Review Exam I
Complex Analysis

Underlined Definitions: May be asked for on exam

Underlined Propositions or Theorems: Proofs may be asked for on exam

Underlined Homework Exercises: Problems may be asked for on exam

Double Underlined Homework Exercises: Similar problems will be asked for on exam
Double Underlined Named Theorems/Results: Statements may be asked for on exam

Chapter 7.1
Homework 7.1Page1501,2,4,5 7

Definition. Let G be a region and let (€2, d) be a complete metric space. Then,C (G,Q)= ...

Proposition. Let G be a region. Then there exists a sequence of subsets {K }of G such that

(i) K, ccG

(“) Kn = int(Kn+l)

i) | JK,=G

n=1
(ivy KccG implies Kc K, forsome neN
_ _ _ _ d(s,t) .
Lemma If (S,d) is a metric space, then (S, z) is a metric space, where £(S,t) = m . AsetOis
+d(s,

openin(S,d) ifandonly if O isopenin(S, x) .

Definition. For K cc Gand f,g eC (G,Q),let p, (f,g)=supd(f(z),9(2)).

zeK

oo (f,0)=—L9 5 (f 5 -{g:p(1.0)<5}
L po(f.g) 7

Definition. For {K} a compact exhaustion of a region G and for f,g eC (G,Q)let p(f,g) = ...
Proposition. (C (G,Q), p) is a metric space.

Lemma 1.7 (i) Given & > O there exists 6 > 0and K cc G such thatfor f,g €C (G, Q)

pc(f,9)<é = p(f,0)<e
(ii) Given ¢ > 0 and there exists & > 0 such that

p(f.9)<e = p(f,g)<o



Lemma1.10 (i) Aset O cC (G,Q) is openif and only if for each f € O there exists 6 > 0 and
KccGsuchthat OB, (f,9)

(ii) A sequence {f,} =C (G, Q) convergesto f (in the p metric) if and only if for each

K cc G {f }convergestofinthe p, metric.
Proposition (C (G, Q), p) is a complete metric space.

Definition. Aset F cC (G,Q)isnormal ...

Proposition. Aset F =C (G, ) is normal if and only if F is compact.

Proposition. Aset F —cC (G, Q) is normal if and only if for each & > 0 and K —c G there exist functions

f,, f,,---, f. € F suchthat F CUBpK(fk,5).
k=1

Definition. A set F —C (G, Q) is equicontinuous at a point z, € Gif ...
Definition. Aset F —C (G, Q) is equicontinuousonaset E = G if ...

Proposition. Suppose aset F —C (G, Q) is equicontinuous at each point of G. Then, F is equicontinuous
oneach K cc G.

Arzela-Ascoli Theorem

Chapter 7.2

Homework 7.2 Page 154 4, 6, 8, 10, 13

Definition LetG bearegion. A (G)=---

Theorem Let G be aregion. Let {f }—A (G)andlet f eC (G,C). If f. —» f ,then
feA (G)and " — £ foreach k >1.

Hurwitz's Theorem

Corollary LetG bearegion. Let {f.}cA (G)and f €A (G)besuchthat f, — f . Ifeach f is

non-vanishing on G, then either f is non-vanishingon G orelse f =0.

Definition AsetF —A (G) is locally bounded if . . .



Lemma AsetF —A (G) is locally bounded if and only if for each K —c G there exists a constant M such
that | f(z)|<M for all feF and for all zeK.

Montel's Theorem

Chapter 7.4

Homework 7.4 Page 163 ig 6,7

Definition A region G; is conformally equivalent to a region G, if . ..

Riemann Mapping Theorem

Chapter 7.5
Homework 7.5 Page 1734,5, 6,7,9

Definition Let {z,} < C. Then, the infinite product | [ z, =---

n=1

Proposition Let Rez >0 for all n. Then, the product H Z,, converges to a non-zero number if and only

n=1

if the series Z log z,, converges.
n=1

Proposition Let Rez, >0 for all n. Then, the series Z log z,, converges absolutely if and only if the

n=1

o0
series Z z, —1converges absolutely.
n=1

Definition Let Rez, >0 for all n. The product H Z,, converges absolutely if . . .

n=1

Corollary Let Rez, >0 for all n. Then, the product H Z,, converges absolutely if and only if series
n=1

Z z, —1converges absolutely.

n=1



Theorem Let G be aregion. Let {f .} A (G) be such thatno f isidentically 0. If
Z [f,(z)—1] convergesin A (G), then H f.(z) convergesin A (G). Further, each zero of

] f.(2) is azero of one or more of the factors f, (z).
Definition An elementary factor E (z) =---

_ p+1
Lemma If |z|<1, then |E (z)-1|<|z]

Theorem Let {a,} = Cbesuchthat lim |a, |=c, a, #0 foralln. If {p,}isasequence of integers such
n—

p,+1

- r

that — < (*)
n=1 |an |

forall r >0, then H Ep (%) converges to an entire function whose zero set is precisely {a.}.

n=1

Furthermore, (*) is always satisfied if p, =n-1.

Weierstrass Factorization Theorem

Chapter 7.6
© ZZ
Theorem. SIN7Z = 72 1-—|.
-7
Chapter 7.7

Homework 7.7 Page1851,2,3,7,8

Definition The gamma function I'(z) =---

Gauss's Formula

Gauss’s Functional Equation For z=0,-1,—-2,---, T'(z+1)=1zI'(2).

Bohr-Mollerup Theorem

Integral Representation For Rez >0, I'(z) = I e 't dt.
0

n

Lemma {(1+ Ej }converges toe‘inA (G)



Chapter 7.8

Definition The Riemann zeta function ' (z) =---

1

Integral Representation 1. For Rez >1, {(2)I'(z) = J = t** dt.
e —
0
1 o0
Extension 1. For Rez >0, {(2)I'(z) = J( tl —lj > dt +L+ titz_1 dt
o\e -1 t z-1 e -1

Integral Representation 2. For 0 < Rez <1, £(2)['(z) = J. ( tl 1 %j t* dt.
e —
0

Extension 2. For -1<Rez <1,

1 ©
11 1), 1 1 1)
;(Z)F(z)—'!(et_l—¥+§jt dt ———+ -[(et—l_fjt dt

Integral Representation 3. For —1<Rez <0, {(2)['(z) = J. ( tl 1 —%+%) t* dt
e —
0

Riemann's Functional Equation

Theorem ¢ (z) e A (C\{1}) with asimple pole at z = 1 with residue 1. Outside of the strip 0 < Rez <1,
¢ (z) is non-vanishing except for simple zerosat z = -2, -4, -6, --- .

Riemann Hypothesis

Euler’s Theorem For Rez >0, £(z) = H(

J , where {p,}is an enumeration of the prime
n=1

1-p*

n
numbers.



