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1. Consider the following vectors in R®%: x = (2,1,1,1,4)7, and y = (3,6,1,5,7)T.

a. Find (x,y), [|x/|?, ||y||2 y = p(y|x), and y —y. Show that x L (y — ),
and HY|| = [I91* + Ily - 3II*.

b. Let w = (-1,2,4,-4,0)T and z = 3x + 2w. Show that (w,x) = 0 and
that ||z]|2 = 9||x||2 + 4||w||2. (Why must this be true?)

c. Let Ay = {1,2}. Ay = {3,4}, 43 = {5}. Find p(ylia,),i=1,2,3.

2. Is projection a linear transformation in the sense that p(cy|x) = cp(y|x) for any
real number ¢? Prove or disprove. What is the relationship between p(y|x) and
p(ylex) for ¢ # 07

3. Suppose ||x||> > 0. Use calculus to prove that ||y — bx||? is minimum for b =
yTx/|[x||*. (That is, provide a calculus-based proof of the Theorem on p. 22 of
the notes as an alternative to the one provided there.)

4. Here we will consider subspaces of R*. Let x; = (1,1,1,0), xo = (1,1,0,0)7,
x3 = (1,0,0,1)T and x4 = (10,3,0,7)T. Let V5 = E(xl_xz) Vs = E(xl,xz,x3)
and V4 = c(xl,XQ,X3,X4) .

a. Find matrices Ay, Aj, A4 whose column spaces are equal to Vs, Vi, Vi,
respectively.

Find the dimensions of V5 and V3 (i.e., the ranks of Ay and Aj).

Find bases for V, and V3 that contain vectors with as many zeros as possible.
Give a vector z # 0 that is orthogonal to all vectors in Vj.
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e. Xj,Xg, X'; and z are linearly independent. Therefore, x4 is expressible in the
form Zz_ bix; + cz (this is true because one can form at most d linearly
mdependent vectors in a vector space of dimension d). Show that ¢ = 0 and
hence that x4 € V3, by determining xJ z. What is dim(V}) (the dimension
of V4)?

f. Give a simple description of V3 in words.

5. Consider R®, Euclidean 6-space, but let’s index a vector y in this space as y =
(yn,ylg,ylg,ym,ygg,yal) Think of this indexing scheme as representing data
vi; from 3 treatment groups, with 3, 2, and 1 replicates (indexed by 7) in groups
1, 2, and 3, respectively (indexed by ¢). That is, y;; represents the j*" response
in the 7*" group where i = 1,2,3 and j =1,...,m5, ny = 3, ng = 2, ng = 1.
Let a; be the indicator for the zth treatment group (e.g., a1 = (1,1,1,0,0,0)7,
ag = (0,0,0,1,1,0)T, etc.). Let V = L(a;, ag, a3).

a. Fory =(2,1,0,7,9,3)7 find § = p(y|V), y = 9, [l¥|1% 1I911%, [ly — 312
b. Give a general non-matrix formula for § = p(y|V) for any y.

6. Pm‘o\,om« 2.273 %Ww\ k\a '):R_xt\Quﬁl(.
7. Problawm 2.21 " = “



