NOTES ON SUP’S, INF’S AND SEQUENCES

LANCE D. DRAGER

The purpose of these notes is to briefly review some material on sup’s, inf’s and
sequences from undergraduate real analysis, to give an introduction to using these
concepts in the extended real numbers, and to give an exposition of lim sup and
lim inf.

1. SuP’s AND INF’S IN THE REAL NUMBERS

I’ll use the symbol R to denote the set of real numbers.

Let A be a nonempty subset of R. A number v is an upper bound for A if
a <wu for all a € A. We say that A is bounded above if it has an upper bound.

Note that saying that a number t is not an upper bound for A is equivalent to
the statement “There is some a € A such that t < a.”

A number s is called the supremum of A (sup) if it is the least upper bound
of A, i.e., s is an upper bound for A and if u is an upper bound for A then s < u.
We denote the supremum of A by sup(A). (A little thought shows there can be at
most one number that satisfies the definition of sup.)

As you recall, the real numbers are constructed by “filling in the holes” in the
rational numbers. One way of saying that the holes have all been filled is the
Completeness Axiom for the Real Numbers, which is stated as follows.

Completeness Axiom for the Real Numbers. If A is a nonempty subset of R
that is bounded above then A has a supremum.

We have similar concepts when working on the other side of A. Again, let A
be a nonempty subset of R. A number /¢ is a lower bound for A if ¢ < a for all
a € A. We say A is bounded below if it has a lower bound.

A number 7 is the infimum of A if it is the greatest lower bound of A, i.e., i is
a lower bound and if £ is a lower bound for A, then £ < i.

It is not necessary to add an axiom about inf’s to the definition of the real
numbers, since the existence of inf’s can be deduced from the existence of sup’s by
what I like to call “The Reflection Trick.” Here we set

—A={-a|a€ A}.
Proposition 1.1. [Reflection Trick] Let A be a nonempty subset of R.
(1) If A is bounded below, —A is bounded above and

inf(A) = —sup(—A4).
(2) If A is bounded above, —A is bounded below and
sup(A) = —inf(—A).
Exercise 1.2. Prove the last Proposition.

The following Propositions are frequently used in proofs involving sup and inf.

Proposition 1.3. Let A be a nonempty subset of R.
1
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(1) Suppose that A is bounded above. Then a < sup(A) if and only if a < a
for some a € A.

(2) Suppose that A is bounded below. Then inf(A) < 8 if and only if a < 3 for
some a € A.

Proof. To prove the first statement, assume first that o < sup(A). Since « is less
than the least upper bound of A, « is not an upper bound for A. Thus, there is
some a € A so that a < a.

For the second part of the proof, assume that @ < a for some a € A. Then
a < a < sup(A) (since sup(A) is an upper bound), so « < sup(A).

The proof of the second statement is similar and is left as an exercise. O

Proposition 1.4. Suppose that A is a nonempty subset of R. Then inf(A) <
sup(4)

Proof. Since A is nonempty, we can find some a € A. We have inf(4) < a, since
inf(A) is a lower bound and we have a < sup(A) since sup(A4) is an upper bound.
Hence inf(A) < a < sup(A). O

Proposition 1.5. Suppose that AC BCR and A # (). Then

(1) If B is bounded above, sup(A) < sup(B).
(2) If B is bounded below, inf(A) > inf(B).

Proof. If B is bounded above, sup(B) exists. Since sup(B) is an upper bound for
B, we have b < sup(B) for all b € B. In particular, we have a < sup(B) for all
a € A. Thus, sup(B) is an upper bound for A (so A is bounded above) and we
must have sup(A) < sup(B) since sup(A) is the least upper bound of A.

The proof of the second statement is similar. If B is bounded below, inf(B)
exists. We have inf(B) < b for all b € B. In particular, we have inf(B) < a for all
a € A, so inf(B) is a lower bound for A (so A is bounded below). We must have
inf(B) < inf(A), since inf(A) is the greatest lower bound of A. O

2. SEQUENCES OF REALS NUMBERS

In this section, we will give a brief review of the basic material on sequences of real
numbers typically presented in an undergraduate analysis course. The statements
labeled “Fact” should be familiar to you—if the proof does not immediately come
to mind, consider the statement as an exercise.

2.1. Convergence of Sequences. Let N = {1,2,3,...} be the set of natural
numbers. A sequence of real numbers is a function N — R. It is traditional to
use subscripts (rather than functional notation) to describe the function. Thus the
sequence {a, }52 4 is the same thing as the function n — a,.

The first and most important concept about sequences is convergence.

Definition 2.1. The sequence {a,} C R converges to a € R if for every ¢ > 0
there exists an N € N such that |a, — a] < € whenever n > N.

Fact 2.2. A sequence converges to at most one real number.

The statement that {a,} converges to a is written in symbols as

lim a, =a, or a,— a.
n—oo

Fact 2.3. Ifa, — a and b,, — b then a, + b, — a +b.
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We will prove the corresponding statement for products in a moment. In order
to do so, we need that following fact.

Fact 2.4. A convergent sequence is bounded, i.e., if {an} converges, there is some
number M so that |a,| < M for alln € N.

We also need the following famous statement.
Triangle Inequality. If x and y are real numbers,
|z = yl| < l& £ y| < Ja] + [yl.
We're now ready to prove the following Proposition.
Proposition 2.5. If a,, — a and b, — b then a,b, — ab.
Proof. The basic idea of the proof is based on the following inequalities.
|anby, — ab| = |anb, — ab, + ab,, — ab
< |anbn — aby| + |ab, — ab|
= |bn||an — a| + |a||bn, — b).
Thus, we have
(2.1) |anby, — ab| < |by||an — al + |a||b, — b|.

Since {b,,} is convergent, there is some number M > 0 so that |b,| < M for all n.
Let € > 0 be given. Since a,, — a, there is some N; € N so that

(2.2) lan, —a| <e/M

for all n > Ny. Since b,, — b, there is some Ny € N such that
€

2.3 b, —b| <

for n > Ns.

Set N = max(Ni,N2). If n > N both (2.2) and (2.3) hold. Thus, if n > N,
(2.1) gives us

|anbn — ab| < [bn|lan — al + |al[b, — ]
< Mla, — a| + |al|b, — b

€ €
< MM + |a|rm|
<e4e =2,
since 0 < |a|/(1 + |a]) < 1.
Thus, we have
lanb, — ab| < 2¢
for n > N. This completes the proof. O

Remark. You might object that we were supposed to get |a,b, — ab| < ¢ instead of
less that 2e. But this is okay. Look at it this way: you hand me an arbitrary n > 0
and tell me to make the desired quantity |a,b,, — ab| less than 7. I just choose some
number € so small that 2 < 7. I proceed with my proof to get |a,b, —ab| < 2e < n,
so I've met your challenge.

In general it’s okay to show that given € > 0 you can make the desired quantity
less than K¢, for some constant K. Here “constant” means that K does not depend
on the choice of €.
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It is convenient to make a few definitions that allow us to restate the definition
of convergence and related concepts concisely.

We say that the sequence {a,} is eventually in a set F if there is an N € N so
that a, € E for all n > N.

Proposition 2.6. Suppose that {a,} is eventually in FEy and eventually in Es.
Then {a,} is eventually in Ey N Es.

Proof. Since the sequence is eventually in E7, there is some Ny € N so that a,, € E}
for n > Np. Similarly, there is some Ns so that a, € Es for n > Ny. Let
N = max (N1, N3). Then, a,, € E1 N Es for n > N. O

Let a be a point in R. A set U C R is a neighborhood of a if there is some
e >0sothat (a —e,a+¢) CU.
Fact 2.7. Let {a,} CR. Then, the following statements are equivalent.
(1) ap — a.
(2) For everye >0, the sequence {a,} is eventually in the interval (a—e, a+¢).
(3) The sequence {ay} is eventually in every neighborhood of a.

Proposition 2.8. Suppose that a,, — a and b, — b and that there is some M € N
so that a, < b, forn > M. Then a <b.

Proof. The proof is by contradiction. Suppose, for a contradiction, that b < a.
Choose some number € > 0 so that b+ e < a—e (any € < (a — b)/2 will do).
Since a,, — a, there is some Ny € N so that a,, € (a—¢,a+¢) for n > Np. Similarly,
there is an Ny € N so that b, € (b—¢,b+¢) for n > Ns.
Set N = max(M, N1, N3). On one hand, since N > M we have ay < by. On
the other hand, we have

by <b+e<a—e<ap,

so by < apn. This contradiction shows that our original assumption that b < a
must be wrong. |

Fact 2.9. Suppose that a, — a and that eventually o < a, < 3. Then a < a < (.

A sequence {a,} is called increasing if a,, < a1 for all n, i.e.,

a1 <ax<az3<---<ap,<apy <o

Similarly, the sequence is called decreasing if a,, > a,41 for all n.

The following Proposition relates convergence and sup’s.
Proposition 2.10. Let {a,} be a sequence of real numbers.
(1) 4f {an} is increasing and bounded above, then the sequence is convergent
and
lim a,, = sup{a, |n € N}.
n—oo

(2) if {an} is decreasing and bounded below, then the sequence is convergent
and
lim a, = inf{a, |n € N}.
n—oo

Proof. We'll prove the first part of the Proposition and leave the second part as an
exercise.

We're assuming that {a,} is bounded above, meaning that the set of values of
the sequence {a,, | n € N} is bounded above. Thus, s = sup{a,, | n € N} exists.
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Let € > 0 be arbitrary. Since s —e¢ < s, s — ¢ is not an upper bound for the
values of the sequence, so there is some N so that s — ¢ < ay. Since the sequence
is increasing a,, > ay for n > N. Thus, for n > N we have

s—e<any < ap < s.

Thus, |a, — a| < € for n > N. This shows that a,, — s. O

2.2. Cluster Points and Subsequences. If {a,} is a sequence, we say that {a, }
is frequently in a set F if, for every N € N, there is an n > N so that a, € F.
Another way to say it is that infinitely many terms of the sequence are in E (but
there may also be infinitely many terms that are not in F).

If {a,} is a sequence of real numbers, we say p € R is a cluster point of
{a,} if the sequence is frequently in every neighborhood of p. Equivalently, every
neighborhood of p contains infinitely many terms of the sequence.

If we have a strictly increasing sequence of natural numbers

ng<ng <ng<---,
the sequence {an, }32, is called a subsequence of {a,}.
Fact 2.11. If a, — a, then every subsequence of {an} converges to a.
Fact 2.12. A subsequence of a subsequence of {a,} is a subsequence of {a,}.

The relationship between cluster points and subsequences is given by the follow-
ing proposition.
Proposition 2.13. Let {a,} C R be a sequence. A point p € R is a cluster point
of {an} if and only if there is a subsequence {an, } of the original sequence so that
Gp,, — P-

Proof. For the first part of the proof, suppose that p is a cluster point of {a,}.
Then the sequence is frequently in every neighborhood of p. Since (p — 1,p+ 1) is
a neighborhood of p, there is some n; such that a,, € (p — 1,p+ 1).

There are infinitely many terms of the sequence in the neighborhood (p—1/2, p+
1/2) of p, so we can find some ny > ny so that a,, € (p—1/2,p+1/2). Continuing
in this way (technically an inductive construction), we get a sequence

ng<ng <ng<---

of natural numbers such that a,, € (p—1/k,p+ 1/k), equivalent, |a,, —p| < 1/k.

It’s fairly clear that the subsequence {a,,} converges to p. If k > K, then
(p—1/k,p+1/k) C(p—1/K,p+1/K), s0 |an, —p| < 1/K for k> K. Let € > 0
be given. Choose K € N so that 1/K < €. Then |a,, —p| < 1/K <€ for k > K.
Thus, a,, — p.

For the converse, assume that there is a subsequence {a,, } that converges to p.
Suppose that U is a neighborhood of p. Let IV be a natural number. Since a,, — p,
Gn, is eventually in U. Thus, there is a K so that a,, € U for k > K. Since the
integers ny go to infinity, there is some k > K such that ny > N. Thus, there is
a term a,, of the original sequence with index larger than N that is in U. This
shows that {a,} is frequently in every neighborhood of p.

O

Fact 2.14. A cluster point of a subsequence {ay, } is a cluster point of the original
sequence {an}.
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3. THE EXTENDED REAL NUMBERS

The fact that not all subsets of the real line have a sup leads us to introduce the
extended real numbers, which are essentially just a notational device.

We define the extended real numbers R by R = R U {—o0} U {oc}, where oo
and —oo are some objects that are not real numbers. We define the ordering on R
by —oco < r < oo for all 7 € R. To indicate the ordering, we can use the interval
notation R = [—o0, o0].

Every subset of R has a sup. If A C R is bounded above, the sup is the same as
in the reals. If A is not bounded above, sup(A) = co. If A C R contains oo, then
oo is the only upper bound for A, so sup(A4) = co. Similarly, every subset of R has
an inf.

Fact 3.1. [Reflection Trick] If A C R is a nonempty set, inf(A) = —sup(—A)
and sup(A4) = —inf(—A).

We define addition on R by declaring it to be commutative and defining

o0 + 00 = 00

T4 00 = 00, reR.
r—oo=r+(—00) = —o0, relR
—00 — 00 = —00

—00 + 00 and co — oo are undefined.

This addition is associative in the following sense: if a,b,c € R either both of
a+(b+c) and (a+b)+c are undefined or both are defined and a+(b+c¢) = (a+b)+c.

Proposition 3.2. Suppose that a,A,b,B € R and a < A and b < B. Then
a+b < A+ B, provided both sides are defined.

Proof. As usual with the extended reals, the proof is by considering cases. First,
suppose that A and B are real. If ¢ and b are real, we know that a + b < A + B.
The second possibility is that a +b = —oo, in which case a +b < A + B is certainly
true.

Secondly, A + B might be oo, in which case a + b < A + B is certainly true,
provided that a + b is defined.

The last possibility is that one of A and B is —oo and the other is —oo or real.
In this case one of a and b must be —oco and the other must be —oo or real. We
must have A+ B=—-occand a+b=—00,s0 a+b< A+ B is true. O

We define multiplication by declaring it to be commutative, and using the prin-
cipal that multiplication by a negative quantity should reverse ordering. Thus, we
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define
00 - 00 = 00
(—00) 00 = —00

(—00) - (—00) = o0

00, 0<r<oo
r-oo =
—00, —oo<r<0

—00, 0<r<oo
r-(—oc0) =
00, —oco<r<0

0- (+o0) =0.

The definition 0 - (£oo) = 0 (as opposed to leaving it undefined) is usually
appropriate in integration theory, but requires caution when dealing with limits, as
we will see below. Thus, it’s good to keep in mind that caution is required with
this definition.

Exercise 3.3. The following facts are often used.

(1) Let A C R be a nonempty set and let ¢ € (0,00). Then sup(cA) = csup(A).
(2) Let X be a set and let f and g be functions X — [0, occ]. Then

sup{f(z) + g(x) | v € X} <sup{f(z) |z € X} +sup{g(z) | v € X}.

Give an example where strict inequality occurs.

4. SEQUENCES IN THE EXTENDED REAL NUMBERS

We can easily extend the definition of neighborhood to R. If p € R, a set U C R
is a neighborhood of p if U contains an interval (p — e, p + €) for some € > 0. A
set U is a neighborhood of oo if U contains an interval («, oo] for some a € R.
Finally, U is a neighborhood of —cc if U contains an interval [—oo, ), for some
8 eR.

We say that a sequence {a, } in R converges to p € R if the sequence is eventually
in every neighborhood of p.

As before, we say that p is a cluster point of {a,} if {a,} is frequently in every
neighborhood of p.

The following facts are extensions of the facts we know about real sequences to
sequences in R. The proofs are very similar, with a few, easy, added lines to deal
with Foco.

Fact 4.1. Let {a,} be a sequence in R. If a, — a, then every subsequence of {a,}
converges to a.

Fact 4.2. Let {a,} be a sequence in R. Then p is a cluster point of {a,} if and
only if there is a subsequence of {a,} that converges to p.

Fact 4.3. Let {a,} and {b,} be sequences in R. Suppose that a,, — a, b, — b and
that a,, < b, (eventually). Then a <b.

As a corollary, if c,d € R and ¢ < a,, < d (eventually), then ¢ < a < d.

Fact 4.4. Let {a,} be a sequence in R. If a, is increasing, i.e., ap < ani1, then
ay, converges to sup{a, | n € N}. Similarly, if a,, is decreasing, it converges to
inf{a, | n € N}.

Sums and products of sequences take more care than in the real case.
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Proposition 4.5. Let {a,} and {b,} be sequence in R and suppose that a,, — a and
b, — b. Then, if a+b is defined, a, + b, is eventually defined and a, +b,, — a+b.

Proof. There are 9 cases for the possible values for a and b, namely

(4.1) a = o0, b=o0
(4.2) a = 09, beR
(4.3) a =00 b= -0
(4.4) acR b=o0
(4.5) a€eR beR
(4.6) acR b= —o0
(4.7) a=—00 b=o0
(4.8) a = —00, beR
(4.9) a=—00 b=—o0

In cases (4.3) and (4.7), the sum a + b is undefined, so we don’t need to consider
these cases. We can ignore the case (4.4), since the proof would be the same as in
case (4.2), just interchanging the letters a and b. Similarly, we can ignore (4.8),
since the proof would be the same as in (4.6).

First, consider the case (4.1). Since (—oo, 0] is a neighborhood of oo, a, is
eventually not equal to —oo. Similarly, b, is eventually not equal to —oo. Thus,
ap, + by is eventually defined. Let @ € R be arbitrary. Then, a, € (a/2,]
eventually. Similarly for b,,. Thus, for sufficiently large n, a,, +b, > a/2+«a/2 = a.
This shows that a,, + b, — 00 = a + b.

Next, consider case (4.2). Since R is a neighborhood of b, b,, is eventually real.
Thus, a, + b, is eventually defined. Since b, — b, {b,} is bounded in the real
numbers, so there is some M € R so that M < b, for all sufficiently large n.
Let @ € R be arbitrary. Since a,, — o0, a, is eventually greater than o — M.
Thus, for sufficiently large n, a, + b, > (o — M) + M = «. This shows that
a, +b, > 00=a+b.

Consider the case (4.5). As in the last case, both sequences are eventually reals,
SO a, + b, is eventually defined. The result then follows from the theorem on the
limit of the sum in the real case.

The remaining cases are very similar and are left to the reader. O

The proof of the following proposition about products of sequences is left to the

reader.

Proposition 4.6. Let {a,} and {b,} be sequences in R, and suppose that a,, — a
and b, — b. Then a,b, — ab provided that ab is not of the form 0 - (+o0).

5. Lim SurP AND LM INF

Since this material may be new, I will provide more details than in the review
sections. _
Let {an} C R be a sequence. For each n € N, define

Ay = {ak | k > TL} = {an’an+1’an+2w . '}a
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the n-th tail of the sequence. Clearly, these form a decreasing sequence of sets, i.e.,
A, O Apy1. Define

At =sup(A,).
Since the A,,’s are decreasing, A, is a decreasing sequence of extended reals num-
bers. Thus, this sequence converges and

lim Aj{ = inf AI

n— 00 neN

This extended real number is called the limit superior of {a, }, and is denoted by

limsupa, or lim a,.

n— oo n—00

Similarly, we define
A. =inf(A4,).

n

Since the sets A,, are decreasing, A~

, 1s an increasing sequence, so

lim A, =supA, .

This extended real number is called the limit inferior of {a,} and is denoted by

liminfa, or lim a,.
n—0o0 n—00

We have, of course, A, < Al so letting n — oo gives

liminf a,, <limsup a,.

n—00 n— oo
There is a straight forward version of the reflection trick for lim sup and liminf.
The proof is left as an exercise.
Proposition 5.1. [Reflection Trick] Let {a,} C R be a sequence. Then,

(1)

limsup a,, = — liminf(—a,),
n— oo n—0o0
(2)
liminf a,, = — limsup(—ay,).
n—0oo n— oo

I will generally do the proofs in this section for limsup and leave the proofs
for liminf as an exercise. The can be done by similar arguments, or by using the
reflection trick.

The following is our first basic proposition about lim sup and lim inf.

Proposition 5.2. Let {a,} C R be a sequence.

(L If
limsup a,, < a,
n—oo

then eventually a, < o
(2) If, eventually, a, < « then

limsup a, < a.
n—oo
3 I

6 < liminf a,

n—oo

then eventually 8 < ay,.
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(4) If, eventually, 5 < a, then
6 < liminf a,.

n—oo
Proof. Consider the first part of the proposition. If

limsupa, < a,
n—oo

then

inf AF < a,
neN

so there is some N € N so that Aﬁ < «. But a, < A]J(, for n > N, so a, < « for
n>N.

For the second part of the Proposition, suppose that a,, < « for n > N. Then,
for any n > N, we have

At =sup{an,ani1,.. .} <a

and so
. . o +
limsupa, =inf A} < a.
n—oo n

This completes the proof. (Il

The following Proposition clarifies the meaning of lim sup and lim inf.

Proposition 5.3. Let {a,} be a sequence in R. Then, limsup,, a, is the largest
cluster point of {a,} and iminf, a, is the smallest cluster point of {a,}, i.e., if p
is a cluster point of {ay}, then

liminf a, < p <limsup a,.

n—00 n— oo
Proof. T'll do the proof for lim sup. We first want to show that lim sup a,, is a cluster
point. We distinguish 3 cases.

The first case is limsup a,, = co. In this case, we have inf,, A;" = 0o, so we must
have A7 = oo for all n. Let @ € R be given. Given any N, we have o < A}, SO
there must be some element of Ay = {an,an4+1,...} that is bigger than «. This
shows that the sequence {a,} is frequently in the neighborhood («, 00| of co. Since
« was arbitrary, we conclude that oo is a cluster point of {a,}.

For the second case, assume limsupa, = s € R. Let € > 0 be arbitrary and let
M € N be given. Since

inf A} = limsupa, =s <s+¢

n n—oo
there is some N € N so that s < AE < s+e. (It follows that ar < s + ¢ for
k > N.) Since A} is a decreasing sequence, we have s < Af < s+ ¢ for n > N.
Let K = max(M, N), so we have s < A} < s+¢e. But then

s—¢e< Al =sup{ax | k > K}.
Thus, there must be some k > K so that
s—e<ap <AL <s+e.

Thus, there is some index k& > M so that a is in the interval (s —e,s +¢). It
follows that the sequence {a,} is frequently in (s — &, s +€). Since ¢ was arbitrary,
we conclude that s is a cluster point of a,.
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The last case to consider is limsup a,, = —co. Let 3 € R be arbitrary. Since
inf AT < 3,
n
there must be some N so that A} < (. But for any n > N we have
an, < A"A} < p.

Thus, the sequence {a,} is eventually in [—o0, ). Since [ was arbitrary, we con-
clude that a, — —o0, so certainly —oo is a cluster point.

This completes that proof that limsup a,, is a cluster point. Note that we have
proven that a,, — —oo if limsup a,, = —oo. The corresponding statement for lim inf
is that a,, — oo if liminf a,, = co. These statements will be used later.

To finish the proof, suppose that p is a cluster point of {a,}. Our goal is to
show p < limsup a,. If p = —o0, there is nothing to do, since —oco < lim sup a,, no
matter what lim sup a,, is.

So, suppose that p > —oco. Let a < p be arbitrary. Since p is a cluster point, a,,
is frequently greater than « (why?). Thus, for any n, the set {aj, | kK > n} contains
elements that are strictly greater than «, so A} = sup{ar | £ > n} > a. Thus,
a < AF for all n. Letting n — oo, we conclude that o < limsupa,,. Since a < p
was arbitrary, we must have p < limsup a,,. This completes the proof. (I

An easy application of this Proposition is the following.

Proposition 5.4. Let {a,} C R be a sequence, and let {a,,} be a subsequence.
Then,

liminf @, <liminfa,, <limsupa,, <limsupa,.

n—oo T k—oo k—o00 n— oo

Proof. Since liminfy_, ap, and limsup,_,  a,, are cluster points of the subse-
quence {a,, }, they are also cluster points of {a,}. Thus, the inequality follows
from the last Proposition. ([l

The next Proposition characterizes convergence in terms of lim sup and lim inf.

Proposition 5.5. Let {a,} C R be a sequence. Then

lim a, =a if and only if liminfa, =a =limsupa,
n—oo n—oo n—oo
Proof. If a,, — a, then a is the only cluster point of the sequence. Since liminf a,,
and lim sup a,, are cluster points, we must have a = lim inf a,, = lim sup a,,.
For the second part of the proof, suppose that
liminf a,, = a = lim sup a,,.
n—oo n—oo
If a = oo, then liminf a,, = co. But, as we saw in the proof of Proposition 5.3,
this implies a,, — oo = a. Similarly, if a = —oo, then limsup a,, = —oc0 and we saw
in the proof of Proposition 5.3 that this implies a,, — —oc.
This leaves the case where a € R. Let € > 0 be given. Since limsupa, =
a < a + €, Proposition 5.2 shows that a,, is eventually less than a + . Since
a — ¢ < a = liminf a,, Proposition 5.2 shows that a,, is eventually greater than
a—e. Thus, a,, is eventually in the interval (a —e,a+¢). Since € > 0 was arbitrary,
we conclude a,, — a. O

To conclude this section, we consider what can be said about the lim sup and
liminf of the sum of two sequences.
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Proposition 5.6. Let {a,} and {b,} be sequences in R and suppose that a,, + b,
is (eventually) defined.

(1) We have
(5.1) lim sup(a, + b,) < limsup a,, + limsup by,

n—oo n—oo n—oo
provided that the right hand side is defined.
(2) If one of the sequences is convergent then equality holds in (5.1) (still as-
suming the right hand side is defined).
(3) We have
(5.2) liminf a,, + liminf b,, < liminf(a, + b,),

n—oo n—oo n—oo

provided that the left hand side is defined.
(4) If one of the sequences is convergent, equality holds in (5.2) (still assuming
that the left hand side is defined).

Proof. To prove (5.1), let ¢, = a,, + b, and recall the definitions
A, ={ar | k> n}
A} =sup(A,)
limsupa, = lim A}
n—00 n— 00
B, ={b |k >n}
By =sup(B,)
limsupb, = lim B

n—oo n—oo

Cpn={cx | k>n}
Cy = sup(Ch)
limsupe, = lim C; .
Since we are assuming that the right hand side of (5.1) is defined, A} + B is
eventually defined, so we can consider n’s that are large enough to make this sum
defined. For k > n, we have ap < A} and b, < B;. Adding these inequalities
gives ¢, = ap + by < A + B;f. Thus, A} + B, is an upper bound for C,,, so
C;F < A} + B;. Letting n go to infinity gives (5.1).
For the second part, suppose that a, — a. Then (5.1) becomes
(5.3) limsup(a,, + b,) < a + limsup by,
where we assume that the right hand side is defined. Since limsupb, is a cluster
point of {b,}, there is a subsequence {by, } so that b,, — limsupb,. Since a,, — a,
we also have a,,, — a. Thus,
(5.4) Gn,, + b, — a+ limsup by,
n—oo
However, {an, + by, } is a subsequence of {a,, + b, }, so the number on the right of
(5.4) is a cluster point of {a, + b, }. Thus, we must have
a + limsupb,, < limsup(a, + by,).

n— oo n—00
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by Proposition 5.4. Combining this with (5.3) shows that
lim sup(ay, + b,) = a + limsup b,

n—oo n—oo

and the proof is complete. ([l

For an example where inequality holds in (5.1) and (5.2), consider the sequences
a, = (—=1)" and b, = (—1)"*!. Then limsupa, = limsupb, = 1, liminfa, =
liminf b, = —1 and limsup(a, + b,) = liminf(a, + b,) = lim(a,, + b,,) = 0. Thus,
we have

— 2 =liminf a, + liminf b,, < liminf(a, + b,) =0

n— 00 n— o0 n— o0
= limsup(a, + b,) < limsup a,, + limsupb,, = 2.
n—oo n—oo n—oo

Exercise 5.7. Let {a,} be a sequence in R. If ¢ € [0, 00), show that

lim inf(ca,,) = climinf a,
n—oo n—oo

lim sup(ca,,) = climsup b,.

What happens if ¢ € (—00,0)?
Exercise 5.8. If a, < b, eventually, show that

liminf a,, < liminf b,

n—oo n—oo
limsup a,, < limsup b,,.
n—oo n—0o0
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