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1 Unordered Sums of Real Terms

In calculus and real analysis, one defines the convergence of an infinite series

(1.1) S a

of reals numbers as follows: For each postive integer n, define

n
Sn = § A,
k=1

the n-th partial sum of the series. If the sequence {5, } converges to a real
number S, the series converges and the sum is S.

This definition depends on the particular order of the terms a,,—if we reorder
the terms, we get a different sequence of partial sums, and so possibly a different
result.

In this problem set, we want to consider how to add up infinitly many terms
(including, perhaps, more than countably many terms) in a way that does not
depend on the ordering.

In our series (1.1) the sequence { a, } of terms amounts to a function from
the index set N = { 1,2, 3, ...} to the real numbers R. In general we will consider
an arbitary index set X, and a function f: X — R.

If F C X is a finite set, then the finite sum

> fa),

zEF

makes sense, since the order of the terms does not matter in a finite sum. For

brevity, we write
YD S ST
F el

The emptyset ) C X is a finite set with ), f = 0, for any function f.
Note that if F}, Fy C X are finite and F}; N Fy = 0, then

ZFluF2 f= ZF f+ ZF2 1,

since there are no duplicate terms in the sum on the left.
Since we’ll be using finite subsets of X a lot, we introduce the notation

Fin(X)={F C X | F is finite } .

In the definition of the sum of a series like (1.1), the idea is the we can add
up finitely many terms, and if we add in more and more terms we get closer and
closer to the sum—Dbut we have a particular order in which to put in additional
terms.

In the following definition, we use the idea that adding in more terms should
get closer to the sum, but we don’t impose any order on which terms to take
next.



Definition 1.1. Let X be a nonempty set and let f: X — R. We say that f
1s summable over X if there is a real number S with the following property:
For every € > 0, there is a finite set Fy C X such that

‘ZF f- S‘ <e, whenever ' D Fy and F is finite.

Lemma 1.2. There is at most one number S that satisfies the property in
Definition 1.1.

Proof. Suppose that S; and S3 have the property in the defintion. Let € > 0 be
arbitary. Then there is an F} € Fin(X) such that

FeFin(X), F2 R — [ f-8|<e
Similarily, there is an F» € Fin(X) such that
FeFin(X), FO R, — ‘ZFf—Sg‘ <e.
If we set F'= Fy U Fy € Fin(X), then F' O Fy, F» and we have
|S1 — Sa| = ‘51 —ZFf+ZFf—S2’

SRV ROWERES

<e+e=2e.
Thus, we have
|Sl — SQ| < 2e.
Since e was arbitary, we must have |S; — S| =0, i.e., S; = S5 O

If f is summable, we will denote the unique number .S in the defintion by

ZX f or Zf or Z f(x),
X

zeX

and we introduce the notation

S(X)={f: X =R f is summable } .

Problem 1. Suppose that f: X — R.

A. If X itself is finite, we’ve given two definitions of the symbol ), f. Show
these two definitions are the same.

B. If f(x) =0 for all x € X, then ), f =0.



Problem 2. The space S(X) of summable functions is a vector space (under
the pointwise operations) and the mapping S(X) — R: f +—
>y f is linear. In other words,

A If f,g € S(X), then f + g is summable and

(1.2) D= f+Y e

Answer:

We want to show that the number )"y f + > g satisfies the condition in
Definition 1.1.

Let € > 0 be arbitrary. Since f is summable, there is a finite set F} such
that

FeFin(X), FO R — ‘pr_zxf‘ <e.
Similarly, there is a finite set F5 such that
FeFin(X), FOF, — ‘ZFg—ZXg‘ <e.

Let F3 = F} U Fy, so F3 is finite and F3 D Fy, F5. Thus, if F' D F3, we have

)IRIEHE) SRS DI ) DIVED SIES DED D!
= ’ZFfszf‘qL’ZFngXg’

Since € was arbitrary, this completes the proof.

B. If f € S(X) and ¢ € R, ¢f is summable and

(1.3) ZX cf:cZX f

Answer:

We need to show the number on the right of (1.3) satisfies the condition in
Definition 1.1.

Let € > 0 be arbitrary. Since f is summable, there is a finite set Fy such
that

F eFin(X), F2 Fy — ‘ZFf—ZXf‘<6.



Then, if F' D Fy, we have
DORTEDDNIIENTE SN ED DN
<cle.

Since € was arbitrary, |c|e can be as small as we like, so this completes the
proof.

Problem 3. Let f: X — R.
A. The function f is summable over X if and only if the following Cauchy
Condition is satisfied: For every € > 0, the is a finite set Fy so that

/ . /
F,F' ¢ Fin(X), F,F' D Fy — ‘ZFffZF,f’ <e.

Answer:

First suppose that f is summable. We show that the Cauchy condition
holds. Let € > 0 be given. Then there is a finite set Iy such that

F e Fin(X), F2 F, — ‘ZFf—ZXf‘q.

Suppose that F, F’ are finite sets that contain Fy. Then,

DINED SRVIEL DED SIED DS DN
=D INEDIN FED DI ED I

<e+4+e=2.

Since € was arbitrary, the Cauchy Condition holds.

For the second part of the proof, suppose the Cauchy condition holds. We
must show that f is summable.

Applying the Cauchy condition with e = 1/n for n € N gives us a sequence
of finite sets F;, so that

(A)  FF eFin(X), FFOF, — ’ZFf—ZF/f‘ < %

If we set En:FlUFQU"'UFn,thenElgEQQE;}"' andEnZ_DFn

We claim that the sequence { > B, | } is a Cauchy sequence of real numbers.
To see this, let € > 0 be given. Choose N € N so that 1/N <e. Iif m,n > N
then Ep,, E, 2 Ey, so by (A), we have Y, f—> 5 f| <1/N <e.
Thus, { Y5 [} is Cauchy.



Since a Cauchy sequence of real numbers converges, there is a number S so
that 3 p f — S asn — oo.

We claim that S = >y f. To see this, let € > 0 be arbitrary, and choose
N; € N so that 1/N; < e. Then, as above,

/ : !
(B) F,F' € Fin(X), F,F' D Ey, — ‘pr —~ ZF, f‘ <e.
On the other hand, we can find N5 so that
> _
() n> Ny = ’ZEn s‘ <e.

Let N = max(Ny, N3). Suppose that F' O Ex. Then we have |2Ff — DBy f| <
g, by (B) and we have |ZEN - S| < ¢, by (C). Thus,

‘ZFf_S‘:‘pr_ZENfJFZENf_S‘
S‘ZFf_ZENf’—’_‘ZENf_S’
<e+e=2e.

Since € was arbitrary, we conclude that f is summable.

. The Cauchy Condition is equivalent to the following Alternate Cauchy
Condition: For all € > 0 there is a finite set G such that

FeFin(X), FNG =0 — ’ZFf‘ <e

Answer:

First suppose the Cauchy condition holds. Let € > 0 be arbitrary. Then
there is a finite set Iy so that

/ . /
F,F' € Fin(X), F,F' D Fy — ‘ZFf—ZF,f} <e.

Suppose that H € Fin(X) and that H N Fy = (). Then both Fy and H U Fj
contain Fj, so we have

DI EIVINED DR ED I
- ’ZHUFofizFof‘ <&

Thus, the Alternate Cauchy Condition holds.

For the second part of the proof, assume that Alternate Cauchy Condition
holds, and we want to show the Cauchy Condition holds. To do this, let
€ > 0 be given and let G be as in the Alternate Cauchy Condition. Suppose



that F is finite and F' O G. Then we can write F' = GUH, where HNG = 0,
so >y fl<e.

Now suppose that Fy, Fo O G and write F; = GU H; (i = 1,2) as above.
Then we have

DIFEEDDIEI LI D ED D)
SOIRED I ED DN ED S
=[]

> 1+ 1)

<e4e=2e.

IN

Since € was arbitrary, we conclude the Cauchy Condition holds.

If A C X, we can consider the function f|a: A — R: a — f(a), the restric-
tion of f to A. If f|a is summable over A, we say f is summable over A and
write the sum as just > , f (instead of )~ , f|a).

Problem 4. Let f: X — R and let A be a nonempty subset of X. If f is
summable over X, then f is summable over A.

Answer:
We will use the Cauchy Condition to show that f is summable over A.

To show the Cauchy Condition holds on A, let ¢ > 0 be arbitrary. Let
B = X\ A, so X is the disjoint union of A and B. Since f is summable over
X, is satisfies the Cauchy Condition on X, so there is a set G € Fin(X) so that

(A) F\,F, e Fin(X), F1,F, 2 G — ’Zm f- ZF2 f’ <e.
The set G is the disjoint union of GN A and G N B.

Suppose that Hy, Hy € Fin(A) and that Hy, Ho O GNA. Then HiU(GNB) 2
G and Ho U (G N B) 2 G. Thus, we have

‘ZHlu(GﬂB) f- ZHQU(G"WB) f’ =

by (A). But
Z f= Z f:‘ZH1f+ZGﬂBf_ZH2f_ZGﬂBf‘
H\U(GNB)  H,U(GNB)

:’ZHlf_ZHgf’



and so we have
‘Zl'h f B ZH2 f‘ <&

We conclude that f satisfies the Cauchy Condition on A, and so is summable
on A.

Problem 5. Let f: X — R and suppose that X is the disjoint union of two
sets A and B. Then f is summable over X if and only if f is
summable over both A and B and, in this case,

(1.4) I ED DN ED DI

Answer:
First suppose that f is summable over both A and B. We want to show that f
is summable over X and that (1.4) holds.

Let € > 0 be arbitrary. Since f is summable over A, there is a set F4 €
Fin(A) so that

FeFin(d), FOFy = 3 r-3 f|<=
Similarly, there is a set Fp € Fin(B) so that
F € Fin(B), F D Fp — ’ZFfszf’ <e.

Set Fix = FAUFp. If F € Fin(X) and F' D Fx, we can write F' and the disjoint
union of FN A and FNB, with FNAD F4 and FNB D Fg. Then we have

)RS )SNES o] | DS ERDONED W,

(FNA)U(FNB

= Zf+ZfZAfZBf|

FNA FNB
<D=+ ZfZBf|

FNA FNB
<e+e=2e.

We conclude that f is summable over X and (1.4) hold.

For the second part of the proof, we assume that f is summable over X. But
then, by the previous problem, f is summable over A and B and hence (1.4)
holds by the first part of the proof.




The result of the last problem is easily extended inductively to the case
where X is partitioned into a finite number of subsets Ay, As..., A,. In this
case f is summable over X if and only if it is summable over each of the A;
and, if this is so,

ZXf=ZA1f+ZA2f+---+ZAnf.

A simple, but useful, corollary to the last problem is the following.

Corollary 1.3. Suppose that A C X and that f: X — R is zero outside A.
Then f is summable over X if and only if it is summable over A and, in this

case,
D f=2.1

Problem 6. Let f: X — R be summable. Then, for every € > 0, there is a
finite set Fy such that

XDADF = ‘ZAf_ZXf’<E-

This differs from the definition of summablitity because A is allowed to be
infinite.

Answer:
Let € > 0 be given. Since f is summable, there is a finite set Fyy such that

(A) DONEDSWIEE

for all finite F' D Fjp.
Suppose that A is any subset of X that contains Fy. Since f is summable
over X, it is summable over A, so there is a finite set G such that

(B) DINEDINIEE
for all finite sets F' with A D F' D Gy.

Let F' = Fy UGp. Then FF C A and F' D Fy,Go. Thus, both (A) and (B)
hold. Then we have

DONED NI EI)SINED SIVED DIV ED DI
= ‘ZAf_ZFf’+‘ZFf_ZXf‘

<e+e=2e.

This completes the proof.




Our next step is to extend one direction of Problem 7?77 to arbitary partitions
of X. Recall that a partition P of X is a collection of nonempty subsets of X
such that the elements of P are pairwise disjoint and

Ur= P=x
PeP

It follows that every point of X is in exactly one of the elements of P

Problem 7. Let f € S(X) and let P be any partition of X. Since f is
summable over every subset of X, we can define a function g: P —

R: P+~ g(P) by
gPy=3 1

Then, the function ¢ is summable over P and

Y 9= 1

Answer:
Let € > 0 be given. By the last problem, there an Fj € Fin(X) so that
(A) X2A42FR — |3 /=Y f|<=

Every point € X is contained in exactly one element of P, call it P(x).
Define F; by
Fo={Px)|ze€F}.

Then Fy is a finite subcollection of P and certainly |JFo (the union of the
elements of F) contains Fy. Suppose that F is a finite subcollection of P that
contains Fy. Then |JF 2 JFo 2 Fp.

If we label the elements of F by F = { Py, Pa,..., Py }, we have

> 9=

PeF
=g(P1) +g(P2) + -+ g(Pr)

:ZPlf—i_Zsz_'_.”—i_ZPkf
= > f

PiU---UPy,

_Zuff'

But, (A) implies that

PP DI



because | JF 2 Fy. Thus, we have

‘ng_zxf’<5'

for all finite subcollections F that contain Fy. This completes the proof.

Note that the converse of this theorem is false. That is, it is possible that f is
summable over every element of P, so that g is defined, and that g is summable
over P, but f is not summable over X.

For an example like this, let X = N and define f: N — R by f(n) = (-1)".
Let P be the partition

P:{{172}5{354}’{576}7"'}'

Then f is summable over each element of P and g is summable over P, but f is
not summable over N. To see this, note that if f was summable over N, it would
be summable over every subset of N. In particular, it would be summable over
{2,4,6,8,...}, which is not the case (why?).

2 Unordered Sums of Postive Terms

Suppose that f: X — [0,00]. If F € Fin(X), the finite sum ), f makes
sense (it is oo, if f takes the value oo at some point of F'). For functions with
non-negative values, the finite sums have two monotonicity properties. First,

F\,F, e Fin(X), F; CF, — ZFl f< ZFZ f.
Secondly, if g: X — [0, 00] is another function, we have

f<g, FeFin(X) = ZFfSZFg.

For any function f: X — [0, 0], we define
S == 1w
X zeX
by

Z;f:sup{ZFf\FeFinX},

which may be oco.

Problem 8. Suppose that f,g: X — R.

10



A. If A and B are subsets of X,

(2.1) ACB — Z*Afé Z;f

Answer:

By definition,

(A) Zif:sup{ZFf\FgA,Fﬁnite}
(B) Z*Bf:sup{zFf\FgB,Fﬁnite}.

The set on the right-hand side of (B) is larger than the set in (A), and so
has a larger sup. This establishes (2.1).

B. For any subset A of X,

(2.2) f<g= Y <Y o

Answer:

Suppose f < g. For any finite set F' C A, we have

DI ED DIESD SN

*
Thus, ZA g is an upper bound for the set

{ZFf|FgA,Fﬁnite},

and hence is bigger than or equal to the sup of this set, which is Z*A f.
Thus, (2.2) holds.

Problem 9. )
In this problem, we establish that ZX is a close to linear as it can be.

A If f,g: X — [0, 00] then

S U= F+> o

11



Answer:
If F'is a finite set, then

S U= Y <>+ Y e

Taking the sup over F', we conclude that

PONIERIES SN E P

To complete the proof, it will suffice to show the opposite inequality

(A) PONED DNED SNIET)

If Z (f +g) = oo, this inequality is true, so we are reduced to considering
the case Z ((f+9)) < oo. Since f,g < f+ g we have

S LAY 9y (Frg) <o

Let € > 0 be arbitrary. Then there is a finite set F; so that

Z;f—s<ZFlf.

Similarly, there is a finite set F5 so that

Z;g—E<ZFzg.

Let F = F; U Fy. Then we have

(2.3) DN ETED DN ED S
(2.4) POELED DI ED DI

Adding these inequalities (ignoring the middle term) gives

S FEY a2 f4Y g=> (fr9 <> (f+9)

Thus, we have

S IEY g2 < Y (f+9)

Since € was arbitrary, this implies (A)

12



B. If c€ [0,00) and f: X — [0, 00], then

ZX Cf = CZX f’
where we’re using the definition 0 - co = 0.

Answer:

If ¢ = 0, both sides of the equation in the problem are zero. So consider the
case ¢ > 0. For finite F, we have ) ncf = c¢)_ p f (which is the distributive
law). Thus, we have

{ZFcf|F€FinX}:{cZFf|F€Fin(X)}:c{ZFf|F€Fin(X)},

from which the equation in the problem follows by an elementary property
of sup’s.

Problem 10.

A. Suppose that A C X and that f: X — [0, 00] is zero outside of A. Then

S =3

Answer:
Since A C X, we have
ZA f < ZX f’

so it will suffice to establish the opposite inequality. Suppose that F' C X is
finite. Since f = 0 outside A, we have >, f = > pq4 f- Thus,

ZFf:ZFmAfS Z;f'
Sup’ing over F' yields § .
Do f<> L

and the proof is complete.

B. Suppose that f: X — [0,00]. Let A be a subset of X and define x4, the
characteristic function of A, by

() 1, z€A
xTr) =
xa 0, z=¢A.

13



Then, we have

S =3 fxa

Answer:
* *
Since fya is zero outside A, ZX fxa= ZA fxa. But, f = fxa on A,

oo fua=> f

C. Let f: X — [0,00] and suppose that X is the disjoint union of A and B.

Then . . )
Zx‘f: ZA‘f+ ZB‘f

This result is easily extended to a partition of X into finitely many subsets.

Answer:
Since X is the disjoint union of A and B, xa+xp = 1. Thus, f = fxa+fxs

and so ZX f= ZX fxa+ ZX fxB- Now apply the previous part to
the problem.

Problem 11. Let f: X — [0,00] and let P be a partition of X. Define g: P —

[0, 00] by )
gP)=3_ I

Z;g= ZXf

Then

Answer:
If F={Py,Ps,...P:} is a finite subcollection of P, then

S g=g(P)+g(Po) ++ - +g(Py)
- Z;ler Z*sz+... Zpkf
= Z* f

PiUPsU---UPy
*

Thus, if F is a finite subcollection of P,
Z]:g: ZU]:fS ZXf

14



Taking the sup over finite subcollection F C P, we conclude that
Zp RS ZX I
To get the opposite inequality, let F' be a finite subset of X and set
F={P(z)|ze€F}

where P(z) is the unique element of P containing . Then F is a finite subcol-
lection of P and |JF 2 F. Thus,

PN ED PN ED DNED PN
Supping over F' gives i} .
d <D e

and the proof is complete.

Problem 12. Let f: X — [0, 00] and suppose that X is countably infinite. Let
{zy, },2, be any enumeration of X. Then

(2.5) S =D f),

where the right-hand side is the limit of the partial sums, which may be infinity.

Answer:
Let F,, = {x1,22,...,2y, }. Then,

n

Sp = Z f(xk)a

k=1

the nth partial sum of the series on the right of (2.5) is the same as }_ . f.

Thus, .
Sn :ZanS fo

Since the partial sums s,, converge upward to the sum of the series s, we conclude

+
< .
thats< D f T |
For the opposite inequality, suppose that F' C X is finite. Find the maximum
value of n such that x, € F. Say this maximum value is N. Then F' C Fly, so

ZFfSZFNfZSNSS-

Supping over F' gives Z; f < s and the proof is complete.

15



If f: X — [0,00], we define the carrier of f, denoted carr(f), by

carr(f) = {x € X [ f(x) #0}.

From our previous results, we have

If carr(f) is finite, the right hand side of this equation would be a finite sum. If
carr(f) is countably infinite, we can apply the last problem.

Problem 13. Suppose that f: X — [0, 00] and that

Z;f<oo.

Then carr(f) is countable.

Answer:

Let E, ={z € X | f(z) >1/n} for n € N. Then

carr(f) = U E,
n=1

(To see this, note is f(z) > 0 then f(x) > 1/n for some n.)

We claim that each of the sets F,, is finite. To prove this, suppose, for a
contradiction, that E is infinite. Then, for any k € N, we can find a subset Fj
of En consisting of k elements. We then have

k *
DD D

Thus, k/N < ZX f. Since k is arbitrary, this would imply ZXf = 00,
contrary to our hypothesis.

We conclude that each E,, is finite. Then carr(f) is a countable union of
countable sets, and hence countable.
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