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Problem 1. Find the absolute maximum and absolute minimum values of the
40 pts.

function f(x) = x3 − 6x2 + 1 on the interval [−3, 5].

Answer :
To find the critical numbers, we calculate

f ′(x) = 3x2 − 12x = 3x(x− 4).

Thus, f ′(x) = 0 at x = 0 and x = 4. Both of these points are in the interval
[−3, 5]. Since the interval is closed and bounded, we can find the absolute
maximum and minimum by evaluating the function at the endpoints and at the
critical points in the interior of the interval. Using a calculator, we get

f(−3)− 80
f(0) = 1
f(4) = −31
f(5) = −24.

Thus, the absolute maximum of f on [−3, 5] is 1, which occurs at the critical
point x = 0, and the absolute minimum is −80, which occurs at the endpoint
x = −3.

Problem 2. A flower bed is to be constructed. One side of the bed will be
50 pts.

formed by the long, straight wall of a building, and the other three
sides will be fenced. If there is 8 feet of fencing available, find the dimensions
of the flower bed that will give the maximum area.

Be sure to show what interval you are maximizing the function over, and to
justify that you have really found the max, not just a critical point.

Answer :
We begin by drawing a picture and labeling the sides of the flower bed.
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The area of the flower bed is given by A = xy. The length of fence used for
the flower bed is x + 2y. Since there are 8 feet of fence available, we have the
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constraint x + 2y = 8. Solving the constraint equation for x gives x = 8 − 2y
and substituting this in the formula for A gives A = y(8−2y) = 8y−2y2. Since
y is the length of a side of the flower bed, we must have y ≥ 0. Similarly, we
must have x ≥ 0, so 0 ≤ 8− 2y, which implies y ≤ 4.

Thus, our problem is to maximize the function A = 8y− 2y2 over the inter-
val [0, 4]. Since this is a closed, bounded interval, we may find the maximum
by evaluating the function at the endpoints of the interval and at any critical
numbers in the interior of the interval. In our case, A′ = 8− 4y, so there is one
critical number y = 2, which is in our interval [0, 4]. Evaluating the function at
the relevant points we get

A(0) = 0
A(2) = 8
A(4) = 0.

Thus, the maximum possible area of the flower bed is 8 square feet, which is
obtained by making y = 2 and x = 8− 2(2) = 4.

Problem 3. We want to construct a cylindrical tin can, with a closed top and
50 pts. bottom. The volume of the can is to be 16π cubic inches. What

should the dimensions of the can be to minimize the cost of the materials (i.e.,
to minimize the surface area).

Be sure to show the interval you are minimizing your function over, and be
sure to check that you really have the absolute minimum, not just a critical
point.

Answer :
Let the radius of the cylinder be r and let h be the height. The volume is given
by V = πr2h. The volume is fixed at 16π, so we have πr2h = 16π. This leads
to

h =
16
r2

. (1)

The top and bottom of the can both have area πr2. The lateral part of the
can has area 2πrh. Hence the total surface area is

A = 2πr2 + 2πrh.

Subsituting (1) in this formula gives

A = 2πr2 +
32π

r
. (2)

Since r is the radius of the can, it must be nonnegative, but it can’t be zero
because of (1). There is no upper bound on r. Thus, we are miniminzing (2)
over the interval (0,∞).
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Taking the derivative, we get

A′ = 4πr − 32π

r2
.

Setting this equal to zero an solving gives

4πr − 32π

r2
= 0

4πr =
32π

r2

4πr3 = 32π

r3 =
32π

4π

r3 = 8
r = 2.

Thus, we have one critical point at r = 2. To verify that this is the absolute
minimum, we can compute A′′ as

A′′ = 4π +
64π

r3
.

The second derivative is postive at r = 2, so our critical point is an realative
minimum, by the second derivate test. Since there is only one critical point in
the interval of interest, we can say that r = 2 gives the absolute minimum on
the interval (Drager’s One Critical Point Theorem).

Plugging r = 2 into (1) gives h = 4. Thus, the dimensions of the can for
minimum cost are r = 2 and h = 4.

Problem 4. Consider the function f(x) = x4 − 4x3 + 2.
50 pts.

A. Find all the critical points. Construct the sign table for f ′(x). Determine
where f(x) is increasing and decreasing. Determine if each critical point is
a relative max, a relative min, or neither.

Answer :

We have f ′(x) = 4x3 − 12x2 = 4x2(x − 3), so the critical numbers are
x = 0, 3. The sign table is shown below (below the line we show the sign of
each factor, used to find the sign of f ′).
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Thus we conclude that f is deceasing on the interval (−∞, 3) and increasing
on the interval (3,∞). From the first derivative test, the critical point at
x = 0 is neither a relative max nor a relative min, while the critical point at
x = 3 is a relative min.

B. Find the sign table for f ′′(x). Find all inflection points. Determine where
the graph y = f(x) is concave up and concave down.

Answer :

We have f ′′(x) = 12x2 − 24x = 12x(x − 2), which has zeros at x = 0 and
x = 2. If we construct the sign table we get
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Thus, f is concave up on (−∞, 0) and (2,∞) and concave down on (0, 2).
Both x = 0 and x = 2 are inflection points.

C. Sketch the graph y = f(x), plotting all critical points and inflection points.

Answer :

Here is a computer sketch of the graph, with the critical points and inflection
points marked.
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Problem 5. Consider the function
60 pts.

f(x) =
x2

x2 − 1
.

A. Find all vertical and horizontal asymptotes for the graph y = f(x).

Answer :
The denominator of f(x) is zero at x = −1 and x = 1, and the numerator is
not zero at these points, so we have vertical asymptotes x = −1 and x = 1.
To find the horizontal asymptotes, we consider the limit of f(x) as x → ±∞:

lim
x→±∞

f(x) = lim
x→±∞

x2

x2 − 1

= lim
x→±∞

x2

x2 − 1

1
x2

1
x2

= lim
x→±∞

1
1− 1

x2

=
1

1− 0
= 1,
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so we have a horizontal asymptote y = 1.

B. Find all the critical points. Construct the sign table for f ′(x). Determine
where f(x) is increasing and decreasing. Determine if each critical point is
a relative max, a relative min, or neither.

Answer :

From the formula for the first derivative, we see that the only zero of f ′

is x = 0, so that is the only critical number. However, f ′ is undefined for
x = ±1 (like the function f), so the sign could change at these points. Thus,
when making the sign table, we need division points at = −1, 0, 1. The
sign table is as follows (the symbol l indicates a vertical asymptote at that
point):
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Thus, by the first derivative test, the critical point x = 0 is a relative max.
The function is increasing on the intervals (−∞,−1) and (−1, 0)) and de-
creasing on (0, 1) and (1,∞).

C. Find the sign table for f ′′(x). Find all inflection points. Determine where
the graph y = f(x) is concave up and concave down.

Answer :

From the formula for f ′′, we see that f ′′ has no zeros, since the numerator
is never zero, so there are no inflection points. However, f ′′ is undefined at
x = ±1 (like the function f), so we will have to use x = −1, 1 as the division
points in the sign table. The sign table is as follows:
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From this we conclude that the graph y = f(x) is concave up on the intervals
(−∞,−1) and (1,∞); and concave down on the interval (−1, 1).

D. Sketch the graph y = f(x), plotting all critical points, inflection points, and
asymptotes.

Answer :

Here is a computer sketch of the graph. The asymptotes are drawn as dotted
lines and the critical point at (0, 0) is marked.
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Problem 6. In each part, find the limit.
40 pts.

A.

lim
x→0

sin(3x)
x + sin(x)
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Answer :
This has indeterminate form 0/0, so we apply L’Hôpital’s Rule:

lim
x→0

sin(3x)
x + sin(x)

= lim
x→0

3 cos(3x)
1 + cos(x)

=
3(1)
1 + 1

=
3
2
.

B.

lim
x→0

sin(x)− x

x3

Answer :
We have

lim
x→0

sin(x)− x

x3
Indeterminate form

0
0

= lim
x→0

cos(x)− 1
3x

still
0
0

= lim
x→0

− sin(x)
6x

still
0
0

= lim
x→0

−cos(x)
6

= −1
6
.

C.

lim
x→∞

ln(x)√
x

Answer :
This has indeterminate form ∞/∞. We have

lim
x→∞

ln(x)√
x

= lim
x→∞

ln(x)
x1/2

= lim
x→∞

1
x

1
2x−1/2

= lim
x→∞

1
x

1
2x−1/2

2x1/2

2x1/2

= lim
x→∞

2x1/2

x

= lim
x→∞

2
x1/2

= 0
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D.
lim

x→0+

√
x ln(x)

Answer :

This has indeterminate form 0 · ∞. To apply L’Hôpital’s rule, we have to
rewrite the expression as a quotient so we get either 0/0 or ∞/∞. In this
case, we can write

lim
x→0+

√
x ln(x) = lim

x→0+

ln(x)
1√
x

,

which has the form ∞/∞. The we have

lim
x→0+

ln(x)
1√
x

= lim
x→0+

ln(x)
x−1/2

= lim
x→0+

1/x

− 1
2x−3/2

= lim
x→0+

1/x

− 1
2x−3/2

−2x3/2

−2x3/2

= −2 lim
x→0+

x3/2

x

= −2 lim
x→0+

x1/2

= −2 lim
x→0+

√
x

= −2(0) = 0.
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