PROBLEM SET

Practice Problems for Exam #2
Math 1352, Fall 2004
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Problem 1.

A.
/x\/ 2 + 1dzx.

Answer:

Make the change of variables u = 2z +1, so de = (1/2)du and = = (u—1)/2.
Then

-1 1
/x\/2x+1dx:/uT\/ﬁ§du

1
ZZ/(u—l)ulﬂdu

zi/[u“?'/z—ulm]du

L2 50 2 3
—4[516 3u +C

L s/ 1 3
L c
10" gt

1 1
= —(2c+1)"% - _(2z+1)*2 4+ C.
1O(:ch) 6(:c+) +C

/ x cos(2x) dx.

Answer:

Use the integration by parts formula

(1.1) /uv’ dr = uv — /u’v dx

with u = z and v’ = cos(2x). Then v’ =1 and

v = /cos 2xdx = %sin(2x).
Applying the integration by parts formula we get
/mcos(?x) dx = %x sin(2x) — /(1)% sin(2x) dx
1 1 (.
=52 sin(2z) — 3 /5111(295) dx

1 1
=5 sin(2z) + 1 cos(2z) + C.



/ In())? da.

Answer:

Use integration by parts with

u = [In(z)]?, v =1
0
o= 21n(z) S
Then
/[ln(:v)]2 dx = z[In(z))* — / 211(:5)30 dx

= z[In(x)]* — 2/111(:1:) dx.

To do the integral [ In(z)dz one would use integration by parts again. We
did this problem in class, so I'll just use the result

/ln(x) dx =xIn(z) —x+ C.
Plugging this into the previous formula, we get

/ (In(2)]? dz = o[In(2)]2 — 20 In(z) — 22+ C.

Answer:

/ 2% 1n(z) dz
6

Use integration by parts with v = In(z) and v = 2% so v/ = 1/x and
v=27/7. Then

1 11
6 — 27 — | 22T
/x In(x) dx = 2T In(x) /x7:lc dx

1 1

= ?x7 In(x) — = /x6 dx
1 1

= ?x7 In(z) — Ex7 +C



/ sin?(z) cos® () dz.

Answer:

Since the power of cosine is odd, borrow a cosine and write the integral as

/ sin?(x) cos(z) cos(x) d(x).

In this integral make the change of variables, u = sin(x), so du = cos(z) dz.
Thus,

/ sin? () cos® () cos(x) d(z) = / (1 — cos?(z)) cos’ (z) cos(z) da
= /(1 —u?)ut du

= /[u4 —u®] du

1 1
:gu5—?u7+c
1 1

=% sin®(x) — = sin”(x) 4 C.

/ tan® () sec® () d.

Answer:

Borrow a secant and a tangent, and write the integral as

/ tan®(z) sec® () dr = /tanz(x) sec?(x) sec(z) tan(z) dx = /(secQ(x)—l) sec? () sec(z) tan(x) dx.

Make the change of variables u = sec(x) so du = sec(x) tan(z) d(x). Thus,
/(secQ(x) — 1) sec?(x) sec(z) tan(z) dz = /(u2 — Du?du

= /(u4 —u?) du

1 1
=gu o gw 0
= 1sec5(x) - 1sec?’(gc) +C
5 3 '



/ tan?(z) sec®(x) da.

Answer:

Write the integral as
/tan2 (z) sec®(z) do = /(sec2 —1)sec®(x) dx
(1.2) = /[Sec5 x — sec’(z)] dz

Now use formula (5) from the reduction formula’s sheet, which reads

(1.3) /sec"(m) dx = L sec"™?(x) tan(x) + - i /sec"*Z(a:) dx.

n—1 n—

Applying this formula with n = 5 gives

(1.4) /8605(36) dx = isec3 (z) tan(z) + % /sec?’(a:) dz.

Plugging this into (1.2) gives
/tanQ(x) sec®(x) dr = /sec5(x) dx — /sec3(x) dx

(1.5)
sec®(z) tan(z) — i/sec?’(x) dx

1
4
Applying (1.3) with n = 3 gives

(w6 /sec3(x) dx = %secxtan(x) + % /sec(x) dx
| = %sec() tan(z) + %ln\sec(x) + tan(z)| + C

Plugging this into (1.5), we get

/tanz(x) sec®(z) dx = isec?’(x) tan(z) — 1/sec?’(:c) dx

—

= isec?’(x) tan(x) — 1 B sec(z) tan(x) + %ln|sec(x) + tan(z)|| + C

= isecS(x) tan(z) — A sec(z) tan(x) — éln|sec(m) + tan(x)| + C.



.
222 4+ 42 + 10
Answer:

Complete the square in the denominator. So, we write
222 + 4o + 10 = 2(2? + 22) + 10.

Taking half the coefficient of z in 2% + 2z we get 1, so we add and subtract
12 inside the parenthesis to get

(2 +2r+1-1)+10
[(z+ 1) = 1]+ 10
(x+1)>-24+10
(z+1)* +38.

222 + 4z + 10 =

Thus, we have

/ 1 / dx
——dr = | —V————.
222 + 4z 4+ 10 2(x+1)2+38

In this integral make the change of variables u = 4+ 1, so du = dz. Then
we have

/ 1 dm_/ da
2202 + 4z +10 ) 2@ +1)248

du
:/2u2+8
1 du
_g/u2/4+1

1 du
== | ——— =u/2, du=2d
8/(u/2)2—|—1’ w=u/2, du w

1 2 dw
:g/w2+1
1 dw
_1/w2+1

1
=7 tan™!(w) + C

1
=1 tan!(u/2) + C

1 1
:4tan_1<x; )—l—C.




1
—dx
/ Ve
Answer:
Make the trig substitution z = asin(8), so dz = cos(6) df and

a® — 2% = a® — a*sin*(0) = a*(1 — sin®(0)) = a® cos?(0)

Va2 —x% =acos(f

SO

Then we have

Sln(9 acos(6) asm(@)a cos(p) " (0 40

/Sml((‘)
= é/cse(@) do

= —In|esc(z) + cot(x)| + C.

| e
1

We have sin(f) = z/a, so the reference triangle looks like this

X
0,2 — $2
Thus we have
1 a
9 = = —
esc(f) sin(f) x’
a? — 2
t(0) = .
cot(6) .
Plugging this in gives
1 a a? — x?
—_——dz=—In|—-+ ——|+C.
/ zva? — z2 T




dzx
(a% + 22)3/2°
Answer:

Make the trig substitution 2 = atan(f), so dz = sec?(#) df and
a® 4 2% = a® + a® tan?(0) = a*(1 + tan?(9)) = a®sec?(6).
Thus, we have

(a® + 2%)3/2 = (a%sec®(0))%/? = a® sec®(0)

We calculate that

/ dx B / asec?(0) df
(a2 +22)3/2° | a3sec3(d)
L
a2 | sec(f)
1
= p/cos(ﬁ) de
1 .
== sin(6) + C.

We have tan(0) = z/a, so the reference triangle looks like this

a2—|—a:2

a

Reading off sin(f) from the triangle we get

/ dx B i T Lc
@122 Evage



/22 — a2
JE——
x

Answer:

For the case x > 0, make the trig substitution * = asec(d), so dz =
asec(f) tan(f) df and

22 — a? = a*sec?(0) — a® = a*(sec?(A) — 1) = a® tan?(9),

S0
Va2 —a? = atan(6).

Then we have

Va? —a? . atan(&)asec an
/ x do = / asec(d) (6) tan(0) d9

= a/tanQ(ﬂ) de
= a/[5602 (9) — 1] db
=atan(f) —al + C

= av/x? — a2 — asec”(z/a) + C.

For the case x < 0, make the substitution x = —u, so u > 0, and dx = —du.
Then

[V (SO,

=avu? —a? —asec ' (u/a) + C, (from above)
av/(—x)2 —a? —asec” ! (—z/a) + C.

=ava? —a? —asec ' (—z/a) + C.

Thus, we have

/\/9132—(12 dp — avr? —a? —asec (z/a)+C, x>0
x

B {a\/xQ —a? —asec }(—z/a)+C, x<0.

We can put these into one formula as

Vo a—
/udm:a\/x2 — a2 —asec! <|x> +C.
x a



222 1
/aj—i—:v—i— dx.

z(z+1)2)
Answer:
Use Partial Fractions. The form of the partial fraction decomposition is

2x2+x—|—l_é+ B n C
rz+1)2) 2 z+1  (z+1)2

Clearing the denominators gives the equation
(1.7) 202 +x+1=A(z+ 1) + Ba(r + 1) + Cz.
Expanding the right-hand side gives
202 + 2+ 1=A(x +1)*+ Ba(z + 1) + Cx

= Az® + 2Az + A+ Ba* + Bz + C

=(A+B)2*+ (2A+ B+ C)z + A.
Equating coefficents of powers of x gives the system of equations

A+B=2

2A+B+C=1
A=1.

Setting x = 0 in (1.7) gives A = 1 (which we knew) and setting z = —1 in
(1.7) gives C' = —2. The first equation then shows B = 1. Thus, we have

2z2+z+1_1+ 1 2
r(x+1)2) 2z x+1 (z+1)%

Then we have

202+ +1 1 1 2
/ o(@+1)?) dm‘/[m*xﬂ‘ CESVE

2
=Injz|+ Iz + 1|+ — + C.
z+1

/2x2+2m+1
—_————dx
x(z?2 4+ 1)

Answer:
The form of the partial fraction decomposition is

202 +2x+1 A  Bax+C
r(x2+1) oz 2241



Clearing denominators

20% 4+ 2x + 1= A(2® + 1)+ (Bx + C)x
= Az?> + A+ B2®> 4+ Cx
=(A+B)2* + Cz + A.

Equating coefficients gives the system of equations

A+B=2
C=2
A=1,

so, clearly, B = 1.

Then we have
222 +2x +1 1 xz+2
—_————dx = -+ dx
x(z?+1) z z2+1
dxr dz
d 2
/ /2+1$+ /2+1

1n|x|+ In(z? 4+ 1) 4+ 2tan'(z) + C,

where the middle integral can be done with a simple substitution (or “guess
and correct”).

Problem 2. In each part, give the form of the partial fraction decomposition.

This is a formula involving undetermined coefficients. Do not

find the coefficients! (No calculation is required).

3 +2r+1
(x —1)(z—2)(z+3)
Answer:
»+2r+1 A B C
= + +
(x —1)(z —2)(x + 3) r—1 -2 z+3
1
x(z?2 +1)
Answer:

1 B é_l_Bx—FC'
r(x2+1) |z 2241 |

10



zt 41
x(z? +1)2
Answer:
at+1 A BetC DrtD
r(xz2+1)2 |2z 2241 (22 +1)2
D.
23
(x —2)2(x+2)%(x — 1)
Answer:
23
(x —2)*(z+2)*(z — 1)
A B C D E

= + + + S+
x

z—2 (z—22 z+2 (z+2) -1

Problem 3. In each part, solve the differential equation.

A.

Answer:

This is a first order linear equation. Comparing with the standard form

Y4 Py = Q)

we see that P(x) = —2/x. We have

/P(:c) dx = —2In(x) = In(1/z?).
Thus, the integrating factor is
" P(z)dx n(1/z? 1
I(z) = ¢l P@dz — (In(1/2%) — =l

Multiplying the differential equation through by the integrating factor gives



This is the same as

d (1 _1

de\z2Y) =
(that’s what the integrating factor does,and you can check it with the prod-
uct rule). Integrating both sides gives

1
ﬁy:‘r—"_(l

so the solution is
y =2+ Cx?

dy
= 4y = 2¢”.
dx+ y €

Answer:
The integrating factor is e**. The solution is y = (2/5)e® + Ce™4*.

dy

= = —1).

7p — Y1)
Answer:
The variables separate as

dy
=dx
y(y—1)

Integrating both sides we get

[t = faa=asc

To do the integral on the left, we use partial fractions. The form of the

partial fraction decomposition is
1 A n B
yy—-1) y—-1 y

Clearing the denominators gives

1=Ay+B(y—1)
Setting y = 0 shows B = —1 and setting y = 1 shows A = 1. Thus, we have
dy 1 1
/y(y—l) _/{y—l_y}dx
=lInly — 1| — In|y| (don’t need C here)
y—1

=In

12



Thus, we have

lnyi

1
’ =z+4+C
Taking the exponential of both sides gives

=
Y

=e"TC =l

and so 1
Y= — e,
Yy

Since C' is arbitrary, e is an arbitrary positive number, so e¢ is an arbi-
trary constant, call it C' again, So we have

Solving this for y gives

Y71 Ces

Since —C' is an arbitrary constant, we could write this as
1

yzlJrC’em

for an arbitrary constant C.

Problem 4. A tank contains 200 gallons of water. At the beginning of the

problem there are 100 pounds of salt dissolved in the tank. Salt
water enters the tank at a rate of 5 gallons per minute. Each gallon of incoming
salt water contains 1 pound dissolved salt. The mixture in the tank is kept
prosaically uniform by stirring, and 5 gallons of salt water is drained from the
tank per minute. Find the amount (number of pounds) of salt in the tank as a
function of time. How long will it be until there are 175 pounds of salt in the
tank?

Answer:
Let y = y(¢) be the number of pounds of salt in the tank. Thus, y(0) = 100.
There are 5 pounds of salt entering the tank per minute.

The concentration of salt in the tank is y/200. Five gallons of this mixture
leaves the tank per minute so, salt is leaving the thank at a rate of 5(y/200) =
y/40 pounds per minute. Thus, we have

dy 1

a Y

13



This differential equation can be solved by separation of variables or as a first
order linear equation. If we take the latter approach, we rewrite the equation

as d 1
Y
— + —y = 5.
dt 4y

/40 and the solution is

The integrating factor is e
y =200 4 Ce /40,
Setting ¢ = 0 in this equation and using y(0) = 100 we have
100 = 200 + C,

so C' = —100. Thus, the amount of salt in the tank is given as a function of
time by
y = 200 — 100e /40,

To find the time at which there are 175 pounds of salt in the tank, set
y = 175 in the last equation, which gives

175 = 200 — 100e /40,

which simplifies to
1/4 = et/

Taking log of both sides gives
In(1/4) = —t/40,

and so
t = —401In(1/4) ~ 55.45

minutes.

Problem 5. In each part, determine if the improper integral converges or
diverges. If it converges, find the value.

oo
/ e 2 dx
0

A.

Answer:

First, we figure out the indefinite integral

1
(5.1) /6_2”” dx = —56_2"” +C.

14



The integral in the problem is improper because the upper limit is infinity
so, by definition,

o) b
/ e 2 dr = lim e 2 dx
0

b—oo J

- b
~ i _eﬂ , (by (5.1))

b—oo L

[ 1
= i - ,—2b - 2(0)
bi)rgo ¢ + 2¢

1
_ 1 - =2
o2 2° }

1

2 )

since limy_. o, e72* = 0. Thus, this integral [converges].

1
1
o T

Answer:

Note the indefinite integral

1 1
(5.2) /ﬁdx:—g—ka

The integral in the problem is improper because the integrand is undefined
at 0, the lower endpoint of the interval of integration. Thus, by definition,

1 1
1 1

/ —Qda:: lim —Zda:
0 X T

a—0t [,

_ lim [_T (by (52)

a—0t x|,
1
= lim {1+]
a—0t a

= 00,

since lim,_,¢+ 1/a = oo. Thus, this integral .

15



