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All of the problems are from Chapter 3 of the text.

Problem 1. [Problem 2, page 88|

If v is a signed measure, E is v-null iff |v|(E) = 0. Also, if v and p are
signed measures, v L p iff [v| L piff vt L pand v= L p
Answer:

For the first part of the problem, let X = P U N be a Hahn decomposition of
X with respect to v. Thus, we have

vT(E)=v(ENP)
v (E)=—-v(ENN)
lv|=vt +v~

Assume that E is v-null. This means that for all measurable FF C E, v(F') = 0.
But then ENP C E,so v (E)=0and ENN C E, so v~ (E) = 0. Then we
have |v|(E) =vT(E)+ v (E)=0

Conversely, suppose that |v|(E) = 0. Let F' C E be measurable. Then
0<vH(F)+v (F)=|v|(F) <|v|[(E)=0,s0 v (F)=0and v (F) = 0. But
then v(F) = vt (F) — v~ (F) = 0. Thus, we can conclude that E is v-null.

For the second part of the problem, we want to show that the following
conditions are equivalent.

L vip
(2) vt Lpandv™ Lp
(3) ] L s

Let’s first show that (1) = (2). Since v L u, we can decompose X into a
disjoint union of measurable sets A and B so that A is y-null and B is v-null.
We can also find an Hahn decomposition X = PUN with respect to v, as above.
Since B in v-null, we have v*(B) = v(PNB) =0 and v~ (B) = —v(BNN) = 0.
Thus, B is v-null and v~-null. Since A is still g-null, we conclude that v L u
and v~ L pu.

Next, we show that (2) = (3). Since v™ L pu, we can find disjoint
measurable sets A; and B; so that X = A; U By, v (B;) =0 and Ay is p-null.
Similarly, we can write X = Ay U By (disjoint union) where v~ (Bz) = 0 and As
is p-null. We can then partition X as

X =(A1NA)U(A; NBy) U (AN By) U (BN By)

Now, (A; N Az) is contained in the p-null set A;, and so is p-null. Similarly,
Ay N By and Az N By are p-null. We have 0 < v (B; N By) < v (By) =0, so
v (By N By) = 0. Similarly, v~ (B N Bg) = 0, and thus |v|(B; N By) = 0. We
thus have a disjoint measurable decomposition X = A3 U Bs where
As = (A1 NA2) U (A1 N By)U (AN By)
Bs = B, N Bo.



The set Ag is p-null and Bs is |v|-null. This shows that |v| L p.

Finally we show that (3) = (1). So, suppose that |v| L p. The we have
a measurable decomposition X = A U B where |v|(B) = 0 and A is p-null.
However, |v|(B) = 0 implies that B is v-null (as we proved above), so we have
vl .

Problem 2. [Problem 3, page 88]
Let v be a signed measure on (X, M).

a. L'(v) = L'(|v)).
b. If f € L'(v),

1] < finam

v|(F) = 1P f dv f 1
Answer:

According to the definition on page 88 of the text, the definition of L!(v) is
LY (v)=L'(v")Nn L' (v~) and if f € L'(v), we define

/fdy:/fdw—/fdyi

So, consider part (a.) of the problem. If f € L!(v), then, by definition the
integrals

(+) Jinra. - [isra

are finite. On the other hand, |v| is defined by |v|(E) = v+ (E)+v~ (E). Hence,

the equation
/XEd|V| = /XEdV+ +/XEdl/_

holds by definition. Thus, we can apply the usual argument to show that

(%) /gd|y| :/gdu++/gdu_

holds for all measurable g: X — [0, 0o]: This equations holds for characteristic
functions, hence (by linearity) for simple functions and hence (by the monotone
convergence theorem) for nonnegative functions. Thus, if the integrals in (x)
are finite, the integral [|f|d|v| is finite, so f € L!(|v]).

Conversely, if f € L*(|v|), the integral [|f|d|v| is finite, and so by (xx), the
integrals in (*) are finite, so f € L'(v).

c. If Ee M,




Next consider part (b.) of the problem. If f € L!(v), then by definition

/fdl/:/fdzﬁf/fdyf :/f*dy+f/f*dy+f/f+duf+/ffdl/*,
where all of the integrals on the right are positive numbers. Hence, by the
triangle inequality,

‘/fdz/ g/f+du++/f—dy++/f+du—+/f—dy—
= [t ryat s [y

= [ir1d* + [ir1a-
= [1n1dw

Finally, consider part (c.) of the problem. If |f| < 1, then for any E € M,
|flxe < xz. Thus, we have
< [ 171w
E

‘/Efdu
= [ 1y
< /X s dlv]

= [V|(E).

Thus, the sup in part (c.) is < |v|(E).

To get the reverse inequality, let X = PU N be a Hahn decomposition of X
with respect to v, and recall the description of v+ and v~ in terms of P and NV
from the last problem. Then we have

v|(E) =v(ENP)—v(ENN) = /(XEmp — XENN) dV.

But, |xgnp — XEnN| < 1 (P and N are disjoint). This shows that |v|(F) is an
element of the set we’re supping over, so |v|(E) < the sup.

Problem 3. [Problem 4, page 88]
If v is a signed measure and A, u are positive measures such that v = X — p,
then A\ > vt and > v~

Answer:
Let X = PUN be a Hahn decomposition of X with respect to v. Then for any
measurable set E, we have

(*) vT(E)=v(ENP)=XNENP)—uENP).



If vT(E) = oo, this equation shows A(E N P) = oo, and so A(E) = co. Thus,
vT(E) > A(E) is true in this case. If vT(F) < oo, then both numbers on the
right of (*) must be finite, and (%) gives v+ (E) + u(E N P) = A(E N P). Thus,
we have

vI(E) <vT(E)+u(ENP)=XENP)<AE).
The argument for the other inequality is similar. We have
v (E)=—-v(ENN)=-XNENN)+u(ENN)

If v~ (E) = oo, then we must have p(E) > p(ENN) = oo, so u(E) > v~ (E).
Otherwise, every thing must be finite and

vI(E)Y<vT(E)+ A\(ENN)=u(ENN) < u(E).

Problem 4. [Problem 5, page 88] If v; and v, are signed measures that
both omitted the value 400 or —oo, then | + vo] < |v1| + |va.
(Use Exercise 4.)

Answer:
The hypothesis that 00 is omitted assures that the signed measure vy + v is
defined.
We have v; = v;” — vy and 15 = v — 5. Adding these equations gives
vty = (v +ry) = (] +1y),

where the expressions in parentheses are positive measures. Thus, by Exercise 4,
we have

and adding these inequalities gives |v1 + vo| < |v1| + |12l

Problem 5. [Problem 12, page 92]
For j =1,2, let p1;,v; be o-finite measures on (X;, M;) such that v; < p;.

then 11 X vy < 1 X pg and

dl/1

(z1,22) = dT“(flfl)

dl/2

d(l/1 X VQ) avy
dpio

dljur % pa) (z2).

Answer:
We first want to show that 11 X vo < g X pug. So, suppose that £ € M; ® My
and (1 x p2)(E) = 0. Recall that the x;-section of E is defined by

By, :{$2 € Xy | (1‘1,332) EE}.



By Theorem 2.36 on page 66 of the text, the function x; — ps(E;,) is measur-
able and

0= G % 1) (B) = [ i) ()

Thus, pe(E,,) = 0 for pi-almost all 1. In other words, there is a p;-null set
N C X so that pa(E,,) =0if 1 ¢ N. If ;1 ¢ N, we must have v»(E,,) =0,
since vy < p2. We also have v1(N) = 0, since v < p1. Thus, 21 — ve(E,,) is
zero almost everywhere with respect to v1. Thus, we have

(Vl X I/Q)(E) = /X I/Q(Ezl)dyl(l'l) =0.

Thus, (u1 X p2)(E) =0 = (11 X 10)(E) =0,50 11 X vg K 1 X a.

For notational simplicity, let

- d(lll X 1/2) - & . @
f_d(lfflxllQ)’ fl_dula f2_dM2.
The, we have
(*) (11 x 12)(E) = / Flar,x2) d(jur X i2) (21, 22)
E

and f is the unique (up to equality almost everywhere) function with this prop-
erty. Of course we have

() = [ e din(e)
A
va(B) = / fa(x2) dpo(x2)
B
if A C X; and B C X5 are measurable.

On the other hand, the functions (z1,z2) — fi(x1) and (z1,22) — f2(x2)
are measurable, so we can define a measure A on X; x X5 by

(+) A(E) = [E Fi(@0) folaa) (s X pia) (@1, 2).

Suppose that A1 € X7 and Ay C Xs. Then, we can use Tonelli’s Theorem to



calculate \(A; x Ag) as follows:
A(Ay X As) = / (1) falw2) dpn X p2) (1, 22)
A1 ><A2
— [ Xaasen i) folaz) (i % p) (e
X1 ><X2

— / Xy (1) X s (@2) o (@1) fale) d(pin X piz) (@1, 22)

X1 ><X2

:/X /X XA, (21)X A, (22) f1 (1) fo(22) dug (22) dpy (1)
:/ XA1($1)f1(.T1)/ XAZ(x2)f2(x2)dﬂ?(xZ)d/Jq(l‘l)
X1

X2

B /x Xa: (@1) f1(z1)v2(Az) dpa (21)

= Vz(Az)/X1 XA, (21) f1(21) dpa (1)
=v1(A1)va(A).
Thus we have
AA1 x Ag) =11 (A1) ra(A2) = (11 X 119) (A1 X Asg).

for all measurable rectangles A; x As. Since our measures are o-finite, this
shows that A = 14 X 1o, see the remark at the bottom of page 64 in the
text. Comparing (*) and (xx) and using the uniqueness in (x) then shows

that f(x1,22) = f1(z1)fa(22)

Problem 6. [Problem 16, page 92] Suppose that u,v are measures on
(X,M) with v < p and let A = p+v. If f = dv/d\, then
0<f<1pae anddv/dp=f/(1-f).

Answer:
It’s clear that v < A, so f = dv/d\ makes sense.
We want to show 0 < f < 1 p-a.e. Suppose, for a contradiction, that
the is a set E with u(E) > 0 and f > 1 on E. On the on hand, we have
v(E) < v(E)+ pu(E) = A(E). On the other hand, fxg > xg, so

D= [ rar= [xeranz [xean=xm).
E
a contradiction.

If F is measurable, we have

/Eldy:u(E):/EfdA:/Efdu+/Efdu,



which yields

Ja-na=[ ran

[ = pav= [ xefdu.

By the usual procedure, we can extend this equation from characteristic func-
tions to nonnegative functions. Thus, we have

/g(l—f)dv=/gfdu

for all nonnegative measurable functions g. Hence, for any measurable set F,
we have

(%) /Eg(l—f)dv=/ngdu

for all nonnegative measurable functions g.

Since 0 < f < 1 p-a.e. the function 1/(1 — f) is defined and nonnegative
p-a.e. Since v < p, 1/(1 — f) is also defined and nonnegative v-a.e. Thus, we
can set g =1/(1 — f) in (). This gives

or, in other words,

_ f

for all measurable E, whence dv/du = f/(1— f).

Problem 7. [Problem 18, page 94| Prove Proposition 3.13c.
In other words, suppose that v is a complex measure on (X, M). Then

LY(v) = LY(Jv]) and if f € L' (v),
[sa]< [irtaw
Answer:

I seem to have been very confused the day I tried to do this in class!
Let z = z 4+ iy be a complex number, where x,y are real. We have

oy < o® 4y — [of
so taking square roots gives |z, |y| < |z|. One the other hand, we have
2> = 2? + 9% = |2* + y* < Jo* + 2lallyl + lyI* =[] + [y]]%,

and so |z| < |z| + |y|-



Now lets begin the solution of the problem. By the definition on page 93 of
the text, L(v) is defined to be L' () N L' (v;) and for f € L'(v), we define

/fdl/:/fdl/r—ﬁ—i/fdui.

On the other hand, we know from Exercise 3 on page 88 of the text (one of
the problems in this set) that for a signed measure A, L*(\) = L!(|)\|) and for

feL*(N),
/fdA‘ < [is1an.

Hence in our present situation, we know L*(v) = L(|v,.|) N L*(|v4)).

Let’s recall the reasoning of part b. of Proposition 3.13. We can find some
finite positive measure p such that v, and v; are absolutely continuous with
respect to o (p = |vp| + |v;| will do). Then, by the Lebesgue-Radon-Nikodym
Theorem, there are real-valued measurable functions f and g such that dv, =
fdu and dv; = gdu. Then, we have

(%) W(E) = /E hdp

where h = f + ig. From this equation, we have d|v| = |h|du, by definition.
Since |f],]g] < |h| we have

IVTI(E):/E\fIdMS/EIhIdu: VI(E)
|ui|<E>:/E|g|dus[E|h|du: VI(B)

so we certainly have v,,v; < |v|. Thus, once again, we can find real-valued
functions ¢ and 7 such that dv, = ¢ d|v| and dv; = nd|v|. If ¢ = 1 + in, then

V(E):/Eg0d|1/|.

But then, comparing with (%), we have

/wlhldu=/hdu~
E E

By the uniqueness part of the Lebesgue-Radon-Nikodym Theorem, ¢|h| = h,
p-a.e., and hence |v|-a.e. On the other hand if Z is the set where h = 0, then

(@) = [ 1= [ oau=0

so h # 0, |v]-a.e. This shows that |p| = 1, |v|-a.e., so we can conclude that
61l < 19l = 1, [vlac., and 1 = |g| < [¢] + o], [vl-ae. Finally, we have
dlvr| = |¢[dlv] and dvi| = [n| d|v|.



Now, suppose that f € L!(|v|). Then

Jir1di < o

Since |f|]¢] < |f|, |v|-a.e., we have

/UWMMWfi/UMW%<m

11

so f € L'(|v,|). Similarly, f € L'(Jv;|)
Conversely, suppose that f € L*(|v,.|) N L!(|v;]) Then we have

Jistwld = [1f1dm] <o
1l = fin1dw < o

J1111+ i) < .

but the integral on the left is

and so we have

However, we have 1 < |¢| + |n|, |v|-a.e., so

Jintdt < [isiio + ) div] < o

and so f € L'(|v]).
Finally, suppose that f € L*(v) = L!(|v|), we then have

=\ rass  ran
—\[ o+ [ v
= |[ o+ injdi
—|[ tedp
< [1flield
= [ir1d

since |p| = 1, |v|-a.e. This completes the proof.

by definition




Problem 8. [Problem 20, page 94] If v is a complex measure on (X, M)
and v(X) = |v|[(X), then v = |v|.

Answer:
Let f = dv/d|v|, so we have

(+) W) = [
E
for all measurable sets F/, and we know from Proposition 3.13 on page 94 of the
text that |f| =1 |v|-a.e. We may as well suppose that |f| = 1 everywhere.
We can write the complex function f as f = g + ih, where g and h are

real-valued. We can also write v = v,. + iy; for finite signed measures v, and v;.
Thus, we have

(B) +in(B) = (B) = [ vl = [ gavl+i [ naw

Comparing real and imaginary parts, we get

vo(E) = /E gdlv)
Vi(E):/Ehd|’/|~

By hypothesis, we have v(X) = |v|(X), so

/gd|1/|+i/ hdlv| = |v|(X).
X X

Since the right-hand side is real, the imaginary part of the left-hand side must

be zero, and we have
[ gdwl=pice) = [ vaw,
X X

(+5) 0= [ (1-gdl
X
Since g is the real part of f, we have
g<lgl<lg+ih|=|f|=1
so 1 — g > 0. But then (#x) shows that 1 —g =0 a.e., so g =1 a.e.

We then have 1 = |f|> = ¢> + h* = 1 + h% a.e., so h = 0 a.e. and hence
f =g =1 a.e. Putting this in (x) shows that v = |v|.

10



Problem 9. [Problem 20, page 94] Let v be a complex measure on (X, M).
If E € M, define

(A) pa(E)=sup{ > |v(Ej)||n€N, Ey,...,E, disoint, E= | J E; ¢,
j=1

j=1

(B)  pa(E) =sup{ > |v(E;)|| By, Ea,... disjoint, E= | J E; ¢,

j=1 j=1

[ v f|g1}.
E
Answer:

Then py = po = ps = |v|.
Although the author didn’t explicitly say so, the sets E; in (A) and (B) should,
of course, be measurable and the functions f in (C) should be measurable. Also
note that the book has a typo in (C) (du instead of dv).

As suggested in the book, we first prove that p; < ps < ps < p1 and then
that us = |v|.

We have 11 < pa, because the sums in (A) are among the sums in (B): given

(©)  s(E) = sup{

a finite sequence E, ..., E, of disjoint sets whose union is F, just set E; = ()
for 5 > n. Then Eq, Fs, ... is an infinite sequence of disjoint sets whose union
is F and

B = Do E)

Thus, the set of numbers in (A) is a subset of the set of numbers in (B). Since
the sup over a larger set is larger, pu; < ps.

To see that puo < us, let E1, Es,... be a sequence of disjoint sets whose
union is E. Now each v(E;) is a complex number, so there is a complex number
w; such that |w;| =1 and w;v(E;) = |v(E;)|. Indeed, we can say

[v(E;)|
w; = v(E;) V(Ej)#o
1, v(E;) =0.

Consider the function f defined by

oo
=Y wixe,-
j=1

Ifz ¢ E, f(x) =0. If z € E, it is in exactly one E; and then |f(z)| = |w;| = 1.
Thus, |f| < 1 and the partial sums

n
o= wixe,
j=1

11



satisfy |f,| <1 by the same reasoning. We then have

’/fndy—/fdz/

by the dominated convergence theorem, since f,, — f pointwise and |f,, — f] is
bounded above by the constant function 2, which is integrable with respect to
the finite measure |v|. We then have

Z‘/(fn—f)dv

g/\fn—f\d\uwo

n—oo

o0

Z/ WiXE; dv
j=1"F

oo

/ fdv= lim [ f,dv
E

since fE f dv is positive, we have

’[Efdv §|V<Ej>|.

Thus, the set of numbers in (B) is a subset of the set in (C), so g < pus.
Now we want to show that pg < pq. First, we use Proposition 3.13 (and
Exercise 18) to show that ps is finite. If | f| < 1, then

Jistdw < [ 1) = pix) < o
so f € LY(Jv]) = L' (v) and

s < [inami< [ rav = i)

Thus, |v|(E) is an upper bound for the set of numbers in (C), so us(E) <
W[(E) < [v|(X) < oc.
To show that us < 1, let € > 0 be given. Then we can find some f with

|f] <1 such that
/fdy
E

| tav

12

ps(E) —e <

)

which implies

(%) ps(E) < +e.




We approximate f by a simple function as follows. Let
D={zeCl|z| <1}

be the closed unit disk in the complex plane. Since |f| < 1, all the values of f
are in D. The collection of balls

{Be,2)|z€ D}
is an open cover of D. Since D is compact, there is a finite subcover, say
{Ble.z) [j=1,....m}.

Define B; = f~'(B(g, z;)) C X, which is measurable since f is measurable. The
union of the sets B; is X. The sets B; won’t be disjoint, but we can use the
usual trick and define

Al = 317
Jj—1

A5 =B\ | B
k=1

to get a disjoint collection of sets with A; C B; and Uj Aj = X. Define a simple

function ¢ by
m
¥ = Z ZiXA;-
j=1

This function takes on the values z;, which are in D, so |p| < 1. If z € X it is
in exactly one of the sets A;. But then f(z) € B(e, 2;), so

[f (@) = p(@)] = [f(x) — 2] <e.

Thus, |f — ¢| < . We then have
/ fdv / pdv
E E

/Efdv /E<pdz/
| [ rao- [ o

—pld
S/E'f ol dlv]

< / ed|y|
E

= e|v|(E).

/cpdz/
E

13
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Thus, we have

< + elv|(E).

/Efdl/




Substituting this is (x) gives

+e+elv|(B).

(15) s (E) < ] [ oav

Now define E; = A;NE, j=1,...,m. Then the E;’s are a finite sequence
of disjoint sets whose union is E and we have

pdy { Z'X&} dv
= sz/XAj dv
E

1
.

= sz/XEXA]»dV
j=1
= sz/XEj dv

I
NE
N
E
&=

Substituting this into (x*) gives
us(E) < 11 (E) + [1+ I(B)e.

Since € > 0 was arbitrary, we conclude that us(E) < pq(E).

We’ve now shown that pq = pg = ps. The last step is to show that pg = |v].
We've already shown above that ps(F) < |v|(E). To get the reverse inequality,
let ¢ = dv/d|v|. We know that |g| = 1 |v|-a.e., and we may as well assume
that |g| = 1 everywhere (by modifying it on a set of measure zero). Then the
conjugate g of g satisfies |g) = 1 < 1 and so is one of the functions in the

definition of w3, so
/ gdv| < ps(E).
E

14



But, from the definition of g,

/gdu
E

/ggdll/l

E

=\ IR
E

‘/ 1d|y|
E

= [V[(E).

Thus, |V|(E) < us(E), so pug = |v|, and we’re done.
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