EXAM

Exam #2
Math 2360, Second Summer Session, 2002

August 2, 2002

ANSWERS






Problem 1. Consider the matrix

70 pts. _ -
-1 3 4 0 4 9
o -3 -3 -1 -5 =5
A=| -1 2 3 -1 1 8
-1 4 5 2 9 9
| 1 -10 —-11 —-12 -35 -—11 |
The RREF of A is the matrix
10 -1 0 -1 -3
01 1 0 1 2
R={00 0 1 2 -1
00 0 0 0 o0
(00 0 0 0 0 |

A. Find a basis for the nullspace of A.

Answer:

Call the variables z1,...zg. Note that A and R have the same nullspace.
Looking at R we see that the variables x1, x2 and x4 are leading variables
and 3, x5 and zg are free variables, say x3 = «, 5 = ( and zg = 7.
Reading the non-zero rows of R from the bottom up, we have the following
equations
Ty 4205 —26=0 = x4=-20+7
Tot+ar3+as+206=0 = 29=—a— 03— 2y
x1—ax3— 25 —3r6=0 = x1 =a+ 5+ 3.

Thus, the nullspace of A is parametrized by

T a+ 6+ 3y 1 1 3
To —a— 0 —2y -1 -1 2
T3 « 1 0 0
24 284~ al g | A o [T
5 16} 0 1 0
T6 y 0 0 1
Hence, a basis of the nullspace of A is given by the vectors

1 1 3

-1 -1 —2

1 0 0

(. -2 |’ 1

0 1 0

0 0 1



B. Find a basis for the rowspace of A.

Answer:

A basis of the rowspace of A is given by the nonzero rows in the RREF of
A, i.e., R. Thus, a basis of the rowspace of A is

[10 -10 -1 3], [011012], [0O000T12 —-1].

C. Find a basis for the columnspace of A

Answer:

The columns in R that contain the leading entries are 1, 2 and 4. These
form a basis for the columnspace of R. Since the columns of R and A satisfy
the same linear relations, the corresponding columns of A form a basis of
the columnspace of A. Thus, columns 1, 2 and 4 of A form a basis of the
columnspace of A. Explicitly, a basis for the columnspace of A is given by

-1 3 0
0 -3 -1
-1 |, 2 |, -1
-1 4 2
1 ~10 ~12

D. What is the rank of A?

Answer:

The rank is the dimension of the rowspace and the columnspace of A (which
must have the same dimension). We’ve found that these spaces have 3 basis
vectors, so they have dimension 3. Thus, rank(A) = 3.

50 bt Problem 2. Let A be a 6 x 8 matrix and let B be a 7 x 7 matrix.
pts.

A. What is the largest possible value of the rank of A?

Answer: 6.

B. If the nullspace of A has dimension 5, what is the rank of A?

Answer:

The rank theorem says the rank plus the nullity of A must equal the number
of columns. The number of columns is 8, and we're given that the nullity is
5, so we must have rank(A) = 3



C. If the rowspace of B has dimension 4, what is the dimension of the nullspace
of B?

Answer:

The rank is equal to the dimension of the rowspace or columnspace. Thus,
we know rank(B) = 4. The rank plus the nullity of B is equal to 7 (the
number of columns). Thus, the nullity of B is 3. By definition, the nullity
is the dimension of the nullspace, so the nullspace of B has dimension 3.

Problem 3. In each part, determine if the given vectors in R® are linearly
independent. Justify your answer. If the vectors are linearly
dependent, find scalars ¢y, ca, c3 and ¢4, not all zero, so that

50 pts.

Cc1V]1 + cavo + c3vy 4+ c4vy = 0.

A.
2 2 1 1
1 2 0 4
V] = 1 5 Vo = 1 5 V3 = 1 s Vy = 0
2 1 0 -1
2 1 -1 0
Answer:

Let’s put the vectors vy, va, v3 and vy is a matrix A. Thus,

2 2 1 1
1 2 4
A:[Vl‘VQ‘Vg‘VAL}: 9 1 8 1
2 1 -1 0
The Reduced Row Echelon Form of A is
1 0 0 -2
01 0 3
R=|001 -1 |=[r|r2|rs|rs],
0 0 O
0 0 O 0

where we have labeled the columns of R. Looking at the columns of R, we
see that

ry = —21‘1 + 31‘2 — I3

or, to put it another way,

21‘1—31‘2—|—I‘3—|—I‘4:0.



Since the columns of A satisfy the same linear relations as the columns of

R, we must have
2V1 —3V2—|—V3—|—V4 =0.

Thus, the vectors vy, vo, v3, v4 are linearly dependent.

V] = Vo = V3 = Vyq4 =

)—‘)—‘\.[\.’)D—\H
l\')»—ll—l[\:)»a
HNQOW[\DCO
DN DN DN DN

Answer:

Again, put the vectors into a matrix A. Thus,

21 3 1
1 2 2 2
A=12 1 5 2
11 2 1
1 2 1 2

The Reduced Row Echelon Form of A is

1.0 0 0
01 00
R=]10 010
0 0 01
0 0 0 O

We see that the columns of R are linearly independent. Since the columns
of A satisfy the same linear relations as the columns of R, we conclude that
the vectors vy, vo, v3, v4 are linearly independent.

Problem 4. Consider the vectors

4

50 pts.

V] = Vo =

NN W
DN N DN

3
21
2

in RY. In each part, determine if the given vector is in span(vy, va,v3) and, if
S0, express it as a linear combination of vy, vy and vj.



40 pts.

9
Wi = 6
4
3
B.
7
Wo = ’
6
6
Answer:

To solve both parts at once, put the vectors in a matrix, say

3

A:[Vl‘VQ‘V;g‘Wl‘WQ]:

NN W

2
2
1

where we’ve put in the bar to separate the v’s from the w’s. The Reduced Row

Echelon Form of A is

1 0
0
k= 1

0
0
0
1

OO = O
O = = N

0
0
0 0

From R, we can read off the relation ry = 2r; 4+ ro — r3. The same relation
must hold between the columns of A, so we have wi = 2vy{ + vo — v3, so Wy is
in span(vy, v, v3). Also from R, we wee that rs is not a linear combination of
ri, ro and r3. The same must be true for the columns of A. Thus, ws is not a
linear combination of vi, vy and vs. In other words, wo ¢ span(vy, v, vs).

2

2
2
2

9

6
4
3

o~

=[rfro|rsfrrs].

Problem 5. In each case, determine if the given vectors span R? and, if so,
pare the given list of vectors down to a basis of R3.

A.
2 1 3
vi= |1}, vo= |1}, vy = |2], V4
1 1 2
Answer:
Put the vectors in a matrix
2 1
A:[Vl‘VQ‘Vg‘V4‘V5]: 1 1
1 1

—_ O =

DN DN W

[

—= O N

V5 =

—= O N



The RREF of A is

1010 1
R=[ri|ro|rs|rafrs]=]0 1 10 -1
0001 1

We see that columns ry, ro and ry are linearly independent, so the same
must be true for v, vo and v4. Since three independent vectors in R® must
form a basis, we conclude that the given set of vectors spans R3 and that
one way to pare it down to a basis is vi, va, vy.

B.
1 2 1 0 2
Vi = 4 5 V3 = 8 5 V3 = 3 5 V4 = —1 5 V5 = 7
2 4 1 -1 3
Answer:
Put the vectors in a matrix
1 2 1 0 2
A:[Vl‘VQ‘Vg‘V4‘V5]: 4 8 3 -1 7
2 41 -1 3
The RREF of A is
1 2 0 -1 1
R=[ry|ry|rs|ry|rs =] 00 1 11
0 0 O 0 0

We see that r; and r3 are linearly independent and the rest of the columns
of R are linear combinations of r; and r3. The same must be true of A, so vy
and v3 are linearly independent and all of the other v;’s are combinations
of these two. Thus, span(vy,...,vs) has dimension two, and so can not be
equal to all of R3. Thus, the given vectors do not span R3.

Problem 6. Let S be the subspace of R* spanned by the vectors

50 pts.
2 4 0 4
V] = ! Vo = 0 V3 = -2 Vyq4 = 0
1]’ 1]’ 1|’ 1
1 1 -1 2

A. Pare down the list of vectors above to a basis for S. What is the dimension
of S?



50 pts.

B. For each of the following vectors, determine if the vector is in S and, if
S0, express it as a linear combination of the basis vectors you found in the
previous part of the problem.

12 10

W1 = Wo =

2 0

41 2

7 5

Answer:

We can solve the problem in one step by putting all the vectors in a matrix, say

2 4 0 4|12 10
A=[vi vl va vilwi [wo = | 10 22002 00
1 1 -1 2 7 5
The RREF of A is
1 0 -2 0 2 0
R=[m el mleslr]=] 0 o & 01780
0 0 0 0 0 1

From this, we see that r1, ro and ry are linearly independent and rj is a linear
combination of ry, ro and ry. The same must be true of the columns of A, so
we conclude that vi, vy and v4 are a basis of S. Since there are three vectors
in a basis for S, the dimension of S is 3.

Looking at R, we see that r5 = 2r; — ry + 3ry. The same must be true in
A, so we conclude that wq = 3v; — vo + 3v, and so wy € S.

Looking at R, we see that rg is not a linear combination of rq, ..., r4 (because
of the last row). The same must be true in A, so wy is not a linear combination
of vi,...,vq. Thus, wy ¢ S.

Problem 7. In this problem we work in the vector space P3 = { p(x) = az? +

bx + ¢ | a,b,c € R}, the space of polynomials of degree < 3. In
each part, determine is the given subset of P5 is a subspace of P3. You must
justify your answers.

A. The set of polynomials p(z) € P3 such that p(0) = 0.

Answer:

This is a subspace of P3. To verify this, we check the three properties
necessary for a subspace. Let S = {p(z) € P; | p(0) =0}.

1.) S contains 0.



Proof. In fact, the zero polynomial is zero at every point z, including
x=0. O

2.) S is closed under scalar multiplication.

Proof. Suppose that p(x) € S, so p(0) = 0. If « is a scalar, then
(ap)(0) =a-p(0) =a-0=0, so ap(x) € S. O

3.) S is closed under addition.

Proof. Suppose that p(x),q(z) € S, so p(0) = 0 and ¢(0) = 0. Let
r(z) = p(x)+q(x). Then r(0) = p(0)+¢(0) =0+0=0,s0r(z) € S. O

B. The set of polynomials p(x) € Ps such that p(5) = 1.

Answer:

This is not a subspace, because it does not contain the zero function.

C. The set of polynomials p(z) € Ps such that p(0)p(1) = 0.

Answer:

Let S = {p(z) € P; | p(0)p(1) = 0}. This is not a subspace, because it is
not closed under addition. To see this, suppose that p(z),¢(x) € S, so

p(0)p(1) =0, ¢(0)q(1) = 0. (%)

Now let r(x) = p(x) + q(z). Does r(0)r(1) necessarily equal 07 To check
this, we compute as follows

r(0)r(1) = (p(0) + q(0))(p(1) + (1))
0)p(1) 4+ p(0)q(1) + q(0)p(1) + q(0)p(0)
0)a(1) + q(0)p(1)

but this need not be zero. For example we could have p(0) = 0, p(1) = 10,

q(0) = 15 and ¢(1) = 0. Thus, we may have p(x) + g(z) ¢ S, so S is not a
subspace.

using (%),

40 ot Problem 8. In this problem, we will work in the vector space
pts.

Py ={az? +bx+cla,bceR},

the space of polynomials of degree less than 3. Let P be the ordered basis
P = [332 T 1] of Ps.



Let T: P; — P3 be the linear transformation defined by

T(p(x)) = p(x) — 2p'(x).

Find [T, the matrix of 7" with respect to the ordered basis P.
Answer:
The defining equation of [T, is
T(P) =PIy
where

T(P) = [T(mz) T(x) T(l)].
Using the definition of T', we have

Thus, we need to find the matrix A such that
[z2—4x r—2 1] = [502 T l]A.

We can easily read off that
1
(22 —dz -2 1] =[22 = 1] | —4
0

Thus, we have

Problem 9. In this problem, we will work in the vectorspace
40 pts.
Py={az* +br+clabcecR},

the space of polynomials of degree less than 3. Let P be the ordered basis
P = [(ﬂz T 1] of P3 and let @ be the ordered basis

Q=[2?+2c+2 222 +5x+2 z?+2z+1]

Ong.



A. Find the change of basis matrices Spg and Sop.

Answer:

The change of basis matrix Spg is defined by the equation
Q =PSpo.

We have

N O N
— N =

1
Q=[2+22+4+2 202 +52+2 2*+2z+1]=[2 z 1] |2
2

so, we must have

1 2 1
Spo=12 5 2
2 2 1
We can find Sgp because Sgp = S;lg Using a calculator to find the inverse,
we get
-1 0 1
Sop=| —2 1 0
6 —2 -1

B. Let p(x) = 22+42. Find [p(x)]Q, the coordinate vector of p(z) with respect to
the ordered basis Q. Show how p(x) can be written as a linear combination
to the elements of Q

Answer:

First we find [p(z)],. The defining equation for this is

Since
1
ple)=2*+2=[22 = 1]| 0 |,
2
, we conclude
1
[p(zx)], = | 0
2

To get [p(z)] o We use the change of coordinates equation

p(@))o = Sorlp(@)],.

10



so we get

-1 0 1 1 1
p(z)]y=Sop[PQ_| =2 1 0| |0 |=|-2
6 -2 —1||2 4

To express p(z) as a linear combination of the basis Q, we have

ple) = Qp(a)],

1
:[x2+2w+2 222 + 5z + 2 x2—|—2m—|—1] —2
4

= (2% + 22 +2) — 2(z® + 52 + 2) + 4(2? + 27 + 1).

Problem 10. Let £ = [el ez} be the standard ordered basis of R? and let
U= [u1 112} be the ordered basis of R? given by

aefl wef)

A. Find the change of basis matrices Sg;; and Sy¢.

40 pts.

Answer:
The defining equation of Sgy; is
U =ESsu.
This is equivalent to the matrix equation
mat(U) = mat(E)Segyy = ISey = Szu-
Thus we have
Sey = mat(U) = E’ ﬂ .

To find Sye, we use the relation Sye = S 5_1/1 Using a calculator to compute
the inverse, we have
1 -1
Sye = |: :| .

-2 3

11



B. Let T: R? — R? be the linear transformation such [T]gg, the matrix of T
with respect to the standard basis of R2, is given by

-7 9
-6 8 |
Find [Ty, the matrix of T with respect the ordered basis U.

Answer:

We use the change of basis equation for linear transformations, which in this
case is

[Tl = SuelllggSeu
R I
o e )

12



