+C)e cog3x) +(EX +tFX+Ge SINE3 X)

> yt:=frontend(expand, [yt]);
(2x) 3 2 (2% (2 X)
yt=e COoS3X) AX +Xx e cog3X) B+ xe cog3x C
(2x) 3 2 (29 | 2%
+ e SINBXEX +X € SIN3X) F+xe SIN(3x G

[ > dyt = diff(yt,x);



(2X) 3 (2X) 2
oyt :=2e cog3x Ax -3e cog3 X) A X
(2 X) o (2%) o (2%
+2xe cog3XB+2x e cog3X)B-3x e SIN(3X) B
(2 ) (2 %) 2x)
+ e cog3x)C +2xe cog3x)C-3xe SINE8x) C
(ZX) . 3 (ZX) 3 (2X) . 2
+2e SINBXEX +3e Ccogx3XYEX +3€e  SIN@BX EX
2x) s (2% 5 (2%
+2xe SINBXYF+2x e SINBX)F+3x e COS3X) F
2x 2x) (2 X)
+ e SIN3x G+ 2xe SiIN3x) G+ 3xe cog3 X G

. 3 (2X)
SIN3x Ax +3e

[ > d2yt = diff(dyt,x):;
(2 X) 2x) 2x)
2yt:=2e cog3xB+4e SIN3X G+ 2e SIN(3X) F
(2 ) (2 %) (2 %)
+4e cog3x)C+6e cog3x)Ax+6e SiN@B X) E X
(2 ) > (2 %) 2% 5
+ 12e cog3x) Ax +8xe cog3x B+ 12e SIN(3 X) E X
2% 2% 5 2%
+ 8xe SIN3x) F—-18e SINBX) Ax —12xe SIN(3X) B
(2 ) > (2 ) (2 %) 3
+ 18e COS3X)EX +12xe Co§3X)F—-5e cos3 X) A X
o (2%) (2 %) 2% 3
-bx e cog3xX)B—-5xe cog3x)C-5e SIN(3 X) E X
2 (2x) (2x) 2% 3
-5x e SINBX)F-5xe SIN3x)G-12e SINE8 X) A x
2 (2% 2x) (2x) 3
-12x e SI3x)B—-12xe sin83x C + 12e CO0S3 X) E X
(2% (2%) o (2x)
-6e sIN3xyC+6e cog3X) G+ 12x e COS3 X F
(2x)
+12xe co33 X G

S Ih := d2yt—4*dyt+13*yt;
(2 ) 2x) (2 %)
lh:=2e cog3x) B+ 2e SIN3XYF+6e cog3 x) A X
2x) 2x) 5 2x
+6e SIN(3X)Ex—18e siIN3xX) Ax —-12xe SIN(3X) B
(2 x) 2 (2 x) 2x
+ 18e cog3 X EX +12xe cog3x)F-6¢€ sin(3x) C
(2x)
+6e Cco33X) G

[ > f=lh - x"2*exp(2*x)*cos(3*x);



(2x) 2x) (2 x)
f=2e cog3xB+2e sSinNBxF+6e cog3x Ax

2x) 2x) 5 2x

+6e SIN(3xX)Ex—18e siIN3xX) Ax —-12xe SIN(3X) B
(2 ) > (2 %) 2x)

+ 18e COS3X)EX +12xe COS3X)F—-6¢e SINE8 X C
(2x) 2 (2x)

+6e Co33X)G-X € C033 X)

> f1l := subs(sin(3*x)=s, cos(3*x)=c, exp(2*x)=e, f);
fl =2ecB+2esF+6ecAx+6eSEx-18esAX —12eSBX
2 2
+ 18eceEX +12ecFx-6esC+6ecG-X ec

>f2 :=sinmplify(fl/e);
f2:=2cB+2sF+6cAx+ 63EX—188AX2—12SBX+ lSCEX2
+120FX-65C+6cG—x20
>f3 :=collect(f2, [c,Ss]);
f3:=0BGAx+ 18EX2+12FX+ZB+6G—X2)C
+(-18AX +2F+BEX-6C-12B%'s

> pl = coeff(f3,c);
I plZ:6AX+18EX2+12FX+ZB+6G—X2
> p2 := coeff(f3,s);
_ 02:= -18AX + 2F + 6EX-6C - 12BX
> pl := collect(pl,x);
_ pL:= (18E- 1) X + (12F + 6A) X+ 6G + 2B
> p2 := collect(p2, x);

p2:= ~18AX + (-12B+ 6E) X+ 2F -6 C

> eqns := { seq(coeff(pl,x,i)=0,i=0..2),
seq(coeff(p2,x,i)=0,i=0..2)};
egns:=6G+2B=0,12F+6A=0,18e-1=0,2F-6C =0,
-12B+ 6E =0,
-18A =0

> sol ns :=solve(eqns, {A B,CEF G);




solns::{C:O,F:O,A:O,G:_—1 E:i,B:iG}
108 18 3

> yp: =subs(sol ns, yt);
=1 xze(zx) cog3x + L e(zx) sin@x X - L xe(zx) sin3

[ > subs(y(x)=yp, deqn);
2

(2x) (2x) (2%
j_ ixze 0033x)+ie sin(3x)x3—ixe SiN(3 X)
2| 36 18 108
X
dl 1 2 2% 1 2% 3 1 (2x)
-4l = =—x e 3x+—_e sin(3 -—Xe sin(3
4(dx(36x C095%) 18 (50X 108X (5%
(2x) (2x) (2x)
U +é_2x2e c05{3x)+£e sin(3x)x3—%xe sSin@8x) =
5 (2x)
I X e C033 X)
> sinplify(%;

o (2%) o (2%)
X e CO33X) =X e CO033 X)

[ >



