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Propostion. Let f(2) = é a,(z- z,)" haveradiusof convergence R= R(f) > 0.
n=0

Then,

¥
a) 9(2) = é_ na,(z- z)™" hasradiusof convergence R(g) 3 R(f). Infac,

n=1
R(g) =R(f) =R.
b) fT A(B(z,R) ad f'=g
) f isinfinitdly differentiable on B(zo, R)and

(=4 "

% (n- k)! a,(2- )"

(n)
Proof: We note that together @) and b) inductively imply c) .
a) Wolog z, =0. Wehave f (2) = g a,Z" hasradius of convergence R= R(f) > 0.
Let |z|=r <r <R. .
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Itisknownthat lim n~—~- = 0. Hence,
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Hence,n3 N b |na, z™* <|a, |r " whichimplies R(g) 3 R(f).

Ontheother hand, let f* =z*g. Then, R(f") 2 min(R(2), R(g)) = R(g). But, since

limsup| na, |"= limsup| a, " Wehavetherefore R() = R(f")® R(g) . Hence
R(g) = R(f) =R.



b) WolLog z, =0. Weneedtoshow that lim "(2) _ g(2) for

h® 0

f(z+h)-
h

z1 B(0,R) . Equivaently, weneed to show L|®rg f(z+ hr)]- f(z)

- g(2)| =0for

zl B(O,R). Let|z|=r <r <R. Choose h ' |h|<d=2(r - r). Notethat
r<r -2d. Wehavenow

f(z+h)- f(z § €(z+h)"- 7 Y
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Rewriting the term in brackets we have

(Z—+h) - Z - nzn'lzéﬁ?gzn th ! nz"'l=é_ ®Szn jhj-l
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Hence,
|(Z+h)n' z" - nz" = J %‘9 n-ipi-1
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we have
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Since, I <R, the series é |an|r " converges, which implies |i®rQ la, |r " =0, whichimplies
n=0 n

$M"" n30J|a,|r"EM . Hencg" N30 |an|££n. Combining thiswith (1) and (2)
r

we have

If(z+hr)]-f(z)_g(z) c lhl%:\ﬂ_ﬂn(n-l)(r_d)n_z
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N . |f(z+h)- f(2)
Since thislatter series converges, say to K, then | o -

g(Z)‘ £|h|ﬂ2K. Hence,
r

ash® 0 wehave lim fz+h)- T(2) g(z)‘:O.
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d  Theformulafor g followsfromc) by evaluaing f*(z)a z=z, .



