NOTES ON LINEAR SYSTEMS OF DIFFERENTIAL
EQUATIONS

LANCE D. DRAGER

1. INTRODUCTION

These notes provide an introduction to the theory of linear systems of differential
equations, building on our previous sets of notes.

To introduce the subject, consider the following problem. We have two tanks
of water. Tank 1 contains 100 gallons of water and Tank 2 contains 500 gallons of
water. See Figure 1. Water is pumped from each tank into the other at a rate of
10 gallons per minute. At time ¢ = 0, Tank 2 contains 200 1lbs of dissolved salt.
The problem is to find the time evolution of the amount of salt in both tanks. We
assume that the tanks are well stirred, so we don’t have to worry about the time it
takes salt water from the inlet to reach the outlet in the tanks.

To find the equations, let y; be the number of pounds of salt in Tank 1, and let
y2 be the number of pounds of salt in Tank 2. The concentration of salt in Tank 2
is y2/500 pound per gallon. Thus, the rate at which salt is entering Tank 1 from
Tank 2 is 10(y2/500) pound per minute. Similarly, the rate at which salt is leaving
Tank 1 is 10(y1/100) pounds per minute. Thus, we have

d
(1.1) o R

dt 10  50°
By similar reasoning,
dy _y1 Y2
1. “@r_ Y2
(12) dt 10 50

Adding these equations shows d(y; + y2)/dt = 0, which reflects the fact that the
amount of salt in the system is constant.

Equations (1.1) and (1.2) comprise a system of coupled linear differential equa-
tions. If we introduce the matrix notation

Sl D R ]

we can write the system in matrix form as

dy

— = Ay.

at ~ Y

We want to find the vector valued function y that satisfies this matrix equation,
and satisfies the initial condition

y(0) = [280] :

(1.3)

Call the vector on the right .
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FIGURE 1. The Two Tanks

As a preview of the methods we will discuss, let’s solve this problem. A calcula-
tion we already know how to do shows that the eigenvalues of the matrix A are 0
and —3/25, and if we let

1 1
P-4

then P~1AP = D, where D is the diagonal matrix

D {—3({25 8] .

To solve the system (1.3), introduce a new dependent variable z by z = P~1y
Substituting y = Pz in (1.3) gives us

d dz

—(Pz)=P— = AP

a\Pa) =P N
and so

% =P 1APz = D2
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Written out this system is

dan 3,
da 257"
dZQ

== 0.

dt

These equations are decoupled, so they are easy to solve. We must have

2 cre—3t/25
z = = N
22 Co

for constants ¢; and cy. We want to choose the constants to satisfy the initial
condition

0= =0

and so we have

z= [(10%;(3))/633”21 |

Finally, the solution to the original problem is y = Pz, so
] 100 [1— e=3t/25
Y= ) =3 |5 esus)
Thus, as t — oo, the amount of salt in Tank 1 approaches 100/3 pounds and the
amount in Tank 2 approaches 500/3 pounds. The graphs of y; and ys are given in
Figure 2.
Of course, this solution depends on the fact that the matrix A is diagonalizable,

since this is what allowed us to decouple the equations. We will later develop a
method for finding the solution when the matrix is not diagonalizable.

2. GENERAL THEORY OF LINEAR SYSTEMS

In our example above, the coefficients of the linear system were constant. In this
section, we will consider the more general case where the coefficients are allowed to
be functions of ¢. Thus, we want to study the linear system

(2.1) y'(t) = A(t)y(t)

where A is a continuous matrix valued function J — K®*" and J = (a,8) C R
is some open interval.! We are seeking a vector-valued function y(t) that satisfies
(2.1).

The usual existence and uniqueness theorem for differential equations applies to
(2.1). In the case of a nonlinear system, the solution might not exist over the entire
time interval J, because the solution can run off to infinity before the end of the
time interval. A simple example of this is the scalar initial value problem

dy

— =149 = 0.
7 +y5,  y(0)=0

Here J = R. The solution is y(t) = tan(¢) and y(t) — oo as t — «/2. The following
theorem asserts in particular that this does not happen in the linear case.

1We use the symbol K to mean either R or C, so a statement involving K is supposed to hold
in either the real or complex case.
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FIGURE 2. The graphs of y; (bottom) and yo (top)

Theorem 2.1. [Existence and Uniqueness Theorem| Let J C R be an open interval
and let t — A(t) be a continuous matriz-valued function with values in K™*". Let
yo € K" and tg € J. Then there is a unique function y: J — K": t — y(t) such
that
y'(t) = At)y(t), for allt e J,
y(to) = yo.
The proof of this theorem is, as they say, beyond the scope of the course.

Definition 2.2. Let y1,...,yx be functions J — K", we say that yi,...,y, are
linearly dependent on J if there are constants cq, ..., ck, not all zero, so that

cy1(t) + caya(t) + - - + cryx(t) =0, forallt e J.

If the functions are not linearly dependent, we say that are linearly independent.
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Definition 2.3. If 1, ...y, are functions J — K", then the Wronskian of these
functions is defined to be the function

W(t) = det(yl (t)’ s 7yn(t))7

where this notation means the determinant of the matrix whose columns are y; (), . . .

Proposition 2.4. Let yi,...,y, be functions J — K™. If these functions are
linearly dependent on J, then W (t) =0 for allt € J.
Thus, if W (tg) # 0 for some tg € J, then yi, ...,y are linearly independent.

Proof. If the functions are dependent, there are constants ci,...,c,, not all zero,
so that

cyr(t) + caya(t) + - -+ enyn(t) =0, forallt e J.
Let Y () be the matrix whose columns are y;(t), ..., y,(t) and let ¢ be the column

vector ¢ = [cl cy ... cn]T. Then, for each ¢, we have Y (t)c = 0. Since ¢ #
0, this implies that the matrix Y (¢) is not invertible. Thus, we have W(t) =
det(Y(t)) =0 for all t € J. O

Our next goal, which will take a little work is the following theorem. Recall that
if A is a square matrix, the trace of A, denoted by tr(A), is defined to be the sum
of the diagonal elements, i.e., if A isn X n,

tI‘(A) =a11+ags+ -+ apn-
Theorem 2.5. [Abel’s Theorem| If y1,...,y, are solutions of the linear system
y'(t) =Aly(t), teld,
W (t) = det(y1(t), ..., yn(t)) is their Wronskian, and to is a fized point in J, then
t
W(t) = W(to) exp ( / tr(A(s)) ds>.
to

It follows that W (t) is either zero for allt € J, or W(t) is never zero on J (in
which case the solutions are linearly independent on J ).

Exercise 2.6. Let A and B be n X n matrices. Show that tr(AB) = tr(BA). Hint:
write out both sides as sums.

Exercise 2.7. If A and P are n X n matrices and P is invertible, show that
tr(P~1AP) = tr(A). Thus, similar matrices have the same trace.

As the first step toward Abel’s theorem, we need to deal with multilinear func-

tions. Suppose that we have a function
F: K" xK™ x ... x K™ — K™,
We say that F' is multilinear if it is linear in each slot separately, i.e. if you hold
the vectors in all but one slot fixed, you get a linear function. In other words, if
v; € K", w; € K% then
(22) F(vl,...,vj_l,a’uj+5wj,vj+1,...vn):
aF(vi,...,0j-1,05,0j41,...) + BF(v1,. .., 051, W5, Vj41, ..., Un).

For example, the determinant is multilinear as a function of the columns of the
matrix.

s Yn (L)
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Proposition 2.8. Let v;: J — K", j = 1,...,k, be differentiable vector-valued
functions and let
F: K™ x K™ x - x K" — K™

be a multilinear function. Then

d

k
ZE @0, 0u(6) = Y F(a(8), o 01 (0,05 (8), vy (), 0 ().
j=1

Proof. For simplicity, consider the case where
F: K" x K" — K™

is multilinear. The general case is the same, just notationally messier.
If a € K™, we can write a = Z?:ll a;e; where the e;’s are the standard basis

vectors in K™*. Similarly, if b € K™2, b = Zyil bje;. Then we have

F(a,b)=F <i a;e;, b>

. =1

= Z aiF(ei, b)
z;ll .

= Z aiF (ei, Z bj@j)
i=1 Jj=1
ni ng

= Z a; Z bjF(ei, ej)
i=1 j=1

ny na

= Z ZaibjF(ei, €j)

i=1 j=1

where the F'(e;, e;)’s are constant vectors.
Thus, if @ and b are functions of ¢, we have

niy n2

F(a(t),b(t)) = > ai(t)b;(t)F (e, ¢j).

i=1 j=1

Since the F'(e;, e;)’s are constant, the usual product rule from calculus gives us

(@0, 00) = 3 Y Tel 005 (0) + as( OB (O] F e ;)
=YD aiOb () F (eseg) + > Y ai()j(t)F (e, e))
i=1j=1 i=1 j=1

= F(d'(t),b(t)) + F(a(t),b'(t)).
O

One important application to of this theorem is to take F' to be the function
K™m*P x KP*™ — K™*" given by matrix multiplication. Thus, if A(t) and B(t) are
differentiable matrix-valued functions,

%A(t)B(t) = A'(t)B(t) + A(t)B'(t).
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The immediate application we want to make is to the determinant function.
Thus, if y1, ..., y, are functions with values in K", then

%det(yl ), yn(t) = Zdet(yl(t)’ N R (O (R ER (9 N T () B

Next, we need another definition.

Definition 2.9. A multilinear function
F:K'x. .. xK" =K
—_——
n factors

is called skew symmetric if exchanging the vectors in two slots changes the sign.
In other words,
(2~3) F('Ula ce ,Uj—lyvjw]'ﬂw~Uk—17vkyvk+17~-wvn) =

- F(Ula <oy Ui—1, Vg Vj1, - - - Vk—1, Vg V415 - - - 7Un)-

An obvious example is the determinant function, considered as a function of the
columns of the matrix. In fact, there are not very many functions like this.

Proposition 2.10. Let
F:K'x. ... xK" =K
—_———
n factors

be a skew symmetric multilinear function. Then
F(vi,...,v,) = kdet(vy,...,v,)
for all vectors vy, ...,v,. The constant k is given by

k=F(e,...,en),

where ey, ..., e, is the standard basis of K".
Proof. Given vectors vy, ...,v,, we can write
n
v; = Z €ivij.
i=1
Using the multilinearity of F', we can expand F(vy,...,v,) as
n
F(vy,v9,...,0,) = Z Vi11V5y2 - - Vj,nF (€5 €5, -y €5, )-
Jiseesdn=1
Similarly,
n
det(vy,ve,...,0,) = Z Vj,10jy2 - .- U, n det(ej,, €5y, ..., €5,).
J1yein=1
Thus, it will suffice to show that
(2.4) F(ej,,€j,,...,€5,) = kdet(ej,,ej,,...,€5,)
for all choices of the indices j1, jo, . . ., jn, where k is defined as in the proposition.
If there is a repeated index among ji, ..., Jn, then (2.4) holds, since in this case

both sides have a repeated vector and hence are zero, by skew symmetry.
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Thus, it remains to consider the case where ji, ..., j, is a permutation of 1, ... n.

We have
Fley,ea,...,e,) =kdet(er,ea, ... ep)
by the definition of k and the fact that the determinant of the identity matrix is
1. If we apply a transposition of two indices to both sides of the last equation, we
will still have equality, since both sides will change by a minus sign. Similarly, if we
apply a sequence of transpositions, we will still have equality. But any permutation
can be obtained by a sequence of transpositions, so we can conclude that (2.4) holds
for any permutation. This completes the proof. O
Proposition 2.11. Let A be an n X n matriz with entries in K and define
F: K'"x---xK'"—-K

n factors

F(vy,...,0p) = Zdet(vl, s 01, A, g, L ).
j=1
Then
F(v1,...,v,) =tr(A)det(vy,...,v,).

Proof. Tt’s not too hard to see that F' is skew symmetric. For example, in the case
n = 3, we have

F(v1,v9,v3) = det(Avy, vo,v3) + det(v1, Ava, v3) + det(vy, va, Avs).
If we switch slots 1 and 3, we have
F(v3,v9,v1) = det(Avs, ve,v1) + det(vs, Ava, v1) + det(vs, va, Avq)
= — det(vy, v9, Avz) — det(vy, Ave, v3) — det(Avy, va, v3)
= —F(vy,vg,v3).
Since F' is skew symmetric, we must have
F(vy,...,0,) = kdet(vy,...,vp),

where
k= F(ei,eq,...,ep).
But then,

n
k= E det(el, .. .,6j,1,A€j,€j+1, ces ,6n).
j=1

Consider the jth term in this sum. We have

n
Aej = E ekl
k=1

and so
n

det(el,...,ej,l,Aej,ejH,...,en):det(el,...,ej,l, E ekakj,vjﬂ,...,vn)
k=1

n
= E agjdet(er,...,€j—1,€x, €41, ,€n).
k=1
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But all of the terms in the last sum with & # j are zero because of a repeated
vector. The term with k = j just comes out to a;;. Thus, we have

k=Flei,...,en)

n
= E det(el,. .. ,ej_l,Aej,ej+1,. .. ,en)
Jj=1

This completes the proof. ([l

We're now ready to prove Abel’s Theorem (Theorem 2.5). So, let yq,...,y, be
functions with values in K™ which are solutions of

(2.5) y'(t)=Alt)y(t), teld,
where A(t) is a given continuous function with values in K®*". Let

W(t) = det(yl(t)7y2(t)’ s ayn(t))

be the Wronskian of these solutions. By the machinery we have just developed, we
have

d

%W(t) = %det(zﬂ(t), oY)

= Zdet(yl(t), Y1 (0, (), Y (£), - yna())

= det(a(t), ., yi-1(1), AM)y; (1), yj1 (L), - - yn(t))

= tr(A(t)) det(y1 (1), - .., yn(t))
=tr(A@)W ().
Thus, W (t) is a solution of the scalar linear differential equation
(2.6) W'(t) = tr(A(t))W(t).
To solve this equation, we use an integrating factor. Choose ty € J and define
t
a(t) = / tr(A(s)) ds
to
so o (t) = tr(A(t)) (by the fundamental theorem of calculus) and «a(ty) = 0. Now,
rewrite (2.6) as
W'(t) — tr(A(t))W(t) = 0.
Multiply both sides of this equation by e~*®) to get
(2.7) e “OW () — e W tr(A(t))W(t) =0,
The left-hand side of this equation is
d

p (e W (1)),
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so (2.7) is the same as

d —a(t _
(e Ow(t)) = o.

From this we conclude

e *OW(t) =,
where C is a constant. Setting ¢t = t; shows that C = W (ty). Thus, we conclude
that the solution of (2.6) is

W (t) = W(to)e®®) = W (to) exp ( / t tr(A(s)) ds).

to
This completes the proof of Abel’s Theorem.

Exercise 2.12. Consider the nth order scalar linear differential equation
(2.8) any™ (1) + an-1y IO + -+ ary' () + aoy(t) = 0,

where the a;’s are constants with a,, # 0. Show that if y is an n-times differentiable
scalar function that is a solution of (2.8), then vector-valued function

y(t)
y'(1)
vy =| ¥
y" (1)
is a solution of the vector differential equation
(2.9) Y'(t) = AY (¢),
where
0 1 0 0 0
0 0 1 0 0
A= : : : : - :
0 0 0 0 .. 1
—ap/an, —aifa, —as/a, —asfa, ... —anp—_1/an
Conversely, if
y1(t)
y2(t)
Y(t) = .
yn(t)

is a solution of (2.9) then y; is a solution of (2.8).
Let y1,...,yn be solutions of (2.8) and let

Y1 Yo e Yn
i Yo oo YUn
w=| v yi o Y
—1 —1 —1
y%n ) yén ) o y%ﬁ )

be their Wronskian. Use Abel’s theorem to show that
W(t) = W(0)e n-1t/an,
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Now consider again the differential equation
(2.10) Y1) = AWy(t),  ted

where A(t) is a given continuous function with values in K™*".
A differentible matrix valued function ®(¢) on J is a solution matrix of (2.10)
if
o' (t) = A(t)®(1), ted

This is the same as saying that each column of ®(¢) is a solution of (2.10).

Proposition 2.13. If A(t) is a given continuous function on J with values in
K™*" to € J and C € K"*™ is a constant matriz, there is a unique K™*™-valued
function ®(t) that solves the initial value problem

{ '(t) = A(t)D(t), teJ,

(2.11) B(to) = C.

Proof. If we use ©1(t),...,on(t) for the columns of ®(t) and cy,...,c, for the
columns of C, then (2.11) is the same as

05(t) = A)p;(t), @jlto) =¢;
for j = 1,...,n. These initial value problems have a unique solution by the existence
and uniqueness theorem for (2.10), and so (2.11) has a unique solution. O

Definition 2.14. A solution matrix ®(¢) for (2.10) is a fundamental matrix for
(2.10) if det(®(t)) # 0 for all ¢ € J. This is the same as saying that the columns of
®(t) are n linearly independent solutions of (2.10).

Proposition 2.15. There is a fundamental matriz for (2.10).

Proof. Take ®(t) to be the solution of the initial value problem (2.11) where C is
some nonsingular matrix. We then have det(®(tg)) = det(C) # 0, so det(P(t)) # 0
for all ¢t by Abel’s Theorem. O

Proposition 2.16. Let ®(t) be a fundamental matriz for (2.10), and let ¥(t) be
another matriz-valued function on J. Then V(t) is a fundamental matriz if and
only if

U(t) = &(t)C, teld

where C 1s an invertible n X n matriz.

Proof. If C' is invertible, ®(¢)C is invertible for all ¢ and

d
dt
so ®(¢)C is a fundamental matrix.

Suppose that W(t) is another fundamental matrix. Choose ty € J. Then we
have U (tg) = ®(ty)C, where C' = ®(ty) "1 W(tg) is invertible. Thus, ¥(¢) and ®(t)C
are solution matrices for (2.10) that satisfy the same initial condition at ¢¢. Hence
U(t) = O(t)C for all ¢. O

[B(t)C] = & (£)C = AD(t)C = A[d(t)C],

Proposition 2.17. Let ®(t) be a fundamental matriz for
y'(t)=Al)y(t), tel
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Then the solution of the initial value problem

y'(t) =Aly(t), teld
(2.12)

y(to) = yo
18

y(t) = @(t)(to) ' yo.

The proof of this proposition is left as a simple exercise.

Thus, once we know a fundamental matrix, we can solve the initial value problem
(2.12) for any initial condition.

As a final topic in this section, we will discuss how to solve the linear inhomoge-
neous initial value problem

(2.13) { y'(t) = A(t)y(t) + b(t)

y(to) = vo,
where b(t) is some given vector-valued function. In the applications b(t) is usually
a force or influence from the outside.

One way to do this is variation of parameters. Let ®(¢) be a fundamental matrix
for the homogeneous linear equation

y'(t) = A(t)y(t)
and seek a solution of (2.13) of the form y(t) = ®(¢)v(t) where v(t) is a vector-valued
function to be determined. We have
y'(t) = ®'(t)o(t) + ©(t)v'(1)
= A(t)®(t)v(t) + ®(t)v'(t).
Plugging into both sides of the equation in (2.13), we have
A)P(t)v(t) + P(t)v' (t) = A(t)D' (t)v(t) + b(t)

which reduces to

or
V'(t) = ®(t)b(t).
Hence, we must have
t
v(t) =c+ / ®(s)"'b(s)ds,
to
where c is some constant vector. Thus, so far,

y(t) = ®(t)v(t) = ®(t)c + @(t)/ ®(s) 7 b(s) ds.

to

Setting t = tg shows that y(tg) = ®(tg)c, so to satisfy the initial condition y(ty) =
Yo, we must choose ¢ = ®(ty) " lyo. Thus, we get the following formula for the
solution of the initial value problem (2.13):

(2.14) (1) = BOB(0) 0+ 8(0) [ 2(5)70(s)ds,

to

which is known as the variation of parameters formula.
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3. SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT
COEFFICIENTS

In this section, we consider the case of a linear system of differential equations
where the coefficient matrix is constant. Thus, the equation looks like

(3.1) y'(t) = Ay(t)
for a constant matrix A. In this case it is possible to be much more explicit than
in the case of nonconstant coefficients.

Since A is defined for all time, all of the solutions of (3.1) can be extended to
the whole real axis.

As we saw in the last section, what we need to find is a fundamental matrix for
(3.1). We know that given any matrix B and time tp, there is a unique matrix
valued function ¥ such that

(3.2) V() = AU(t), U(ty) = B.

If B is invertible, ¥ will be a fundamental matrix. It is convenient to fix the time
and the initial condition. Thus, if A € K"*™ let ®4 be the matrix-valued function
that satisfies

(3.3) O\ (t) = ADA(), D4(0) =1I.

We can develop some useful properties of ® 4 from the defining differential equa-
tions.

Proposition 3.1. Suppose that A € K"*™. Then the following statements are
true.

(1) If Be K™*™ and BA = AB then BO4(t) = ®4(t)B for allt € R.
(2) If BA = BA then

DA(t)Pp(t) = Parp(t) = Pr(t)Pa(t), teR.

(3) Pa(t+35) =Pa(t)Pa(s) forallt,s € R.
(4) ®a(t)~t = Dy(—t), for all t € R.
(5) If P is an invertible n x n matriz then

Pl ,(t)P = ®p-14p(1), teR.
Proof. (1) Let Uy(t) = ®4(t)B. Then
W (t) = @y (1) B

= Ad,B
= AU, ().
Now let Uo(t) = BP4(t). Then
Wh(t) = BO(t)
= BAD4(t)
= ABD4(t) because AB = BA
= AWy (1).

Thus, ¥; and Uy satisfy the same differential equation. We have
U1(0) =®4(0)B=1IB=B=Bd,(0) =Ty(0),
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so Uy and Vs satisfy the same initial condition. Thus, we must have ¥; =
.
(2) Let ¥(t) = ®a(t)@p(t). We then have ¥(0) = I and
'(t) = (1) Pp(t) + Pa(t)P(t)
= ADA(t)Pp(1) + Pa(t)BP5(1)
=AD4(t)Pp(t) + BPA(t)Pp(1) by part (1),
=(A+ B)2a(t)®p(t)
=(A+ B)U(t).
Thus, U satisfies the same differential equation and initial condition as
D4y, so we have P4y p(t) = Pa(t)Pp(t). The same argument with the

roles of A and B reversed completes the proof.
(3) Fix s and let Uy (t) = P4 (t)P4(s). It is then easy to check

Wy (t) = AWy (),  T1(0) = Pa(s).
On the other hand, define ¥5(t) = ®4(t + s). Then,
UL(t) = @y (t+s5) = ADA(t + 5) = AVq,

(using the chain rule) and ¥5(0) = ®4(0 + s) = P4(s). Thus, ¥; and ¥y
satisfy the same differential equation and initial condition, so ¥ = Ws.
(4) This follows from the last part:

QA(—t)Pa(t) = Pa(—t+1) = Pa(0) =1 = Dy(t)Pa(-1),

SO (I)A(t)fl = CI)A(t)
(5) Let B=P~1AP and set ¥(t) = P~'®4(¢)P. Then ¥(0) = I and
d

\1/'()7%13 1o, (t)P
= P lo, (t)P
=P 1ADA(t)P
=P 'APP '@, (t)P
= BU(t)

Thus, we must have ¥ = & 5.
O

We’ve used the notation ®4(¢) up until now because we wanted to emphasize
that its properties can be deduced from the defining initial value problem. Most
people use the notation

‘I)A(t) = €tA.

The right-hand side is the exponential function of a matrix. One way to define
the exponential of a matrix is to use the differential equation, as we have done.
Another approach is to use an infinite series. Recall from Calculus that

k

x
Zz_:kf—l-i-x—i—fs —&—?x +Ix +-
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where the series has infinite radius of convergence. By analogy, we can substitute
x = tA in this series to get
Lk Ak 2 3 4
thA t t t
tA _ _ 2 3 4.
(3.4) e —kio i —I+tA+2A +3!A +4!A +

where each term in the series is an n X n matrix. It can be shown that this series
converges for any matrix A, meaning that each entry in the n x n matrix on the
right converges to the corresponding entry of the sum. Substituting ¢ = 0 in (3.4)
shows that €% = I. It can be shown that it is valid to differentiate the series term
by term, which gives

d a_d 2o sty
Gpa_ Crpiga U Doy Uqay
g¢ =g rtA A A AT

t? t3
:0+A+tA2+§A3+§A4+-~-

2,
:A[I+tA+5A +§A + -]
= AetA.

Thus, e as defined by the series, is a solution of the initial value problem that
defines @ 4(t), so @4 (t) = .

We won’t justify this computation here, because there really isn’t anything about
e that you can get from the series that you can’t get from the differential equation.
Computing e*4 directly from the series isn’t easy in the general case, since you don’t
have a closed form for the entries of A¥, k=1,2,....

The properties in Proposition 3.1 look nicer in exponential notation and, in some
case, look like laws for the scalar exponential function. Here are the statements.

Proposition 3.2. If A is an nxn matriz with entries in K, the following statements

are true.
(1) If AB = BA then Be!4 = e B for all t.
(2) If AB = BA then
GHAGB — JHA+B) _ B tA

(3) For allt,s € R,
6tAesA _ e(tJrs)A _ GSAetA.
(4) For allt € R,
(etA)—l — e—tA-
(5) If P is an invertible n X n matriz,
P*letAP — etpilAP.
tA

We now want to consider how to compute e**. The easiest case, as we saw in
the introduction, is if A is diagonalizable. Suppose that

MM 0 0 ...00
0 X 0 ... O

p=1(0 0 X ... O

0 0 0 ... A\
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is a diagonal matrix. The \;’s are, of course, the eigenvalues of D, repeated ac-
cording to their multiplicities.
If we write out the system of differential equations

dy

2 —_D

dt

we get

dy1
N

di 1Y1
dy2
272y

di 2Y2
dyn,

= )\n n-

dt 4

Since the equations are decoupled, they are easy to solve individually, so we have
the general solution

U1 creMt

Y2 coet2!
(3.5) y=1.|=

Un cnetnt

and setting ¢t = 0 gives

(3.6) y(0) =

To find ®(t) = ®p(t) = eP*, we have to solve the matrix initial value problem

(3.7 %@(t) = Do(t), P(0)=1.

If we denote the jth column of ®(t) by ®;(t), the matrix initial value problem above
is equivalent to the n vector initial value problems

d
dt
j=1,2,...,n, where eq,...,e, are the standard basis vectors of K. From (3.5)
and (3.6), we see that the solution of the initial value problem (3.8) is

0;(t) = eM'ey
and hence that the solution to (3.7) is

(3.8) ;(t) = D®;(t), @;(0)=ey,

eMt 0 0O ... 0
0 e 0 ... 0
Pt — ()= | O 0 et ... 0 7
0 0 0 ernt

which is again a diagonal matrix.
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Now consider finding e4* where A is diagonalizable. We can find an invertible
matrix P so that P"1AP = D, where D is diagonal. The diagonal entries in D
are, of course, the eigenvalues of A. We know what the matrix e”? is from the
computation above. We have A = PDP~!, and so we have

1 _
eAt — 6ISPDP — PetDP 17

from Proposition 3.2. Thus, we know how to compute et

the entries in et

, and we can say that
are linear combinations with constant coefficients of the functions
, where the \;’s are the eigenvalues of A.

What happens when A is not diagonalizable? Recall that A can be written
uniquely as A = S + N, where S is diagonalizable, N is nilpotent and SN = NS.
The eigenvalues of A are the same as the eigenvalues of S. Since S and N commute,
we have

(3.9) At = SNt _ oSteNt

from Proposition 3.2. Since S is diagonalizable, we know how to compute e5t. To
handle eVt we have the next proposition.

Proposition 3.3. Let N be a nilpotent matriz. Suppose that N* # 0, but N¥+1 =
0. Then

1 1 1
(3.10) eNt:I+tN+§t2N2+§t3N3+--~+Ht’“N’“.

Hence, each entry of eV is a polynomial in t.

Proof. The formula (3.10) is what you get if you plug N into the series (3.4), since
NP =0 for p > k. If the series makes you nervous, we can also verify the formula
(3.10) using the defining initial value problem.
Define ¥(t) by
1 1 1

U(t)=T+tN + thNQ + §t3N3 +o ﬁtka.

Differentiating, we get
1 1
U'(t) =N +tN? + —t*N3 + ... ———¢F7INF,
() = NAINTH N+

On the other hand, we have

1 1 1 ,
NU(t) = N(I +tN + 5752N2 + §t3N3 4+t Et’“N")
1 1 1 1
_ 2, S g2a73 a4 . k—1nark | = 4k ark+1
=N+1tN +2!tN —|—3!N + +(k:—1)!t N —I—k!tN

1 1
=N+tN2+§t2N3+fN4+...+ tk—lNk7

31 k- 1)

since N**1 = 0. Thus, we have W/(t) = NW¥(t). We also clearly have ¥(0) = I, so
we can conclude ¥(t) = eVt
(]

Exercise 3.4. Find et where

N =

o o oo
oS oo
oo = O
o = o o
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Generalize to the case where N is n x n with 1’s on the superdiagonal and all other
entries equal to zero.

If we go back to equation (3.9), we now know how to compute both % and eVt
and hence e? = e%teN*. In particular, we can conclude that every entry of e4? is
a sum of functions of the form p(t)e*, where p(t) is a polynomial in ¢ and X is an

eigenvalue of A.

Exercise 3.5. If J is in Jordan Canonical Form, show how to compute e’* explic-
itly.

Although the above theoretically gives a method of computing e“?, it’s not very
easy to use for explicit computations, since it is not easy to find the decomposition
A=S+N.

Computing e numerically (i.e., taking care with round-off error and dealing
with large matrices) is a non-trivial problem. See a numerical guru.?

We will give a method which works when you can find the eigenvalues and
their multiplicities and the matrix is not too large. We are following a paper by
LE. Leonard® so we'll call this Leonard’s algorithm. The formula is not originally
due to Leonard, but this approach is his.

We need to recall quickly how to solve higher order, scalar, linear, homogeneous
differential equations with constant coefficients. In other words, we want to find
the solutions of equations of the form

(3.11) any"™ (8) + an_1y" V(1) + -+ ary'(8) + aoy(t) = 0,

where ag, ..., a, are constants, with a,, # 0 and y(¢) is a function with values in
K. Usually one divides through by a,, but we’ll leave it in our equation. The
polynomial

PA) = @\ + ap A" )+ ag

is called the characteristic polynomial of (3.11). Equation (3.11) can be written
as

p(D)y =0

where D stands for the differential operator d/dt.

To find the general solution of (3.11), we need a fundamental set of solutions,
i.e., a collection y1, ..., y, of functions that are solutions of (3.11) and are linearly
independent. To check if the solutions are linearly independent, we can use their
Wronskian.

Suppose that yy,...,y, are linearly dependent functions. Then, there are con-
stants c1,...,cn, not all zero, such that

cy1(t) + cay2(t) + - - - + cpyn(t) =0, for all ¢.

2A good place to start is the well known paper “Nineteen dubious ways to compute the ex-
ponential of a matrix”, by Cleve Moler and Charles Van Loan (SIAM Rev, 20(1978), no. 4,
801-836)

3“The matrix exponential,” SIAM Rev, 38(1996), no. 3, 507-512
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If we differentiate this equation repeatedly, we have

ey (t) 4 oy (t) + -+ + cayy, (1)
cryy (t) + cayy () + -+ - 4 coyp (1)

0
0

ay" V@) + e V@) + -+ ey (1) = 0,
for all ¢. If we let ¢ be the column vector ¢ = [cl cy ... cn]T and let M (t) be
the Wronskian matrix of the functions, i.e.,
y1(t) y2(t) oo yn(t)
Yy (t) yo(t) oo yn(t)
o | WO B0
n—.l n—.l . n—:1
R (O el () IR S ()

we see that M(t)c = 0 for all ¢. Since ¢ # 0, we conclude that det(M(t)) = 0
for all . The function W (t) = det(M (¢)) is called the Wronskian of the functions
Yiy-- -y Yn-

Thus, we conclude that the Wronskian W (t) is identically zero if the functions
are dependent. Hence, if W is nonzero at one point, the functions are independent.

If y1,...,y, are solutions of (3.11), Abel’s Theorem shows that the Wronskian
is either zero for all ¢, or non-zero for all ¢. (See Exercise 2.12.)

We can find a fundamental set of solutions of (3.11) if we can find the roots of
the characteristic polynomial p(\) and their multiplicities. We recall the facts in
the next proposition.

Proposition 3.6. If r is a root of the characteristic polynomial p(\) with multi-
plicity m, then r contributes the functions

ertvtert, o ’tmflert

to the fundamental set of solution of (3.11). Since the multiplicities of the roots
add up to n, we get n linearly independent solutions in this way. Thus, a root r of
multiplicity 1 contributes the single function €™ to the fundamental set.

In the case where the coefficients of p(A) are all real, it is often desirable to write
down the real solutions of (3.11) by finding a fundamental set of solutions that
consists of real functions. In this case, we use the rule above for a real root v of
multiplicity m. If there is a non-real root r = a+ i3, a, 8 € R of multiplicity m,
it’s conjugate must also be a root of the same multiplicity. The pair of conjugate
roots of multiplicity m contributes the 2m functions

e cos(Bt), te™ cos(Bt), ..., t" e cos(Bt)
e sin(Bt), te* sin(Bt), . .., t™ e sin(Bt)
to the fundamental set of real-valued solutions.
With this preparation, we can state Leonard’s Algorithm.

Theorem 3.7. [Leonard’s Algorithm] Let A be an n x n matriz, with characteristic
polynomial x a(\) = det(A—AI). Letry,...,r, be the solutions of the scalar, linear,
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homogeneous differential equation

that satisfy the initial conditions

r(0) =1 r(0) = 0 n(0) =0
r(0)=0 rh(0) =1 7 (0)=0
r1(0)=0 ry(0) =0 7 7/(0) =0

1) =0 Y0 =0 0 =1

Then,
eM = (O +1ro(t) A+ r3(t) A% + - 4 rp (1) AL

We'll first prove that this algorithm works, and then discuss the problem of
how to find the solutions 71, ..., r,, which we will call the principal solutions of
xa(D)r =0.

The first step in the proof of Leonard’s Algorithm is the following lemma.

Lemma 3.8. Let A be an n x n matriz, with characteristic polynomial
XA(A) = cn A" +cn g A"+ A+ .

Then the unique matriz valued function ®(t) which satisfies the differential equation
(312)  xa(D)B(t) = ca®™(t) + o1 @ V(@) + - 4 1P (t) + coP(t) = 0
with the initial conditions
(3.13) d0)=1, ¥0)=A4, @'0)=4% ... o Y@)=4""
is ®(t) = etA.
Proof. Let ®(t) = [p;;(t)]. Since the ¢;’s are scalars, each entry of ®(t) satis-
fies the differential equation x4(D)y;;(t) = 0, which initial conditions apgf)(O) =
ij-th entry of A¥=1 for k =0,...,n — 1. Thus, the function ®(¢) is unique, by the
existence and uniqueness of solutions for scalar differential equations.

Next, we check that ®(t) = !4 is a solution. In this case, we know that ®*) () =

AFet4 5o certainly the initial conditions are satisfied. Plugging ®(¢) = e!* into the
differential equation gives

Xa(D)®(t) = cn®™ (t) + cno1 @ V() + -+ + 1@ () + co®(2)
= c A" 4 ¢ 1 AV e 4o o A + et
= (CpA" +cp 1 A" b A coI)eAt
= xa(A)et
But, x4(A) = 0 by the Cayley-Hamilton Theorem. Thus, xa(D)®(¢t) = 0, so

®(t) = e is a solution of this initial value problem.
(]
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In order to complete the proof the Leonard’s algorithm works, it will suffice to
show that the function

B(1) = 3 ria ()42

satisfies the differential equation (3.12) and the initial conditions (3.13). But this
is almost trivial.
We have

xa(DR() = xa(D) | ryna (04

|
A

n

[xa(D)rjs1(t)] A

Il
3w
[
- o

0A7 since xa(D)rj41 =0

Il
=
o

It’s easy to see that ®(t) satisfies the initial conditions (3.13) because of the initial
conditions imposed on the 7;(¢)’s. Thus, by the uniqueness part of the lemma, we
must have ®(t) = e4?.

In order to make this algorithm practical, we need to find the principal so-

lutions. To approach this problem, let fi,..., f,, be a fundamental set of solu-
tions for x4(D)r = 0. Thus, every solution of y4(D)r = 0 can be written as
r=ci1f1 +cofo+...cpfpn for some constants cq,...,c,. Let

f:[fl f2 fn]v

which is an ordered basis for the n-dimensional vector space of solutions of x 4 (D)r =
0. Then every solution can be written as Fe¢, where ¢ = [cl Cy ... Cp
constant vector.

Suppose that we want to find the solution of x 4 (D)r = 0 that satisfies the initial
conditions

r(0) =m
'(0) =72
(3.14)
T(n_l)(o) = Yn>
for some given constants ~vi,...,Vn.

We can write r = c1 f1 + - - - 4+ ¢p fn, s0 we need to determine the ¢;’s so that the
initial conditions are satisfied. We have r(*) = clfl(k) + -+ Cnf,(Lk), so the initial
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conditions (3.14) become

c1f1(0) + e2f2(0) + -+ + ¢ fu(0) =m
c1f1(0) + cafo(0) + -+ + cn f,(0) = 72
c1ft (0) 4 c2f3' (0) + -+ cn fr (0) = 3

el fT0) H e fST(0) - e fOTD(0) =

We can write this system of equations in matrix form as

Moyc =7~
where
C1 7
C2 V2
c= ) Y= . )
Cn Tn
and
f1(0) f2(0) S )
1(0) f0) ... 7 (0)
M, = 1(0) 7(0) ... 7 (0)
) £V e R0

is the Wronskian matrix of the solutions in F, evaluated at zero. Since the Wron-

skian matrix is invertible, the solution of the system Myc =~y is ¢ = M(;l'y. The
solution 7 of the differential equation y 4 (D)r = 0 that satisfies the initial conditions

(3.14) is then r = Fe = fM(;lfy.

Now suppose that we want to find solutions rq,...,r, corresponding to vectors
M, ---,7n of initial conditions. We then have r; = }-Mo_l%* If we write
R:[’l‘l Tro ... ’I“n]

for the row of the r;’s and let
C=[ylv| |l

be the matrix whose columns are the «;’s, we can put the equations r; = fM(;lyj
together into the single equation

R = FM,'T.

If we want R to be the row of the principal solutions, the corresponding matrix
of initial conditions is just I' = I. Thus, we can find the principal solutions as

R=FM,".
We can now give some examples of finding e4? by Leonard’s algorithm.
Example 3.9. Consider the matrix
3 2 —4
A=1|3 5 —7
1 2 -2
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The characteristic polynomial is
XaA) =X —6X2+11A-6=N—-1)(A—2)(\A—3)

Since there are three distinct eigenvalues, the matrix A must be diagonalizable. We
leave it as an exercise for the reader to compute e*4 by the diagonalization method
and check the result is the same as we get here by Leonard’s algorithm. For a
fundamental set of solutions of the equation y 4(D)r = 0, we can take

F— [et o2t e3t} )
The Wronskian matrix of F is

et 62 t e3 t

M(t)=| et 2%t 3e3t
of A2t g3t

The value of the Wronskian matrix at 0 is

1 1 1
My=M@O)=|1 2 3
1 49
and a calculator computations shows
3 =5/2 1/2
My'=1| -3 4 -1
1 =3/2 1/2
We can then find the row R of principal solutions by
R=FM;"

3 —5/2 1/2

=[el e M| -3 4 -1

1 =3/2 1/2

=[3e =3+ —5/2e +4e2" —3/2e% 1/2e — et +1/263 .
Then, by Leonard’s Algorithm, we have
et = ()] + 1o (t) A + ra(t)A?

100 3.2 —4
= (3" =3 +€¥) | 0 1 0 | +(=5/2e" +4e" =3/2¢") | 3 5 -7
001 12 -2
11 8 -18
+(1/2€" —e** +1/2€%") | 17 17 -33
78 -4
6t7262t+263t *6t+63t €t+262t7363t

= | et —5e?t 443t —et 4263t et +5e2t —6e3t

et_362t+2e3t —€t+63t et+362t_3e3t
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Suppose that we want to solve the vector differential equation

d
ch )
subject to the initial condition
-1
y(0) =yo = 2
)
The know the solution is y = e“*yg, so we have
[ et —2e2t 423t —et 3t et 42627 — 337 -1
y(t) = | et —5e?t +4e3t —et +2e3t et +5e2t —6e3t 2
| el —3e2t 263t —el 43t el 4362t - 363! -5

[ —8et —8e2t + 15637
= | —8et —20e?t +30e3?
| —8ef — 1262t + 153!

Example 3.10. Consider the matrix

—16 6 -5
A= =36 14 -10
18 —6 7

We want to find e*. The characteristic polynomial is
XAA) =N =5 248 —4=A—1)(A—2)%.

Since we have a multiple root, we can’t tell without further calculation if A is
diagonalizable. We leave it as an exercise for the reader to show that A is in fact
diagonalizable and to find e“* by the diagonalization method. We’ll use Leonard’s
algorithm. A fundamental set of solutions for the equation x4(D)r =0 is

F=[e e te?].
The Wronskian matrix of F is

et th teZt

M(t)= | et 2e*t 2! 4 2te?!
el 4e?t 4e2t 4 4te??

and the value of the Wronskian matrix at ¢t =0 is

1 10
My=M0O)=|1 2 1
1 4 4
and the inverse of this is
4 -4 1
My'=| -3 4 -1



NOTES ON LINEAR SYSTEMS OF DIFFERENTIAL EQUATIONS 25

Thus, the row R of principal solutions is

R=FM,"
4 —4 1
=le! e ]| -3 4 -1
2 =3 1

=[4de —3e?t +2te?t —def +4e*t —3te?t ef — et et .
Thus, by Leonard’s Algorithm, we have

eAt =g I +r2(t)A+ 7‘3(75)/12

100 -16 6 -5
= (4e' —3e*" +2te®") | 0 1 0 | + (—4e'+4e*" —3te?) | =36 14 -10
00 1 18 -6 7
-50 18 -15
+ (e —e*' +te??) | =108 40 —30
54 —18 19
18e! —17e%t  —6el + 662t 5et —5e?t
= | 36el —36e2! —12e'+13e2t 10e! —10e2!
—18¢e! +18¢e?!  6Gef — 62! —5el +6e?t

We would predict from the diagonalization method that the entries of e should be
linear combinations of e! and e?*, and so it proves, even though Leonard’s algorithm
involves the additional function te?t.

Next, consider the matrix

64 21 17
B = 96 —31 26
—108 36 —28

This matrix has the same characteristic polynomial as A, but the reader can check
that B is not diagonalizable. Since the principal solutions depend only on the
characteristic polynomial, we use the same principal solutions as for A. Thus, we
calculate

eBt = r ()] + ro(t) B + r3(t) B

100 64 —21 17
=(4e' —3e*" +2te®") | 0 1 0 | + (—4de' +4e*" —3te*!) 96 —31 26
001 —-108 36 —28

244  -81 66
+ (e" —e*"+te?) | 360 —119 98
—432 144 -116
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—8et 492t 4 54te?t  3et —3e?t —18te?t —2e! +2€2 + 15te?t
= | —24et +24e2t +72te2t et —8e2t — 242t —Get + 6e2t + 20te??
—108 te?? 36te?? e?t — 30tet

This time the function te* does appear in the final answer.

Example 3.11. In this example, we find e* for the matrix
—-129 44 -36
A= -204 71 -56
222 -74 63
The characteristic polynomial is
Xa(A) =X =5 2 +11A—15=(A—3) (\* —=2X+5).

Using the quadratic formula, we see that the roots of the characteristic polynomial
are 3 and 1 £ 2i. Since A has real entries, e* must have real entries, so it makes
sense to use real solutions of the equation x4 (D)r = 0. Thus, in this case we can
take a fundamental set of solutions to be

F=[e¥ elcos(2t) e'sin(2t)].

We leave it to the reader to check that the Wronskian matrix at 0 is

1 10
My=1 3 1 2
9 -3 4
and that the row of principal solutions is

(3.15)
R=[5/8¢3"+3/8¢c cos(2t) — Le'sin(2t) —1/4e® +1/4e’ cos(2t) + 3/4 €' sin (21)
1/8e*t —1/8et cos (2t) — 1/8e’sin (2t) |.
Thus, we have

et = r ()T + 1o (t) A+ ra(t)A®

= (5/8 3t 4 3/8¢l cos (2t) — %et sin (2t)>

o O =

0
1
0

= o O

—129 44 —-36
+(—1/4€*" +1/4¢€' cos (2t) +3/4e'sin (2¢)) | —204 71 —56
222 74 63
—327 112 88
+(1/8¢€*" —1/8e’ cos (2t) — 1/8¢€'sin (2t)) | —600 209 —160
444 —148 121

—8e3t £ 9elcos(2t) —57e’sin(2t)  3e3! —3elcos(2t) +19efsin(2) —2e3 +2e cos (2t) — 16 e’ sin (2¢)

= | —24e®t +24efcos(2t) — T8elsin(2t) 9e3t —8elcos(2t) +26etsin(2t) —6e3t + 6e cos(2t) — 22t sin (2¢)

111 e’ sin (21t) —37elsin (2t) et cos (2t) + 31 et sin (2t)
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For the final topic in this set of notes, we discuss linear inhomogeneous systems
of equations with constant coefficients. Thus, we want to consider the system
(3.16) dy = Ay +b(t)

dt
with the initial condition y = yg, where A is an n x n matrix and b is a given
function with values in K™. The formula for the solution is a special case of the
variation of parameters formula (2.14). In this case, we can give an alternative
derivation using an integrating factor. Write the differential equation (3.16) as

dy

dt
Multiply both sides of this equation on the left by e~*4 to get

Ay = b(t).

d
e—tAC% ~ ety = e~ tAp(t).
The left-hand side of this equation is
d

Ly
T le y}

so the equation becomes

;ﬁ[e_my} = e ().

Integrating both sides from 0 to ¢ gives
t
(3.17) e My =c+ / e *4b(s) ds
0

where ¢ is a constant. Plugging in ¢ = 0 shows that ¢ = yg. If we plug this into
equation (3.17) and solve for y, we get

t
y(t) = eyo + / = Ap(s) ds,
0

which is the variation of parameters formula in this case.

Exercise 3.12. Solve the differential equation

A EENINEN

subject to the initial condition
1
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