Definition. Let G bearegionandlet a = a+bi = (a,b)] G. Afuncion g:G ® Ris
differentieble a a if there exist constants A and B and functions e, e, :G ® R whichare
continuousata  with e, (a,b) = e,(a,b) = Osuchthat

g(x y) = g(a,b)+ (x- a){ A+e (x,y)} +(y- b){B+e,(x y)}

If g isdifferentiable & @ , wewill defire g, (a,b) = A and g, (a,b) =B.

Proposition. Let G bearegionandleta = a+bi = (a,b)T G. Supposethat
u,v:G ® R suchthat u, v are (continuoudy) differentiable at a and that u, v satisfy the Cauchy-
Riemann equationsa a . Then, f =u +1ivis(continuoudy) differentisble a a .

Proof. Since u, v aredifferentieble a a , thereexigt fundtionse, :G® R, r =1, 2, 3, 4, which
arecontinuousat a with e, (a,b) =0, r =1, 2,3,4, suchthat

u(x,y) = u(a,b) + (x- a){u,(a,b) +e&,(x,y)} +(y- b){u,(a,b) +e,(x,y)} (1)
v(x,y) =v(a,b) +(x- a){v,(a,b) +e,(x,y)} +(y- b){v,(a,b) +e,(x,y)} (2

If in (1) wereplace U, (a,b) = - v, (a,b) =i xv, (a,b)andin (2) we replace
v, (a,b) =u, (a,b)and then multiply (2) by i and add the result to (1) we obtain (after a

rearrangement)
f(2)- f(a)=(z- a)lu(ab)+iv,(a,b)+w2)]

where

Y= Pre (xy)+ie,(x.y)} .
Z- a

w(z) =22 2{e (%, y) +iey (X, y)} +
Z-a
since [ W(2) | £ [€,(X, ) | +1&,(X, ) | + &5 (X, ) | + e, (% ¥) |, then

im f(zi' a‘:(a) =limu, (a,b) +i v,(a,b) +w(z) =u,(a,b) +i v,(a,b)




snce limw(z) =0.
z®a



