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Chapter 1

Absolute Geometry

1.1 The axioms

1.1.1 Properties of incidence

Lines and points are primary notions, they are not defined. A point can belong to a line or not.
I1. Given two points, there is one and only one line containing those points.
12. Any line has at least two points.

13. There exist three non-collinear points in the plane.

When a line contains a point, we also say that the line passes through that point. Points are
denoted by capital letters of the Roman alphabet. Given two distinct points A and B, the unique
line passing through A and B is denoted by AB. Sometimes lines will be denoted by lower case
letters of the Roman alphabet. Several points belonging to the same line are called collinear. If C
belongs to AB we write C € AB. We identify a line with the set of all the points belonging to it.

Example 1.1.1. The Euclidean plane.

Example 1.1.2. The plane consists of three noncollinear points A, B, C, and the lines are the sets

{A,B}, {A,C}, {B,C}.

Problem 1.1.1. Show that if A, B,C are three non-collinear points, then the lines AB, BC, and
AC are pairwise distinct.

Proof. We argue by contradiction (reductio ad absurdum). Assume that AB = BC. We know that
C € BC, and hence C' € AB as well. This implies that A, B, C are collinear, a contradiction. So
our initial assumption was false, which implies that AB # BC. QED O

1.1.2 Properties of ordering

The notion of between is not defined, but it is given through its properties. It applies to three
points A, B, C, with A # C, by saying that “B is between A and C”.

O1. If B is between A and C then A, B, C are collinear and B is also between C and A.

02. If B is between A and C, then A is not between B and C.

5



6 CHAPTER 1. ABSOLUTE GEOMETRY

03. If A, B, C are collinear and distinct such that A is not between B and C and C' is not between
A and B, then B is between A and C.

O4. If B is between A and C and C is between B and D, then B and C are between A and D.
O5. If A and B are distinct points, there is C' such that B is between A and C.
06. If A and B are distinct points, there is C between A and B.

Theorem 1.1.1. Every line contains infinitely many points.

Proof. Let us consider a line. By 12 it contains two points A and B. Using O5 we can find a point
Mj such that B is between A and M;. From O1 and O2 we deduce that M; # A and M; # B.
Using O5 we can find My such that M; is between B and Msy. Then by O4, M; and B are
between A and Msy. Consequently My is different from A, B, M.
Next using O5 we can find M3 such that Ms is between M; and Ms. By O4, My and M, are
between B and Ms, and so by the same O4, B, M1, M5 are between A and Mj3. So Ms is different
from A, B, Ml, MQ.

Inductively we construct the sequence of points My, My, Mg, ..., such that for each k > 1,
B, My, Ms, ..., My_q are between A and Mj. These points are distinct, so the line has infintely
many points. O

Definition. Given two points A, B, the (closed) segment |AB| consists of A, B and all points
between A and B.

Definition. Given two points A, B, the ray |AB is the set of all points M such that A is not
between M and B.

Definition. Given three noncollinear points A, B, C, the half-plane containing C' and bounded by
AB is the set of all points M such that there does not exist V on AB with N between C and M.

Definition. Given three noncollinear points A, B, C, the triangle AABC is the union of the seg-
ments |AB|, |BC|, and |AC.

We introduce one more ordering axiom.

O7. (Pasch’ axiom) If a line does not pass through any of the noncollinear points A, B, C' and
intersects the segment |AB|, then it intersects one and only one of the segments |AC| and

|BC.
Definition. Given the points A;, Ag, ..., Ay, the union of the segments | A1 Ag|, |A2A43], ..., |A, A1
is called a polygon (moAu~yovov). If n = 3, the polygon is a triangle, if n = 4 it is a quadrilateral.
The points Aj, Ag, ..., A, are called vertices, while the segments |A; Ay, |A243],...,|A, A1 are

called sides.

If nonconsecutive sides intersect, the polygon is called skew. By default, we assume that poly-
gons are nonskew. If any two consecutive vertices determine a line such that all other vertices are
in the same half-plane determined by that line, then the polygon is called convez.

In a polygon A1As... Ay, if A; and Ay, are not consecutive vertices, then the segment |A;A|
is called a diagonal.

Definition. We call angle the union of two rays with the same origin.

If the rays are |AB and |AC we denote the angle they form by ZBAC or BAC.
Adjacent, supplementary, and opposite angles are defined as in Figure 1.1.
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S

adjacent supplementary opposite

Figure 1.1: Types of angles

1.1.3 Congruence

“Congruence” is the notion of equality in Euclidean geometry, in the same way as “isomorphic” is
the notion of equality in group theory. The congruence of segments and angles is again a primary
notion, defined by properties, but intuitively two segments or angles are congruent if one can be
overlaid on top of the other. Congruence is denoted by =.

C1. Given a ray with origin O and a segment |AB|, there exists one and only one point M on the
ray such that |OM| = |AB|.

C2. |AB| = |AB| and |AB| = |BA].
If |AB| = |A'B’'| then |A'B'| = |AB|.
If |[AB| = |A'B’| and |A'B’| = |A”B"| then |AB| = |A"B"|.

C3. If B is between A and C and B’ is between A’ and C’, and if |AB| = |A’B’| and |BC| = |B'C’|,
the |[AC| = |A'C'].

C4. Given an angle ZAOB and a ray |0’A’ and given any of the half-planes bounded by O’A’,
there is a unique ray OB’ contained in this half-plane such that ZAOB = ZA'O'B’.

Ch. ZAOB = ZAOB, ZAOB = ZBOA.
If /AOB = Z/A'O'B’ then ZA'O'B' = ZAOB.
If ZAOB = ZA'O'B" and ZAO'B' = £ZA"O"B"”, then LZAOB = LA"B"C".

C6. Given two triangles AABC and AA'B’C’ such that ZBAC = ZB'A'C’, |AB| = |A'B’|, and
|AC| = |A'C"| then ZABC = LA'B'C".

Note that there is no analogue of C3 for angles. The property is actually true, but it is a
theorem provable from these axioms (Theorem1.2.6).

Definition. Let |AB| and |C'D| be two segments and P, Q, R three points such that @ is between
P and R. If |AB| = |PQ| and |CD| = |QR|, we say that |PR| = |AB| + |CD|. We say that
|AB| > |CD| if |AB| = |CD| + |EF)| for some segment |EF|. Also |CD|= |AB| — |EF].

If |[AB| = |[AB'| + |A'B'| + --- + |A'B'|, we write |AB| = n|A'B'| or [A'B| = 1|AB|. 1If
|AB| = n|A'B'| and |A"B"| = m|A'B’|, we write |A"B"| = ™| AB|. This can also be written as

|A//B// ’ m

|AB|  n’
If M is between A and B, and |AB| = 2|AM|, then M is called the midpoint of |AB|.
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1.2 Congruence of triangles

1.2.1 Theorems of congruence of triangles

Definition. One says that AABC = AA'B'C'if /BAC = /B'A'C’, /ABC = /A'B'C', /ACB =
ZA'C'B" and |AB| = |A’B'|, |IBC| = |B'C'| and |AC| = |A'C|.

Theorem 1.2.1. (SAS) If in AABC and AA'B'C’, |AB| = |A'B'|, ZBAC = ZB'A'C’, and
|AC| = |A'C"|, then AABC = AA'B'C".

Proof. By C6 we have ZABC = /A'B'C' and ZACB = ZA'C'B’. We are left to show that
|BC| = |B'C|.

We refer to Figure 1.2. On the ray | BC, choose C" such that |BC” = |B'C’| (which is possible by
C1). We want to show that C” = C. Applying C6 to triangles ABAC"” and AB'A'C’ (/ABC" =
LA'B'C', |BC"| = |B'C'|, |AB| = |A’B’|), we obtain that ZBAC” = /B'A'C’. The later is
congruent to ZBAC by hypothesis. Axiom C4 implies that |[AC” = |AC. But C,C” € BC and
since the line AC and BC cannot have more than one point in common, by I1, it follows that
C = C". Therefore |BC| = |B'C’|, and the theorem is proved. O

A A
B CII C B’ C

Figure 1.2: Theorem SAS

1

Theorem 1.2.2. (ASA) If in AABC and AA'B'C’, ZABC = /A'B'C', |BC| = |B'C’|, and
/ACB = /A'C'B', then AABC = AA'B'C’.

Proof. We argue on Figure 1.3. On |BA choose A” such that |[BA"| = |B’A’|. Since |BC| = |B'C’|,
LA"BC = ZA'B'C" and |BA"| = |B’A'|, by applying Theorem SAS to the triangles AA” BC' and
AA'B'C’ we deduce that AA"BC = AA'B'C’. Hence /BCA"” = /B'C'A’. But by hypothesis,
/ZBCA = /ZB'C'A". From C4 we obtain |CA” = |C A, and since CA and BA can have at most one
point in common, A = A”. But then we have AABC = AA'B'C’, as desired. O
AII
A A

B c B c

Figure 1.3: Theorem ASA

Theorem 1.2.3. In AABC, |AB| = |AC]| if and only if ZABC = ZACB.
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Proof. = Let us prove first the direct implication. If |[AB| = |AC|, by applying Theorem SAS to
triangles AABC and AACB (|AB| = |AC|, ZBAC = ZCAB, |AC| = |AB]J), we obtain that these
triangles are congruent. It follows that ZABC = ZACB.

< Now let us prove the converse. If ZABC = ZACB, then by applying Theorem ASA to
triangles AABC and AACB (LABC = LACB, |BC| = |CB|, ZACB = LABC') we deduce that
these triangles are congruent. Consequently |AB| = |AC|. The theorem is proved. O

Definition. A triangle with two congruent sides (or equivalently two congruent angles) is called
isosceles. A triangle with all sides congruent (or equivalently all angles congruent) is called equi-
lateral.

Theorem 1.2.4. Given ZAOB, Z/BOC, Z/A'O'B’, Z/B'O'C’" such that ZAOB is the supplement of
/BOC, Z/A'O'B’ is the supplement of Z/B'O’'C’" and ZAOB = /A’O'B’, then /BOC = /B'O'C".

Said in plain words, “angles with congruent supplements are congruent”.

Proof. Using the axiom C1, we can actually choose the points A, B, A’, B’ such that |OA| = |0’ A/,
|OB| = |0'B’'|, and |OC| = |0'C’|, as in Figure 1.4.

Since |OA| = |O'A|, ZAOB = LA'O'B’, and |OB| = |O'B’|, by Theorem SAS AOAB =
AO'A'B'. Hence |AB| = |A'B'| and ZOAB = Z0'A'B’.

Applying Theorem SAS to triangles AABC and AA'B’C’, in which |AC| = |A'C'|, ZBAC =
/LB'A'C’, and |AB| = |A’B’|, we deduce that these triangles are congruent, hence |BC| = |B'C’|
and ZOBC = Z/0'B'C".

By Theorem SAS, AO'B'C' = AOBC (|BC| = |B'C'|, ZACB = LA'C'B', |AC| = |A'C']). Tt
follows that ZBOC = ZB'O’'C’, as desired.

B B’

C 0 A C’ o’ A
Figure 1.4: Angles with congruent supplements are congruent.
O

Theorem 1.2.5. Given the points O, A, A’, B, B’ such that O € |AA’| and O € |BB’|, we then
have ZAOB = LA'O'B'.

In other words “opposite angles are congruent”.

Proof. The two angles have the common supplement ZAOB’. By Theorem 1.2.4 they are congruent.
O

Theorem 1.2.6. In the configuration from Figure 1.5, ZAOB = Z/A’O'B’ and /BOC = /B'O'C".
Then ZAOC = ZA'O'C".

Proof. Choose A, B,C, A", B',C" such that |OA| = |0’'4'|, |OB| = |O'B'|, A, B,C are collinear,
and A’, B, C" are collinear (see Figure 1.6).
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A A
o’ B’
@) B
CI
C

Figure 1.5: Sums of congruent angles are congruent.

A A
o’ B
0] B
CI
C

Figure 1.6: Proof that some of congruent angles are congruent.

Since |OA| = |0'A!|, ZAOB = £ZA'O'B’, and |OB| = |O'B’'|, by Theorem SAS, AOAB =
AO'A'B'. Tt follows that ZOBA = ZO'B’A’. Because ZOBC and Z0O'B’'C’' have congruent
supplements, by Theorem 1.2.4 they are congruent.

Hence by Theorem ASA, AOBC = AO'B'C’, because /BOC = /B'O'C’, |OB| = |0'B/|,
ZOBC = £0'B'C’. From this we obtain that |AB| = |A’B’| and |BC| = |B'C’|. Adding these and
using C3 we obtain |AC| = |A'C’|.

Returning to the congruent triangles AOAB and AO'A’B’, we have ZOAB = /0’ A’B’. Hence
in triangles AAOC and AA'O'C’, |OA| = |0'A'|, ZOAC = LO0'A'C’, |AC| = |A'C’|, and so
AAOC = AA'O'C’". From this congruence it follows that ZAOC = ZA'O'C’, and we are done. []

Now we can introduce some notation.
If ZAOB = LAO'B + ZAO'B" + --- + LA'O'B’, with n terms on the right, we say that
ZAOB =n/A'O'B'.

Definition. If ZAOB = Z/A'O'B’ + /B'O'C’, we say that ZAOB > /A'O'B’. Also ZAO'B' =
ZAOB — ZB'O'C'.

Definition. An angle congruent to its supplement is called a right angle.
A straight angle is twice a right angle.

Definition. Let AB and BC be two lines intersecting at B. The lines are called orthogonal (or
perpendicular) if ZABC' is right.

Proposition 1.2.1. There exist right angles.

Proof. Consider an isosceles triangle AABC, and let M be the midpoint of |AB|. Then The-
orem SAS implies that AABM = AACM, so /AMB = ZAMC. This shows that ZAMC is
right. O
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Theorem 1.2.7. (SSS) If in AABC and AA'B'C’, |AB| = |A'B’|, |BC| = |B'C’|, and |AC|
|A'C’|, then AABC = AA'B'C".

Proof. In the half-plane bounded by BC' which does not contain A, choose a point A” such that
|IBA"| = |B'A’| and ZCBA" = ZC'B’A’, as shown in Figure 1.7. We can make this choice by
Axioms C1 and C4. By Theorem SAS, ABCA” = AB'C'A’, because |BC| = |B'C’|, ZCBA" =
ZC'B'A" and |BA"| = |B'A|.

A A

Figure 1.7: Theorem SSS

Since A, A” do not lie in the same half-plane, the segment AA” intersects BC. Let O be this
intersection. We distinguish the following cases: O = B, O = C, O € |BC|, C € |OB|, B € |0C|.
The first two and the last two cases are similar. So we need to consider only three cases, described
in Figure 1.8.

Case 1. O = B.

Then ACAA” is isosceles (|CA”| = |C'A'| = |CA]), hence /BAC = Z/BA”C. Theorem SAS
implies that AABC = AA'B'C’, as desired.

Case 2. O € |BC|. From the isosceles triangle ABAA” we obtain ZBAO = ZBA"”O. From the
isosceles triangle ACAA" we obtain ZCAO = ZC A”0O. Using Theorem 1.2.6, we obtain

/BAC = /BAO + ZOAC = /BA"O + Z/OA"C = /BA"C.

Now we have |AB| = |A"B|, ZBAC = ZBA"C, and |AC| = |A"C|, so by Theorem SAS, AABC =
AA"BC. Consequently AABC = AA'B'C’, so this case is solved, as well.

Case 3. B € |OC|. Like before, in the isosceles triangle ABAA”, /BAO = ZBA”O. In the
isosceles triangle ACAA”, ZCAO = £ZC A”O. Hence by Theorem 1.2.6,

/BAC = /CAO — /BAO = /CA"O — /BA"O = /BA"C.

Again by Theorem SAS, AABC = AA”"BC = AA'B'C’. The theorem is proved. O

1.2.2 Problems

1.* Prove that a line determines exactly two half planes.

2. Let AABC = AA'B'C’ and let M and M’ be the midpoints of |BC| respectively |B'C’|.
Prove that /ZBAM = /B'A'M’.
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A A A

B=0 Bl " 5 c

A’ 1 A” AII

Figure 1.8: The 3 cases for the proof of Theorem SSS

3. Consider the triangle AABD. Suppose there is a point C' such that ZACB = ZACD and
/BAC = /DAC = %ABAD. Prove that the triangles AABD and ACBD are isosceles.

4. Let AABC be an isosceles triangle, with |[AB| = |AC|. Prove that the medians |BN| and
|C'P| are congruent.

5. In Figure 1.5 assume that ZAOB = ZA'O’'B’ and LZAOC = £LA'O'C’. Prove that ZBOC =
/ZB'O'C'.

6.* Let |AB| be a segment. Prove that there exists M € |AB| such that |[AM| = |BM|.

7. Prove that there is a triangle AABC such that if M is the midpoint of |[BC| then AM is not
orthogonal to BC.

1.3 Inequalities in a triangle

1.3.1 The results

Theorem 1.3.1. (The exterior angle theorem) In a triangle AABC, the supplement of /B is
greater than ZA.

Proof. We argue on Figure 1.9. Choose F such that B is between C and F, so that the supplement
of /B = ZABE. Assume by way of contradiction that ZABE < ZA, and choose the point
C’ € |BC| such that ZC"AB = ZABE.

D

\
E B C/ C

Figure 1.9: The exterior angle theorem
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Let D € AC’ such that A is between C’ and D, and |BC'| = |AD|. Then Z/DAB = ZABC’,
because they have the same supplement. This combined with |AB| = |AB| and |BC'| = |AD|
implies that AABC" = ABAD (by Theorem SAS). Hence

/ABD = /BAC' = /ABE.

By Axiom C4, |BD coincides with |BE. So the lines AC” and BC’ have two points of intersection,
namely C’ and D, contradicting Axiom I1. Hence our assumption was false, and the theorem is
proved. ]

Proposition 1.3.1. If a line forms congruent alternate interior angles with two other lines, then
those lines do not intersect.

Proof. 1f the two lines intersected, then the two angles would be one interior and one exterior to a
triangle (see Figure 1.10).

\ .-

/

Figure 1.10: Parallel lines

But the Exterior Angle Theorem shows that this is impossible. O
Definition. Two lines that do not intersect are called parallel.

“Parallel lines exist!”
Theorem 1.3.2. In a triangle the larger side is opposite to the larger angle.

Proof. Rephrasing the statement, in AABC, |AB| < |AC]| if and only if ZC < ZB.

= If |[AB| < |AC]|, choose D € |AC| such that |[AD| = |AB|, as shown in Figure 1.11. The
triangle AABD is isosceles, hence ZABD = ZADB. Using the Exterior Angle Theorem, we can
write

LABC > LADB > LACB.

Thus £C < £B.
< If /C < ZB, then |AB| = |AC| contradicts the isosceles triangle theorem, and |AB| > |AC|
contradicts what we just proved. We can only have |[AB| < |AC|. O

Theorem 1.3.3. (The triangle inequality) In a triangle the sum of two sides is greater than the
third.

Proof. Construct C” such that B € |CC’| and |BC'| = |AB] (see Figure 1.12). The triangle ABAC’
is isosceles, so

/BC'A=/BAC' < Z/CAC'.
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B C

Figure 1.11: Larger side opposes larger angle.

A

c’ B C

Figure 1.12: The triangle inequality

By Theorem 1.3.2,
|CC'| > |AC).
Because |CC'| = |AB| + |BC|, we obtain
|AB| + |BC| > |AC]|.
The other two inequalities are obtained the same way. O

Theorem 1.3.4. If in AABC, |AB| < |AC| and D € |BC|, then |AD| < |AC|.

A

B D C

Figure 1.13: The secant is shorter than the longer side.

Proof. We argue on Figure 1.13. By Theorem 1.3.2
/B> /C.

By the exterior angle theorem

LADC > LZABC.
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Hence
LADC > £C,
and so by Theorem 1.3.2 |AD| < |AC|, as desired. O

1.3.2 Problems
1. Let ABCD be a quadrilateral. Prove that |[AB|+ |BC|+ |CD| > |AD|.

2. Let M be a point in the interior of triangle AABC. Prove that |AM]| is shorter than the
longest side of the triangle.

3. Show that a triangle can have at most one obtuse angle (you cannot use the fact that the
sum of the angles of a triangle is 180° since this is not true in absolute geometry).

4. Let AABC be a right triangle, with ZA being the right angle. Prove that |[AB| + |AC| <
2|BC.

5.% Let AABC be an equilateral triangle, and M € |BC|, N € |AC| and P € |AB]| such that
AM perpendicular to BC, BN perpendicular to AC and CP perpendicular to AB. Show
that M, N and P are the midpoints of the sides, and that |[AM, |BN and |CP are the angle
bisectors of the triangle.

6. Let AABC be a triangle, and let M be the midpoint of |[BC|. Prove that [AM| < 3(|AB|+
|AC|). Conclude that the sum of the medians of a triangle is less than the sum of the sides.

1.4 Right angles

1.4.1 Properties of right angles
Recall that a right angle is an angle that is congruent to its supplement.

Remark 1.4.1. The supplement and the opposite of a right angle are right angles.

Definition. Two intersecting lines are called orthogonal if the four angles they determine are right.
If AB and C'D are the two lines, we write ABLCD.

Proposition 1.4.1. Any angle congruent to a right angle is a right angle.

Proof. Suppose that ZAOB = ZA'O’'B’, and ZA’O’'B’ is right. By Theorem 1.2.4, the supplement
of ZAOB is congruent to the supplement of ZA'O’B’. But the later is congruent to ZA'O'B’,
hence to ZAOB. So ZAOB is congruent to its supplement, so it is right. O

Theorem 1.4.1. Any two right angles are congruent.

Remark 1.4.2. Euclid lists this as an axiom, but we work with a more modern system of axioms,
in which this statement can be proved.

Proof. Arguing by contradiction, let us assume there exist two right angles ZABC and ZA'B'C’
such that ZABC > ZA'B'C’. Let ZDBA be the supplement of ZABC.

Choose A” in the half-plane bounded by BC which contains A such that ZA”"BC = ZA'B'C’
(see Figure 1.14). Then

/A"BC < /ABC,
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Al A

D B C

Figure 1.14: Right angles are congruent.

and so their supplements should satisfy
/DBA < /DBA”".
But since ZABC and ZA” BC are right,

/A"BC = /DBA" > /DBA = ZABC.

This contradicts ZA”BC' < ZABC'. So our initial assumption was false, proving that any two right
angles are congruent. O

Definition. An angle that is smaller than a right angle is called acute. An angle that is greater
than a right angle is called obtuse.

Definition. If two angles add up to a right angle, they are called complementary. Each is the
complement of the other.

1.4.2 Theorems of congruence for right triangles

In all five theorems below, the triangles are AABC and AA’B’C’, with the right angles ZA respec-
tively ZA'.

Theorem 1.4.2. If |[AB| = |A’B’| and |AC| = |A'C’|, then AABC = AA'B'C".

Proof. This is an easy application of Theorem SAS. O
Theorem 1.4.3. If |AB| = |A’B’| and /B = ZB’, then AABC = AA'B'C".

Proof. This is an easy application of Theorem ASA. O
Theorem 1.4.4. If |[AB| = |A’B’| and |BC| = |B'C’|, then AABC = AA'B'C’.

Proof. We give three proofs to this result, the second and the third suggested by students.

I. We argue on Figure 1.15. Choose C” € |AC such that |[AC”| = |A’C’|. Let us assume that
C # C". By Theorem SAS, AAC"B = AA'C'B’. Hence |BC"| = |B'C'| = |BC|. It follows that
ABC"C is isosceles.

But the angles of a right triangle are acute, by the Exterior Angle Theorem applied to the
right angle. Thus one of the two congruent angles of ABC”C is acute, and the other has acute
supplement, hence is obtuse. This is a contradiction, which proves that our assumption was false.
It follows that A = A”, and hence AABC = AA'B'C".

II. There is another way to end this proof. In the begining, we may assume C” € |AC],
or else switch the triangles. Once we have that ABCC” is isosceles, we notice that |[BC"| <
max(|BC|,|AB|) by Theorem 1.3.4. But the “larger side opposes the larger angle ” shows that



1.4. RIGHT ANGLES 17

CII

!

A B A B’

Figure 1.15: Congruence of right triangles.

in a right triangle the hypothenuse is the longest side. So max(|BC|,|AB|) = |BC|. Hence
|BC"| < |BC|, a contradiction. The conclusion follows.

ITI. Construct the points D and D’ such that A is the midpoint of |BD|, and A’ is the midpoint
of |B'D'|. Then triangles ACAB and ACAD are congruent, by Theorem SAS, so |BC| = |DC|.
Similarly AC'A'B’ = AC'A’D’, so |B'C’'| = |D'C’|. Then triangles AABD and AA'B'D’ are

congruent by Theorem SSS, because |DC| = |BC| = |B'C’| = |D'C’| and |BD| = 2|AB| =
2|A’B'| = |B'D’|. We obtain that /B = ZB’, and then Theorem SAS implies AABC = AA'B'C’,
as desired. O
Theorem 1.4.5. If |AB| = |A'B’| and ZC = ZC’, then AABC = AA'B'C’.

Proof. We argue again on Figure 1.15. Choose C” € |AC such that |AC”| = |A'C'|. Then
AABC" = AA'B'C’, by Theorem SAS. Hence /BC"A = /B'C'A' = Z/BCA. This would contra-
dict the Exterior Angle Theorem, unless C” = C'. We conclude that AABC = AA'B'C’. O
Theorem 1.4.6. If |BC| = |B'C’| and £ZB = £ZB’, then AABC = AA'B'C’.

Proof. Choose A” € |BA such that |BA”| = |B’'A’|, as shown in Figure 1.16. Suppose that

A" # A. Then Theorem SAS implies that ABCA” = AB'C'A’, so ZCA” A is right. It follows that
in ACAA”, there is an exterior angle and an interior angle not adjacent to it, both of which are
right. This contradicts the Exterior Angle Theorem. Hence A” = A and AABC = AA'B'C'. O

C c’

l

B A B’

A

,A\”
Figure 1.16: Congruence of right triangles.

We can summarize these results as follows.

Theorem 1.4.7. (The Theorem of Congruence of Right Triangles) If in two right triangles, two
pairs of corresponding elements are congruent, one of which is a pair of sides, then the triangles
are congruent.

Definition. The bisector of an angle ZAOB consists of those points M with the property that
/MOA=/MOB = 3/AOB.

Theorem 1.4.8. In a triangle the three angle bisectors intersect at one point.
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Proof. We argue on Figure 1.17. Let I be the point of intersection of the bisectors from ZA and
/B. By Exercise 2, there are D € BC, E € AC, and F € AB such that ID1 BC, IF1 AC, and
IF1AB.

A

N
B D C

Figure 1.17: The angle bisectors intersect.

By Theorem 1.4.6, ABID = ABIF, so |ID| = |IF|. Also by Theorem 1.4.6, AAIF = AAIFE,
and so |[[F| = |IE|. Hence |ID| = |IE|.

In triangles ACID and ACIE, |ID| = |IE|, |IC| = |IC|, so by Theorem 1.4.4 they are
congruent. It follows that ZICE = ZICD. Hence |CT is the angle bisector of ZC. We conclude
that the angle bisectors intersect at one point. O

1.4.3 Problems

1. Let AB be a line and C a point that does not belong to it. Show that there is a point D € AB
such that CD1AB.

2.* Let [ be a line and let C' be a point that does not belong to I. Prove that on [ there exists
two distinct points A and B such that |AC| = |BC|.

3. Let ABC be an isosceles triangle with |[AB| = |AC|. Let £ € AC and F € AB be such that
BE1AC and CF1AB. Prove that |[BE| = |CF|. (Hint: The angle ZBAC might be acute
or obtuse).

1.5 The axioms of continuity

We conclude the discussion of absolute geometry by adding two axioms that allow us to establish
a one-to-one correspondence between the points of a line and the real numbers that preserves the
ordering.

R1. (Archimedes) If A and B are two points of a ray |OX, then there is a finite set of points
{A1, Ay, ..., A;} on |OX such that

A €|0A1], A1 € |0As], ..., Ag—1 € [OAg],
’OA| = ‘AA1| = |A1A2‘ == |Ak_1Ak|,
and B € ’OAk’

R2. (Cantor-Dedekind) Given a line and two sequences of points Ay, Ay, As, ..., B1, B, Bs,... on
this line such that for every j the segment |A;;1B;41| is contained in the segment |A;B;|,
then there exists a point P contained in all of these segments.



Chapter 2

Euclidean Geometry

2.1 Euclid’s fifth postulate

2.1.1 Parallel lines

El. (Euclid’s fifth postulate) Given a line [ and a point A that does not belong to [, there is a
unique line !’ passing through A such that [ and I’ are parallel.

Notation: ||I.

Theorem 2.1.1. Given two lines [; and [y that are intersected by a third line [ as shown in
Figure 2.1, then (||’ if and only if Zo = /8, where Za and Zf are a pair of alternate interior
angles.

Figure 2.1: Characterization of parallel lines

Proof. = We start with [1||lo. Construct a line I3 through the intersection of /3 and [ such that I3 and
l1 form congruent alternate interior angles with [. Then [3 and [; are parallel, by Proposition 1.3.1,
so by Euclid’s fifth postulate, I3 = ls. Hence Za = Zp5.

< The converse statement follows from Proposition 1.3.1. ]

Corollary 2.1.1. Two pairs of parallel lines form congruent angles.

Theorem 2.1.2. The sum of the angles of a triangles is congruent to a straight angle.

Proof. Let AABC be a triangle. On AB choose a point D such that A is between B and D. Take
the only line through A that is parallel to BC, as shown in Figure 2.2. This line divides ZCAD
into two angles. Let these angles be /CAFE and /EAD. Then by Theorem 2.1.1,

LCAE = ZACB and LEAD = ZABC.

19
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The conclusion follows, since the angles /BAC, /CAE and ZEAD add up to a straight angle. [

D
A/4 E

B (™~ C

Figure 2.2: The sum of the angles of a triangle is a staight angle

Definition. A trapezoid is a quadrilateral that has a pair of opposite sides that are parallel.
Definition. A parallelogram is a quadrilateral whose opposite sides are parallel.

Proposition 2.1.1. A quadrilateral is a parallelogram if and only if one of the following properties
holds:

(i) Two opposite sides are parallel and congruent.
(ii) The two pairs of opposite sides are congruent.
(iii) The diagonals intersect at their midpoint.

Definition. A parallelogram whose angles are right is called a rectangle. A parallelogram whose
sides are congruent is called rhombus. A quadrilateral that is both a rectangle and and a rhombus
is called a square.
2.1.2 Problems

1. Show that if I||I" and I'||l”, then I||I".

2. Prove Proposition 2.1.1.

3. Show that if a parallelogram has one right angle, then all of its angles are right.

4. What is the sum of the angles of a polygon with n sides?

2.2 Similarity

2.2.1 The Theorems of Thales

Before we state Thales’” Theorems, we introduce the following notation. We say that |AB|/|CD| =
x, where x is a positive real number, if |AB| = z|CD|. It is easy to see how this works if z is
rational; the axioms of continuity imply that for any choice of a segment |C'D| and any positive
real number z, there is a segment |AB| such that |AB| = z|CD|.

Theorem 2.2.1. (Thales) Let | and I’ be two distinct lines in the plane, and A, A’ A" € I,
B,B’',B"” € I' such that AB||A’B’, B’ € |[BB"|, and |AA’| = |A’A”|. Then A’B'||A”B" if and only
if B” is the midpoint of the segment |BB"|.
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Proof. = Construct M € |A'B’| and M’ € |A”"B”| such that BM||AA" and B'M'||A’A” (see
Figure 2.3). Applying repeatedly Theorem 2.1.1 we deduce that

/BMB' = /AAB' = /AA"B" = /B'M'B",
and
/MBB = /M'B'B".
Also, by Proposition 2.1.1,
|BM| = |AA'| = |A'A”"| = |B'M|.

Hence by Theorem ASA, AB'BM = AB"B'M’'. Tt follows that |BB'| = |B'B”|, so B’ is the

midpoint of |BB”|.
VEERN:

A / M AB’
A"/ M'ﬁ\B"

/ \

Figure 2.3: Proof of Thales’ Theorem, the particular case

< Choose B; € I’ such that BBy||A’B’. Then by what we just proved, |B'Bi| = |BB’|. It
follows that Bj is on the ray |B’B”, and |B’'B;| = |B’B”|. This can only happen if B; = B”, and
we are done. O

Theorem 2.2.2. (Thales) Let ,{’ be two distinct lines in the plane, A, A’, A” € land B, B',B" €l
such that A" € |AA"|, B’ € |BB"| and A'B'||AB. Then A”B"||A’B’ if and only if

|AA’| |BB|
‘A’A”| - |B/B//|‘

Proof. Case 1. |[AA'|/|A’A”| = 1/n, n a positive integer. We argue on Figure 2.4.
= Choose Aj, Ay, ..., Ap—1 € |A’A”| such that

|A'Aq] = |A1As]| = - = |A, 1 A”| = |AA].
Choose also By, Ba, ..., B,_1 € |B'B”| such that
A1Bi[|A2Bs|| - [[An-1Bp-1||A'B’
Applying the previous theorem successively, we obtain
|B'By| = |BB'|,|B1Bs| = |B'By|,...|Bn-1B"| = |Bn_2Bn_1|

It follows that |B’B”| = n|BB’|, as desired.
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A
5/

n/

A

An—l/

o/

/

Figure 2.4: Proof of Thales’ Theorem

< We use the same figure but this time we choose the B;’s such that

’B/Bl| = |BlBQ| = -

.. =|Bp_1B"| = |BB/.

Applying again successively the previous theorem we deduce that

AlBlHA/B/, AQBQHAlBl, ..

A"B"||Ap_1 By

We obtain that A”B”||A’B’, which proves this case.
Case 2. |[AA'|/|A’A”| = m/n, m,n positive integers, m > 1. We argue on Figure 2.5.

BII

Figure 2.5: Proof of Thales’ Theorem

= Choose A;B; such that

‘A/Al‘ 1 2%
= d A1 B||A'B'.
AAy w1 nd Al
By Case 1 of this theorem,
| B1B’| 1 |B1B'| 1
= and = —
|B1B| m—1 | B’ B"|
An algebraic computation shows that
|IBB'|  m _ |AA|
|B/B//| T n |A’A”‘7
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as desired.
< Choose now Bj such that
AA BB 1
‘AA1| N ’BBl‘ B m — 1‘
Then on the one hand, by Case 1 applied ”bottom to top”, A;B;||A’B’. On the other hand
|ALA'| |BiB'| 1

|A’A”| - |B/B//| T
Applying again Case 1, we deduce that A”B"||A'B’.
Case 3. If |AA'|/|A’A”| = z, with x a real number, approximate x by rational numbers, then pass
to the limit. In the process we use the axioms of continuity. Note that if A, B,||AB for all n, and
A, — Ay, By, — By, then A, B,||AB. O

Corollary 2.2.1. Let ZAOA' be an angle, M € |OA and M’ € |OA’. Then

|OM|  |OM’|
OA| — |0A]"
Proof. In Thales’ theorem, choose A = B. O

AA\MM &

2.2.2 Similar triangles
Definition. We say that AABC is similar to AA’B'C’, and write AABC ~ AA'B'C’, if
L/A=/A, /B=/B, /C=/C,
and
|AB|  |BC|  |AC|
]A’B" - ‘B’C” - ‘A’C’”'

Theorem 2.2.3. If in AABC and AA'B'C’ we have ZA= /A", /B = /B’ and ZC = ZC’, then
AABC ~ AA'B'C'.

Proof. Let B" € |AB and C" € |AC such that |AB"| = |A’B’| and |AC"| = |A’C’| (Figure 2.6).
Then by Theorem SAS, AAB"C" = AA’B'C’'. Hence ZAB"C" = Z/A'B'C' = ZABC. By Theo-
rem 2.1.1, B"C"||BC. Applying Thales’ Theorem, we deduce that

’AB//‘ B ’AC//‘
B7B] ~ |c7e|
A little algebra gives
‘A/BI‘ ‘A/Cl|
= . 2.2.1
AB] = JAC] (22.1)
Repeating the argument at vertex B, we deduce that
|AIB/| |Blcl|
= : 2.2.2
|AB]| |BC| ( )

Combining (2.2.1) and (2.2.2), we obtain
|AB|  |AC|  |BC|
’A’B/| - ‘A’C’| - ‘B’C”|’
which together with the congruence of angles shows that AABC ~ AA'B'C’. O
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BII CII

B/ \ C BI C/

Figure 2.6: Similarity of triangles

Note that because of Theorem 2.1.2, in order for the triangles to be similar it suffices to check
that two pairs of angles are respectively congruent.

Theorem 2.2.4. If in AABC and AA'B'C’

|AB|  |AC|

= / —
ZA= 24 and e = e

then AABC ~ AA'B'C’.

Proof. Let B"” € |AB and C" € |AC such that |[AB"| = |A’B’| and |AC"| = |A’C’| (Figure 2.6).
Then by Theorem SAS, AAB"C” = AA'’B'C’. We have

’AB”’ B ’A/B/’ B ’A/C/’ B ’AC”‘

4B ~ [AB] ~ JAC] ~ JAC]’

so by Thales’ theorem B”C”||BC. This implies that
/A'B'C" = /AB"C" = Z/ABC
/A'C'B'= /AC"B" = Z/ACB.

Because the triangles AABC and AA'B’C’ have the angles respectively congruent, by Theo-
rem 2.2.3, they are similar. O

Theorem 2.2.5. If in AABC and AA'B'C’,

|AB|  |AC|  |BC|
]A’B’| - \A’C’| - \B’C”|’

then AABC ~ AA'B'C’.
Proof. Choose B” € |AB and C” € |AC such that |AB"| = |A’B’| and |AC"| = |A'C’| (Figure 2.6).
Then

|AB”| B |AC”|
|AB| — |AC|’

so by Theorem 2.2.4, AABC ~ AAB"C". Then
’BHCU‘ B ‘ABN| B ‘B/C,’
|BC|  |AB|  |BC|’

which implies |B”"C”| = |B'C’|. We can apply Theorem SSS to conclude that AAB"C" = AA'B'C’.
As the first of these two triangles is similar to AABC, so is the second. O
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2.2.3 Problems

1. Let AABC be a triangle and let M, N, P be the midpoints of |BC|, |AC]|, respectively |AB].
Let also M, N’ P’ be the midpoints of |NP|,|MP|,|MN|. Prove that the triangles AABC
and AM'N’'P’ are similar.

2. Let AABC be an equilateral triangle. On the rays |AB, |BC, and |C'A choose the points
M, N, P respectively, such that |[AM| = |BN| = |CP. Prove that AM NP is equilateral.

3. Let AABC be an equilateral triangle and let M € AC and N € BC be such that [AM|/|MC| =
1/2 and |[BN|/|NC| =1/3. Let P be the intersection of AN and BM. Find |BP|/|PM]|.

4. Let AABC be a triangle and let |AD| and |BE| be its altitudes from A and B. Prove that
ACEB ~ ACDA and that ACED ~ ACBA.

2.3 The four important points in a triangle

2.3.1 The incenter

Recall that Theorem 1.17 shows that the three angle bisectors of a triangle intersect at one point.

Definition. The point of intersection of the three angle bisectors of a triangle is called the incenter
of the triangle.

The incenter is denoted by I.

2.3.2 The centroid

Definition. In a triangle, the segments that join the vertices with the midpoints of the opposite
sides are called medians.

Theorem 2.3.1. In a triangle the three medians intersect at a point, called the centroid of the
triangle. The centroid divides each median in the ration 2 : 1.

Proof. (The physical proof) Place three equal masses at the vertices A, B, C of the triangle. Com-
bine the masses at B and C' to a mass twice as large placed at the midpoint M of BC'. Since M is
the center of mass of the system formed by B and C, the old and the new system of masses have
the same center of mass. The second system has its center of mass on |AM]|, dividing |AM| in the
ration 2 : 1.

Now combine the masses at A and C, respectively A and B, to conclude that the center of mass
of the system lies on the medians from B and C as well, and divides these medians in the ration
2:1. ]

Proof. (The mathematical proof) Let M be the midpoint of |BC| and G € |AM| such that
|AG|/|GM| = 2. Construct A" € |GM such that |[MG| = |[MA’| (Figure 2.8). The diagonals
of BGC A’ intersect at their midpoint, so by Lemma 2.1.1, BGC A’ is a parallelogram. It follows
that BG||A'C and CG||A’B.

Let N be the intersection of BG and AC, and P the intersection of CG and AB. By Thales’
Theorem

|AN|  |AG| _ |AP]
INC|  |GA'|  |PB|’
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A

™~

/

Figure 2.7: The medians of a triangle intersect at one point (physical proof)

A

A
Figure 2.8: The medians of a triangle intersect at one point

It follows that N and P are the midpoints of the sides. So the three medians intersect at one
point. Of course, as |AG|/|GM| = 2, the same must be true about |BG|/|GN| and |CG|/|GP|, by
just repeating the construction using the vertices B, respectively C instead of A. The theorem is
proved. ]

The centroid is denoted by G.

2.3.3 The orthocenter

Definition. In a triangle AABC, the altitude from A is the segment |AD| with D € |BC| that is
perpendicular to |BC/.

Note that the altitude from A is unique. A triangle has three altitudes, one for each vertex.

Theorem 2.3.2. In a triangle, the three altitudes intersect at one point, called the orthocenter of
the triangle.

Proof. Let us consider first the case where AABC' is acute. We argue on Figure 2.9. Let |AD|,
|BE|, |CF| be the three altitudes. Because ZC = ZC and ZADC = ZBEC, being right angles, it
follows from Theorem 2.2.3 that AADC ~ ABEC. Hence

|ICE|  |BC]
|CD|  |AC|"
Using Theorem 2.2.4, we deduce that ACED ~ ACBA. 1t follows that /ZEDC = Z/BAC.

A similar argument shows that ABDF ~ ABAC, so /BDF = /BAC. 1t follows that
/EDC = /BDF so /ZFDA = ZADFE, because they have congruent complements. We thus
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A

B D C
Figure 2.9: The altitudes of a triangle intersect at one point

found that |DA is the angle bisector of ZFDE. Similarly |[EB and |FC are angle bisectors in
ADEF. We conclude that |[AD|, |BE| and |CF| intersect at the incenter of ADEF. The theorem
is proved.

Now assume that ZBAC is obtuse. Let H be the intersection of BE and C'F. Then BA and
CA are altitudes in the acute triangle AHBC, so AH is also an altitude. This implies that AH is
perpendicular to BC', and so AH = AD. Consequently AD passes through H and we are done. [J

The orthocenter is denoted by H.
Definition. The points D, E, I are called the feet of the altitudes. Triangle ADEF is called the

orthic triangle of AABC.
2.3.4 The circumcenter

Definition. Given two points in the plane, the perpendicular bisector of the segment |AB| is the
locus of the points P in the plane such that |AP| = |BP)|

Figure 2.10: Perpendicular bisector of a segment

Proposition 2.3.1. The perpendicular bisector of a segment is the line perpendicular to the
segment passing through its midpoint.

Proof. Let |AB| be the segment, and M its midpoint. If P is a point on the perpendicular bisector,
then APAB is isosceles (|[PA| = |PB|), so ZPAB = ZPBA. Given that also |AM| = |BM|,
we have that APMA = APMB, by Theorem SAS. Thus /PMA = ZPMB, so both are right,
showing that M is on the line perpendicular to AB passing through M.

Conversely, if P belongs to the line through M that is perpendicular to AB, the in the right
triangles AMPA and AMPB, |PM| = |PM]|, and |AM| = |BM]|, so the triangles are congruent.
It follows that |PA| = |PB]|, so P belongs to the perpendicular bisector. O
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Theorem 2.3.3. In a triangle, the perpendicular bisectors of the sides intersect at one point, called
the circumcenter of the triangle.

Proof. Let the triangle be AABC, and let M, N, P be the midpoints of | BC|, |AC|, and |AB|, re-
spectively. Consider the perpendicular bisectors of |[AB| and |AC|. Because they are perpendicular
to lines that are not parallel, they are not parallel themselves, so they intersect at a point O (see
Figure 2.11). Then |OA| = |OBj|, and |OA| = |OC|, which implies |OB| = |OC|. It follows that O
is on the perpendicular bisector of |BC| as well, so the three perpendicular bisectors intersect at
one point.

O]

B C

Figure 2.11: The perpendicular bisectors of the sides of a triangle intersect.

It is standard to denote the circumcenter by O.

2.3.5 The Euler line

Theorem 2.3.4. (L. Euler) In a triangle the circumcenter, centroid, and orthocenter are collinear.
Moreover, the centroid lies between the circumcenter and the orthocenter, and divides the segment
formed by the circumcenter and the orthocenter in the ratio 1 : 2.

Proof. Let M and N be the midpoints of |BC| respectively |AC|. Then by Thales’ Theorem
MNI||AB. Consequently, ACMN and ACBA have congruent angles, so they are similar. It
follows that |[MN|/|AB| = |CM|/|CB| =1/2.

A

H
@)

B M C
Figure 2.12: Proof of Euler’s Theorem

On the other hand OM||AH because both are perpendicular to BC, and ON||BH because
both are perpendicular to AC (see Figure 2.12). This combined with M N||AB implies that tri-
angles AHBA and AON M have parallel sides, hence they have congruent angles. It follows that
AOMN ~ AHAB. We thus have

|OM| |ON| |[MN| 1

AH| ~ |BH| _ |AB] _ 2 (2:3.1)
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B Vi C

Figure 2.13: Proof of Euler’s Theorem

Next, let G’ be the intersection of the median |[AM | with |OH| (Figure 2.13). Because OM||AH,
we have that /ZHAG' = ZOMG', ZAHG' = /MOG'. Also ZAG'H = ZOG'M, being opposite
angles. Hence AG'AH ~ AG'MO. We obtain

IG'H|  |AG'| _|oM| 1

|G'O|  |G'M|  |AH| 2’

Comparing this to (2.3.1), we deduce that G = G’, the centroid, and

0G| 1

IGH| 2’

The theorem is proved. O

2.3.6 Problems

1. Show that in an equilateral triangle, the incenter, centroid, orthocenter, and circumcenter
coincide.

2. Where does the circumcenter of a right triangle lie?

3. Show that in an isosceles triangle the Euler line passes through one of the vertices. Show
conversely, that if in a triangle the Euler line passes through one of the vertices, then the
triangle is isosceles.

2.4 Quadrilaterals

2.4.1 The centroid of a quadrilateral

The following results apply to all quadrilaterals, including the skew ones.
Lemma 2.4.1. The midpoints of the four sides of a quadrilateral form a parallelogram.

Proof. Let the quadrilateral be ABC'D, and let M, N, P,Q be the midpoints of |AB|, |BC|, |CD|
and |DA| respectively. Because

[AQ| _ [AM]| _ 1

|AD|  |AB| 2’

by Thales’ Theorem QM ||BD. Similarly PN||BD. Therefore QM||PN.
A similar argument shows that QP||PN. The lemma is proved. O
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Theorem 2.4.1. The two segments joining the midpoints of the opposite sides of a quadrilateral
have the same midpoint.

Proof. (The physical proof) Let the quadrilateral be ABC'D. Place at each vertex a weight of one
pound. Then the system consisting of A and B has the center of mass at the midpoint of |AB| and
a combined weight of 2 pounds, and the system consisting of C' and D has the center of mass at
the midpoint of |CD| and a total weight of 2 pounds. The center of mass of the system ABCD is
the midpoint of the segment that joins the midpoints of |AB| and |C'D|. A similar argument shows
that the center of mass of this system is the segment that joins the midpoints of |AD| and |BC|,
and it is also the midpoint of the segment that joints the midpoints of |[AC| and |BD)]. O

Proof. (The mathematical proof) Let the quadrilateral be ABC'D, and let M, N, P, @ be the mid-
points of |AB|, |BC|, |CD|, |DA|, respectively. By Lemma 2.4.1, M N PQ is a parallelogram. By
Proposition 2.1.1, the diagonals |M P| and |NQ)| intersect at their midpoint. O

Definition. The common midpoint of the two segments that join the midpoints of opposite sides
in a quadrilateral is called the centroid of the quadrilateral.

2.4.2 Problems

1. Show that the segment joining the midpoints of the diagonals of a quadrilateral passes through
the centroid and is divided by it into two equal parts.

2. Let ABCD be a quadrilateral. Show that the segments joining A with the centroid of ABCD,
B with the centroid of ACDA, C with the centroid of ADAB, and D with the centroid of
AABC intersect at one point.

2.5 Measurements

2.5.1 Measuring segments and angles

Euclidean geometry can be scaled, so there is no a priori unit of length for segments. To measure
segments we start by fixing a segment |OX| and declare it to have length 1.
We define the length of a segment |AB| to be

|AB]|

AB| = .
1481 = 5%

Note that congruent segments have equal lenghts, and that length is additive, meaning that
the length of the sum of two segments is the sum of the lengths of the segments. The axioms of
continuity imply that any positive real number can be the length of a segment.

We want to measure angles so that congruent angles have equal measures and the measure of
the sum of two angles is equal to the sum of the measures of the angles.

There are two standard ways of measuring angles. One was introduced by the Babylonians, in
which a straight angle was declared to have 180°. Then a right angle has 90°, and the angles of an
equilateral triangle have all 60°.

There is a modern way of measuring angles, in which the straight angle is declared to have 7
radians (where 7 is the length of a semicircle of radius 1- we will talk later about this). Then the
right angle has 7/2 radians, and the angles of an equilateral triangle have 7/3 radians.
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2.5.2 Areas

To be able to talk about areas we need a unit of length. Thus we start by declaring a certain
segment |OX| to be of length 1.

Definition. The interior of a triangle consists of all points P with the property that there are two
points M and N on the sides of the triangle such that P is between M and N.

Definition. A polygonal surface is the union of several triangles and their interiors.

We define a function
Y= AR),

called area, which associates to each finite union of polygonal surfaces a number, such that the
following four properties are satisfied:

Al. The area of the square whose sides have length 1 is equal to 1.
A2. A(X) > 0 for all unions of poligonal surfaces X.
A3. Congruent triangles have equal areas.

A4. If ¥; and ¥, are disjoint, or if they share only a finite union of segments (on the boundary),
then

A(El U 22) = A(Zl) -+ A(Eg)

As a corollary of A2 and A4, if ¥ C ¥/, then A(X) < A(Y).
Theorem 2.5.1. The area of a rectangle ABCD is equal to |AB|| - | BC||.

Proof. Case 1. The side-lengths of the rectangle are integer numbers.

Let the sides have lengths m respectively n. Divide the rectangle into unit squares, then count
the squares. There are mn squares, and by condition A4, their total area is mn.
Case 2. The side-lengths of the rectangle are rational numbers.

Let the side-lengths be mj /n and mg/n, with m1, ma, n integers (use the common denominator!).
Divide the unit square into n? congruent squares. By A4, the area of each square is 1/n%. Next,
divide the rectangle into mi; X msy squares, each of size % X % Using A4 again, we conclude that

the total area is

as desired.
Case 3. The side-lengths are arbitrary numbers.

Note that A4 implies that the area is an increasing function, namely that if 31 C X5, then
A(X1) < A(X2) (because Xg is the union of 3; and the "piece” inbetween). We can approximate
the rectangle from above and below by rectangles with rational side-lengths, and pass to the limit
to obtain the conclusion. O

Theorem 2.5.2. The area of a triangle is equal to half the product of the lengths of a side and of
the altitude from the opposite angle.
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Proof. We argue on Figure 2.14. The idea is to double the triangle to a rectangle. For that, let
AABC be the triangle and consider the altitude |AD|. Let E and F be such that FB and EC
are both perpendicular to BC, and E'F' is parallel to BC. Then /FAB = /DBA, and because
|AB| = |AB|, by Theorem 1.4.6 AAFB = ABDA. For a similar reason AAEC = ACDA. Using
A3 and A4, we conclude that

A(AABC) = %[A(AABD) + A(AAFB) + A(AADC) + A(AAEC)] = %A(BCEF)

1
= Sll4D| - | BC.

B—™p C

Figure 2.14: The area of a triangle

O]
Corollary 2.5.1. The area of a right triangle is equal to the half the product of the lengths of the
sides adjacent to the right angle.

Theorem 2.5.3. Let ABCD be a trapezoid, AD||BC. Let M be a point on BC such that AM is
perpendicular to BC. Then

|[AM]|
a(asep) =12 apy + 1sey))
Proof. Divide the trapezoid into the triangles AAC'D and AABC as shown in Figure 2.15, then
apply Theorem 2.5.2 to these triangles. ]
A, D
B\ C

Figure 2.15: The area of a trapezoid

Corollary 2.5.2. The area of a parallelogram is equal to the product of the length of the base and
the height.
2.5.3 The Pythagorean Theorem
Theorem 2.5.4. Let AABC be a right triangle, with £ A right. Then
IAB|* + [[AC|* = | BO|>.
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2.5.4 Problems
1. What is the area of a regular poligon of side-length 17

2. Prove the Pythagorean theorem.

3. Prove that the area of a parallelogram with side-lengths 2 and 3 does not exceed 6.

2.6 The circle

Definition. The circle of center O and radius | AB| is the locus of points M such that |OM| = |AB|.

The radius is usually specified by a segment, or by a length. In the latter case it is denoted by
one letter.
Given two circles of centers O7 and Oy and radii R; and Ro, their relative position can be:

1. one interior to the other, if ||O102|| < |R1 — Ra|;
2. interior tangent, if ||O102| = |R1 — Ral;

3. intersecting, if |R; — Ra| < [|O102|| < R; + Ro;
4. exterior tangent, if ||O102| = Ry + Ro;

5. exterior to each other, if ||[O102] > R; + Ra.

These five situations are shown in Figure 2.16.

© 0 e Qo

Figure 2.16: The relative position of two circles

The segment determined by two points on the circle is called chord. If the center of the circle
belongs to the chord, the chord is called diameter. A line that intersects a circle at exactly one
point is called tangent.

2.6.1 Measuring angles using arcs
Definition. Given a circle of center O and two points A and B on this circle, the arc AB is the
set of points on the circle that lie inside the angle ZAOB together with A and B.

Definition. We define the measure of the arc AB by the equality m(AAB) =m(LAOB).

Theorem 2.6.1. Let A, B, C be points on a cricle. Then

—~

m(£BAC) = 5m(BO),

where BAC' is the arc of the circle that lies inside the angle.
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>

Figure 2.17: Measuring angles by arcs

Proof. Case 1. O € |AC| (Figure 2.18). The triangle AOAB is isosceles, so ZOAB = ZOBA. By
the Exterior Angle Theorem, Z/BOC = ZOAB + ZOBA. It follows that

—~

m(/BAC) = %m(ABOC) _ %m(BC).

®

Figure 2.18: Inscribed angles, case 1

Case 2. O is in the interior of the angle ZBAC (Figure 2.19). Let M be on the circle such that
O € |AM|. Then

m(ZBAC) = m(£BAM) + m(ZMAC) = %m(B?W) + Lmaic)

—~

= %m(BC).

Figure 2.19: Inscribed angles, case 2

Case 3. O is outside the angle BAC' (Figure 2.20). Let M be on the circle such that O € |[AM]|.
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Assume without loss of generality that C' is in the interior of the angle ZBAM. Then

m(ZBAC) = m(ZBAM) — m(/CAM) = Sm(BM) — Sm(CM)

2 2
_1 ( BAc)
=zm .
The theorem is proved.
B
C
A M

Figure 2.20: Inscribed angles, case 3

Theorem 2.6.2. Assume that the chords |AB| and |CD| of a circle intersect at M. Then
1 —~

m(/BMD) = %m(BED) + 5m(AC),

where the two arcs lie inside the angle and its opposite.

Proof. We argue on Figure 2.21. By the euclidean version of the Exterior Angle Theorem, ZBM D =
IMAD + ZMDA. It follows that

1 —~ —~

m(£LBMD) =m(LMAD) +m(LMDA) = §m(AC) + im(BD).
We are done. O
D

Figure 2.21:

Theorem 2.6.3. Assume that the lines of support of the chords AB and CD of a circle intersect
outside the circle at M such that A is between M and B and C is between M and D. Then

m(ZAMC) = %m(BAD) - %m(,zfc),

where the arcs are defined as to lie inside the angle.
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Proof. We argue on Figure 2.22. Again we apply the Exterior Angle Theorem to conclude that
/BCD == /MBC + ZBMC'. We have
—~ 1 —~

7m4AMcy:muBCD)—mumu%m:%munn—gmuwm

as desired. 0]

Figure 2.22:

Proposition 2.6.1. Let ZBAC be an angle such that |AC| is a chord in a circle and AB is tangent
to the circle. Then

—~

m(£BAC) = Sm(AC),

where the arc is taken as to lie inside the angle.
Proof. Consider the case where |AB]| is a chord, then rotate the chord until it becomes tangent. [J

Corollary 2.6.1. The tangent is perpendicular to the radius at the point of contact.

2.6.2 The circumcircle and the incircle of a triangle

Theorem 2.6.4. Given a triangle AABC, there is a unique circle containing the vertices A, B, C.

Proof. Let us recall the proof of Theorem 2.3.3. There, we showed that the three perpendicular
bisectors of the sides |AB|, |BC|, and |C'A| intersect at a point O which lie at equal distance from
the vertices. Hence O is the center of a circle passing through A, B, C.

If there were a second circle containing A, B, C, then using the characterization of the perpen-
dicular bisector of a segment given by Proposition 2.3.1, we deduce that the center of that circle is
also at the intersection of the perpendicular bisectors of the sides, hence it equals O. And so the
circle is the same, which proves uniqueness. O

Definition. The unique circle passing through the vertices of a triangle is called the circumcircle.

Theorem 2.6.5. Given a triangle AABC, there is a unique circle tangent to the segments |AB],
BCY, |AC|.

Proof. In Theorem 1.17 we showed that the angle bisectors of a triangle intersect at one point by
showing that this point, denoted by I, is at equal distance from the sides. Let D, E, F' be the
projections of I onto BC', AC, and AB. Because because in triangle AIBC, ZIBC and Z/ICB are
acute, D is between B and C. Similarly we deduce that the other projections are on the sides.



2.6. THE CIRCLE 37

Because |ID| = |IE| = |IF]|, I is the circumcenter of ADEF. And because [ E is perpendicular
to BC, BC is tangent to the circle. For the same reason AC and AB are tangent, which shows
that the circumcircle of ADEF has the desired property.

Uniqueness follows from the fact that if another circle is tangent to the sides, and I’ is its center,
then I’ is equally distanced from the sides, and hence it lies on the angle bisector of each angle of
AABC. Tt follows that I’ = I, and consequently the circle is unique. O

Definition. The unique circle tangent to the three sides of the triangle is called the incircle.

Remark 2.6.1. If we require the circle to be only tangent to the lines AB, AC, and BC, there are
four such circles, the other three are called the excircles.

2.6.3 Cyclic quadrilaterals

Theorem 2.6.6. A quadrilateral is cyclic if and only if two opposite angles add up to a straight
angle.

Proof. Let the quadrilateral be ABCD (see Figure 2.23). Assume that it is cyclic. Then
1 ~ 1 ~ 1
m(£LDAC) +m(£DCB) = §m(DCB) + §m(DAB) = 527? = .

Hence /DAC and /DCB add up to a straight angle.

D

B

Figure 2.23:

Conversely, assume that m(£ZDAB) + m(£DCB) = w. Arguing by contradiction, assume that
ABCD is not cyclic.

Choose C' € BC such that A, B,C’, D lie on a circle. We only discuss the case where C’ €
|BC|, the other two cases (B € |CC’| and C' € |B(C’|) being analogous (see Figure 2.24). Then
/DCB = /DC'B, since both have ZDAB as their supplement. But this contradicts the Exterior
Angle Theorem in ADCC’. Hence the conclusion. O

Theorem 2.6.7. A quadrilateral is cyclic if and only if the angle formed by one side with a diagonal
is congruent to the angle formed by the opposite side with the other diagonal.

Proof. 1If ABCD is cyclic then, as can be seen in Figure 2.25,

—~

m(/BAC) = %m(BC) — m(/BDC).
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c_cC

B

Figure 2.24:

Conversely, if /ZBAC = ZBDC but ABCD is not ciclic, let A’ be the second intersection of
AB with the circumcircle of ABC'D. We discuss only the case where A" € |AB| (Figure 2.26), the
other cases being similar. We have

/BAC = /BDC = /BA'C

which contradicts the exterior angle theorem for ADAA’. Thus our assumption was false, showing
that ABCD is cyclic.

C

B

Figure 2.25:

Corollary 2.6.2. A quadrilateral with two opposite right angles is cyclic.
Corollary 2.6.3. The rectangle is the only cyclic parallelogram.
Corollary 2.6.4. The isosceles trapezoid is the only cyclic trapezoid.

Theorem 2.6.8. (Simson’s line) Let AABC be a triangle and let P be a point on the circumcircle
of AABC. Then the projections of P onto the lines AB, AC, and BC are collinear.

Proof. Without loss of generality, let us assume that P is on the arc AC. Let L, M, N be the
projections onto BC, AC, respectively AB. Let us also assume that L is between B and C, M
between A and C, and A between B and N, as in Figure 2.27, the proofs for the other possible
configurations being similar.
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Figure 2.26:

The quadrilateral AM PN is cyclic. Hence
/PNM = /PAM = /PAC.
The quadrilateral PN BL is cyclic, so
/PNL=/PBL = /ZPBC.
The quadrilateral ABCP is cyclic, hence
/LPAC = ZPBC.
It follows that
LPNM = /ZPNL,

so |[NM = |NL, which means that the points L, M, N are collinear.

N
A P

BN °

Figure 2.27: Simson’s line
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’ B BI
A

Figure 2.28: Power of a point

2.6.4 Power of a point with respect to a circle

Theorem 2.6.9. If P is a point in the plane of a circle, and AB and A’B’ are two lines passing
through P such that A, B, A’, B’ are on the circle, then

IPA|l- |[PB|| = |PA"] - | PB|.

Proof. If P is on the circle, then the product is zero in both cases.

If P is outside the circle, suppose that A is between P and B and that A’ is between P’ and B
(Figure 2.29). Then ABB'A’ is cyclic, hence ZA’AB and /BB’'A’ add up to a straight angle. It
follows that /PAA' = ZPB’B. This combined with the fact that ZAPA" = ZBPB' implies that
APAA' ~ APB’'B. Thus

P4’ |PB|
|PB|  |PA|’

Multiplying out the denominators we obtain the equality from the statement.

N \

>>

Figure 2.29: Proof of power of a point property
The case where P is inside the circle is similar (look carefully at Figure 2.29. 0

Definition. Given a point P and a circle, let AB be a line through P, with A and B on the circle.
The power of P with respect to the circle is equal to ||PA| - ||PB|| if P is outside of the circle, to
0 if P is on the circle, and to —||PA|| - ||PB|| if P is inside the circle.

Proposition 2.6.2. Given a point P and a circle of center O and radius R, the power of P with
respect to the circle is equal to | PO|? — R
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Proof. The property is true if P is on the circle. Let A and B be the intersections of line PO with
the circle. If P is outside of the circle, then

IPA|l - IPB| = (| POl + R)(| PO| — R) = | PO|* — R*.
If P is inside the circle, then
—|[PA| - |IPB|| = —(R+ | PO|)(R — ||PO|) = —(R* — | PO|]*) = | PO|* - R.
Ol

Theorem 2.6.10. The locus of points that have equal powers with respect to two circles is a line.

Proof. Assume the circles have centers and radii Oq, O2 respectively R, Ro. Let P be a point on
the locus, and consider @) on 0103 such that PQ is orthogonal to O10 (see Figure 2.30).

Figure 2.30: The radical axis

By the Pythagorean theorem,
1POL* = | PQI* + [QO1||* and [[POo||* = [ PQI* + [ QO-*.
Subtracting we obtain
1QO1” = [|QO:|1* = [|POL|I* — [ PO: 1%,

and the latter is equal to R? — R2, by Proposition 2.6.2. This completely determines the position
of @ on the line 0104, and consequently P must belong to a line that passes through this point @
and is perpendicular to O10s. Conversely, if P belongs to this line, then the same application of
the Pythagorean theorem implies that P has equal powers with respect to the two circles. ]

Definition. The set of points that have equal powers with respect to two circles is called the radical
azis of the two circles.

Theorem 2.6.11. Given three circles with noncollinear centers, there is a unique point in the
plane, called radical center, that has equal powers with respect the three circles.

Proof. Let the circles by Cq, Co, C3. Let P be the intersection of the radical axis of C; and Co with
the radical axis of C; and C3. Then P has equal power with respect to C; and Cs, and equal power
with respect to C; and C3. Consequently, it has equal power with respect to all three circles. O

Corollary 2.6.5. Given three circles Cy, Co, C3, whose centers are noncollinear, the radical axes of
the pairs {C1,Ca}, {C1,C3}, {C2,C3}, intersect at the radical center of the three circles.
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2.6.5 Problems

1.

10.*

Given two circles that are exterior tangent at M, consider a line AB that passes through M
such that A is on the first circle and B is on the second circle. Prove that the measure of one
of the arcs determined by A and M is equal to the measure of one of the arcs determined by
B and M.

. Let AABC be a triangle, and let |AA'|, |BB'|, |CC’| be diameters in the circumcircle. Prove

that AABC = AA'B'C'.

. Let ABCD be a quadrilateral with the property that AC' and BD are orthogonal. Let

M, N, P,Q be the midpoints of the sides |AB|, |BC|, |CD|, and |DA| respectively. Prove
that M N PQ is cyclic.

. Let AABC be an acute triangle, and let D € |BC| and E € |AC| be the feet of the altitudes.

Prove that ZABFE = ZADE.

. In the triangle AABC, ZA = 60° and the angle bisectors | BB’ and |CC” intersect at I. Prove

that [IB'| = |IC".

Let ZAOB be a right angle, M and N points on the rays |OA respectively |OB and let
MN P(@ be a square such that M N separates points O and P. Find the locus of the center
of the square when M and N vary.

(Euler’s circle) Show that in a triangle the feet of the altitudes, the midpoints of the sides,
and the midpoints of the segments connecting the orthocenter to the vertices are on a circle.

. Assume that the circles Cq, Co, C3 have noncollinear centers and assume that C; and Cy intersect

at A and B, C; and C3 intersect at C and D, and C and C3 intersect at £ and F'. Prove that
AB, CD, and EF intersect at one point.

. Let P be a point inside a circle such that there exist three chords through P of equal length.

Prove that P is the center of the circle.

(Titeica’s Five Lei Coin Problem) Let Cy, Ca, and Cs be three circles of equal radii that pass
through a common point P and intersect pairwise at A, B, C'. Prove that the circumcircle of
AABC has the same radius as C1,Cs, and Cs.
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Geometric Transformations

3.1 Isometries

3.1.1 Translations

A vector is an oriented segment. More precisely, a vector is an equivalence class of oriented segments,
all parallel, congruent, and pointing in the same direction. A vector is denoted by a lower case
letter with an arrow on top of it, or by two upper case letters, the endpoints, with an arrow on top.

—

Definition. Given a vector ¥, the translation of a point A by ¥ is a point A’ such that AA = 7.

Theorem 3.1.1. 1. The translation of a segment is a segment parallel and congruent to it.
2. The translation of an angle is an angle congruent to it.
3. The translation of a triangle, is a triangle congruent to it.

Proof. For the proof of 1, let |AB| be a segment, and let A" and B’ be the translates of A and B.
Then |AA’| and |BB’| are parallel and congruent, so ABB’'A’ is a parallelogram. It follows that
|AB| and |A’'B’| are parallel and congruent.

That the translation of a triangle is a triangle congruent to it follows from 1 and Theorem SSS.
Finally, we get 2 by including the angle in a triangle. O

The addition of vectors is defined using the parallelogram rule. This turns the set of vectors
into a group, with the identity element being the zero vector, and the negative of a vector being
the vector of same length pointing in the oposite direction.

The set of translations endowed with composition is a group which is isomorphic to the group
of vectors.

Example 3.1.1. Two cities lie on the opposite sides of a river, at some distance from the river.
The river has non-negligible width. Construct a road and a bridge that minimize the distance
traveled between the cities. (Note: The bridge should be perpendicular to the river.)

Proof. Let the river be defined by two parallel lines [ and I’, with city A on the shore [ and the city
B on the shore I'. Let ¥ be a vector orthogonal to [ and I/, of length equal to the distance between
[ and I’ and pointing from [ to I’. Let A’ be the image of A through the translation. Consider the
line A’B and let M’ be the intersection of I’ and A’B. Of course, M’ is the image through the
translation of a point M on I. We claim that the bridge should be |MM’|.

Indeed, for another location of the bridge, say |NN'|, the total distance

|AN|+ [NN'| + |[N'B| = |A'N'| + |MN| + |N'B| < |AB| + |MN| = |AM| + |MM'| + |M'B|,

where the inequality is follows from the triangle inequality. The problem is solved. O

43
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3.1.2 Reflections

Definition. Given a line [ in the plane, the reflection of a point A over the line [ is a point A’ such
that AA’1l, A and A’ are in different half-planes determined by [ and the distances from A and A’
to [ are equal.

Theorem 3.1.2. 1. The reflection of a segment over a line is a segment congruent to it. 2. The
reflection of an angle over a line is an angle congruent to it. 3. The reflection of a triangle over a
line is a triangle congruent to it.

Proof. 1. Let [ be the line over which we reflect. Consider a segment |AB| and let A" and B’
be the reflections of A and B over [. Let AA’ intersect [ at M and BB’ intersect [ at N. Then
|AM| = |A’M| and |[MN| = |[MN|, so the right triangle AAMN and AA'MN are congruent. It
follows that |[AN| = |A’N| and ZANM = ZA'NM. Hence ZANB = ZA'NB’, and Theorem SAS
implies AABN = AA'B'N. Tt follows that |AB| = |A'B/|.

By the same argument, for every P € |AB|, with P’ its image under the reflection, |[PA| = |PA/|
and |PB| = |P'B’|, and hence |A'B’| = |A'P'| 4+ |P'B’|. This implies that P’ € |[AB|. It is not hard
to see that every point on |A’B’| is the image of a point on |AB|. This proves the first part.

3. This follows from 1, by using Theorem SSS.

2. By 1, the reflection of an angle is an angle, namely the two rays that determine the angle
are mapped to two rays. To show that the reflected angle is congruent to the original one, place
the original angle in a triangle, then reflect the triangle and use 3. 0

Proposition 3.1.1. If ¢ is the reflection with respect to a line I, then ¢? is the identity map.
Consequently, the two-element set formed by a reflection and the identity map is a group.

Remark 3.1.1. This is a geometric realization of the group Zs.

3.1.3 Rotations

Definition. The rotation about O by angle & maps a point A to a point A’ such that m(LAOA’) =
a and |OA| = |OA/|.

We agree to measure « in degrees. One distinguishes between positive (counter-clockwise)
rotations, and negative (clockwise) rotations.

Theorem 3.1.3. 1. The rotation of a segment is a segment congruent to the original one.
2. The rotation of an angle is an angle congruent to the original one.
3. The rotation of a triangle is a triangle congruent to the original one.

Proof. Exercise. O

Proposition 3.1.2. 1. The inverse of the counter-clockwise rotation about O by « is the counter-
clockwise rotation by 360° — « about the same point.

2. The composition of the rotation of angle oy about O and the rotation of angle as about O is
the rotation of angle oy + ao about O.

Using addition of angles, and composition of rotations we can define rotations for every real
value of a.

Corollary 3.1.1. The set of all rotations about a point is a group.
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Theorem 3.1.4. (D. Pompeiu) Given an equilateral triangle AABC and a point P that does not
lie on the circumcircle of AABC, one can construct a triangle of side-lengths ||PA[|, |PB||, || PC]|.

Proof. Rotate AABC about C' by 60°. Then |AP'| = |B'P’| = |BP|. Also |CP| = |CP’|, which
means that ACPP’ is an isosceles triangle with one angle of 60°. It follows that ACPP’ is
equilateral (prove it!). Then in AAPP’, |AP|, |AP'| = |BP|, and |PP’| = |CP|, so this triangle
has the desired property. O

.

B C

Figure 3.1: Proof of Pompeiu’s Theorem

Example 3.1.2. Given a closed polygonal line, show that it contains 3 points which form an
equilateral triangle.

Solution: To prove this fact, rotate the polygonal line by 60° around a point A on a side. Let
B be a point where the new line intersects the old. Point C which is the preimage of B together
with A and B form an equilateral triangle.

3.1.4 Isometries

Definition. A transformation of the plane which preserves lengths is called isometry.

Rotations, reflections, and translations are isometries.
Remark: An isometry is a one-to-one transformation of the plane. The next result will also
prove that it is onto.

Theorem 3.1.5. Every isometry of the plane is of the form rot or sorot, where s is a reflection,
r is a rotation, and t is a translation.

Proof. Let f be the isometry. Consider a segment |AB|, and let A" = f(A) and B’ = f(B). If M
ison |AB|, and M’ = f(M), then |A’M'| + |M'B'| = |AM| + |MB| = |AB| = |A’B’|, so M’ is on
|A’B’|, and moreover, any M’ on |A’B’| can be obtained as the image of a point M. This shows
that f(|AB]|) = |A’B’'|. In fact by slightly modifying the argument we deduce that f(AB) = A’'B’.
Let r and t be a rotation and a translation such that r o t(|AB|) = |A’B’|. Then rt restricted to
AB is equal to f.

Consider a point P which does not belong to AB. Then because |AP| = |A’P'| and |BP| =
|B'P’|, there are only two locations that P’ = f(P) can have, namely either P’ = r o t(P), or
P’ = sorot(P), where s is the reflection over AB.

Now let us show that an isometry is completely determined by the image of 3 non-collinear
points. Let A, B, P be the three noncollinear points mapped to A’, B, P’. We saw above that the
restriction of the isometry is completely determined when restricted to AB, AP, and BP. Let )
be a point that does not lie on any of these lines. Then @ is mapped to one of two points lying on
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one side or the other of AB. If @ is not separated by AB from P, then |PQ| does not intersect
A'B’, so |P'Q’| does not intersect AB (or else the isometry wouldn’t be one-to-one). This shows
that there is a unique choice for the location of @’. Similarly, if |PQ| intersects AB, then |P'Q)’|
intersects A’B’, so again the location of )’ is unique. This proves our claim.

We conclude that the isometry can only be either rot or sorot, and the theorem is proved. [
3.1.5 Problems

1. What is the composition of two reflections over parallel lines?

What is the composition of two reflections over non-parallel lines?

Show that every isometry is a composition of reflections.

= W N

Given a polygon, and a point P in its interior, show that there are two points A and B on
the polygon such that P is the midpoint of |AB].

5. Two towns are on the same side of the river, at some distance from the river. The want to
build a common water pump that would supply both with water. In what location should
the pump be build in order to minimize the total length of the two pipes that connect it to
the cities?

3.2 Homothety and Inversion

3.2.1 Homothety

Let O be a point in the plane and r a real number.

Definition. The homothety of center O and ratio r sends a point P to a point P’ such that
OP' =rOP.

Theorem 3.2.1. Homothety maps a maps a segment to a segment parallel to it whose length is
|r| times the length of the original segment.

Corollary 3.2.1. Homothety maps an angle to an angle congruent to it. Homothety maps a
triangle to a triangle similar to it, with similarity ration |r|.

3.2.2 Inversion

Definition. Given a circle of center O and radius r > 0, the inverse of a point P # O with respect
to this circle is a point P’ on the ray |OP such that

loP|| - [OP|| = r2.

By abuse of language, we map O to the ”point at infinity”. With this convention, the square
of the inversion is the identity map.

Theorem 3.2.2. Inversion maps circles through O into lines not passing through O, and lines not
passing through O into circles through O. Inversion maps lines through O into themselves, and
circles that do not pass through O into circles that do not pass through O.

Theorem 3.2.3. Inversion distorts distances according to the following formula

2
AB|=—"___|4B].



Chapter 4

Non-Euclidean Geometry

4.1 The negation of Euclid’s fifth postulate

Postulate: There is a line [, and a point A that does not belong to [, such that through A pass
two lines that do not intersect .

Theorem 4.1.1. For the line [ and the point A from the above postulate, there exist infinitely
many lines passing through A that do not intersect I.

Proof. Let I; and Iy be the lines through A that do not intersect [. There is a ray of Il that is
separated from [ by l;. Pick P on this ray and @ on [. Let R be the intersection of |PQ| with ;.
Choose one of the infinitely many points of the segment |PR)|, call this point M.

Figure 4.1: Proof that there are infinitely many parallels

Assume that AM intersects [ at some point S. Then [; intersects side [M Q| of AMQS, but does
not intersect side |@S|, and it cannot intersect |M.S| since it already intersected M A at A. This
contradicts the Axiom of Pasch, proving that AM does not intersect [. Since each point M € |PR)|

determines a different line, there are infinitely many lines that pass through A and don’t intersect
l. O

4.2 Euclid’s fifth postulate and the sum of the angles of a triangle

Theorem 4.2.1. The sum of the angles of a triangle is less than or equal to a straight angle.

Proof. We will need two results.

Lemma 4.2.1. The sum of two interior angles of a triangle is less than a flat angle.

47
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Proof. Let AABC be a triangle. By the Exterior Angle Theorem
/A < supplement of ZC.
Adding ZC to both sides we obtain that LA + ZC is strictly less than a straight angle. O

Lemma 4.2.2. For any triangle, there exists a triangle with the same sum of angles and with one
of the angles as small as we want.

Proof. In AABC, let M be the midpoint of |AC|. Either ZABM or /M BC' is less than or
congruent to ZB/2. Say ZMBC < /ZB/2. Let C" be such that M is the midpoint of |BC’|
(Figure 4.2). Consider the triangle AABC’. By Theorem SAS, AMAC'" = AMBC. We have

/BAC' + LAC'B + LABC' == L/BAC + LCAC' + LAC'B + LABC'

= /BAC + /ACB + /ABC' + /C'BC = /BAC + ZACB + ZCBA.
Triangle AABC’ has the same sum of angles as AABC and ZC’ < ZB/2. Repeating the construc-
tion n times we find a triangle with the same sum of angles as AABC and with one angle less than

or congruent to ZB/2".
U

B C
Figure 4.2: Sum of angles of a triangle

Let us return to the proof of the theorem. Assume that for some triangle AABC),
LA+ £B+ ZC = straight angle + Za, Za > 0.

Costruct a triangle AA’B’C’ with the same sum of angles and with ZC” < Za/2. Then, by the
first lemma, /A’ + /B’ is less than a straight angle. Adding ZC’” we obtain /A" + /B’ + ZC’ less
than a straight angle plus Za/2. This contradicts the fact that ZA'+ /B’ + ZC" equal to a straight

angle plus Za. Hence the conclusion.
O

Theorem 4.2.2. If the sum of the angles of a certain triangle is strictly less than a straight angle,
then the same is true for any triangle.

Proof. Let M be a point on |BC/|. If the sum of the angles of AABC' is less than a straight angle,
(recall Theorem 4.2.1) then the same must be true for one of the triangles AABM and AAMC,
otherwise by adding we would obtain equality for AABC. Dividing further we can obtain an
arbitrarily small triangle with the sum of angles less than a straight angle.

Consider now some triangle AA’B’C’ in the plane. Place inside a small triangle with the sum
of the angles less than a straight angle. Divide AA’B’C” into triangles one of which is the one with
sum of angles less than a straight angle. By adding the angles of the triangles in the decomposition
and removing the straight angles that are formed we deduce that the sum of the angles of AA’B'C’
is less than a straight angle. The theorem is proved. O
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Corollary 4.2.1. Either in every triangle the sum of the angles is a straight angle, or in every
triangle the sum of the angles is strictly less than a straight angle.

Proposition 4.2.1. If the fifth postulate holds for one point and one line, then there exists a
triangle with the sum of the angles equal to a straight angle.

Proof. Let A and [ be the point and line for which the postulate holds. Choose B and C on [. Pick
I such that the alternate angles formed by AC with [ and I’ are congruent. The Exterior Angle
Theorem implies that [ and I’ do not intersect.

v

/

BA N\ C

Figure 4.3: Fifth postulate and the sum of angles of a triangle

Pick a line I” so that the alternate angles formed by AB with [ and [” are congruent. Again [ and
1" do not intersect. Uniqueness implies I’ = [”. Examining the Figure 4.3 we see that ZA+/B+/C
is congruent to a straight angle. O

Theorem 4.2.3. If the sum of the angles of every triangle is congruent to a straight angle, then
Euclid’s fifth postulate holds.

Proof. Let [ be a line and A a point, A € [. Let AB be the perpendicular to [, B € [. The line
I perpendicular to AB at A does not intersect I. We will show that any other line through A
intersects . We argue on Figure 4.4.

Let I” be a line passing throught A and Za the acute angle this line makes with |[AB|. Consider
the point B, Bs, ..., B,,... on [ that lie on the same side of AB as Za, and such that

|BBi| = |AB|, |B1B2|=|ABi|, ...,|Bn-1Bn|=|ABn_1].
In AABBy,
m(ZA) = m(LBy) = %
Using the fact that the sum of the angles of a triangle is 7w, we further compute, in AAB; Bs,
m(£ZA) = m(£Bs) = g, .
in AAB,_1B,,
m(ZLA) = m(£By) = 2%
For sufficiently large n,
m(zBABn):%+g+---+%
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"

B B, B

Figure 4.4: Fuclid’s fifth postulate and the sum of the angle of triangles

will be very close to 7/2, hence greater than Z«. Then !” will run inside ZBAB,,, so it will have
to cross |BB,,|. Hence [” intersects .
O

Theorem 4.2.4. If Euclid’s fifth postulate fails for a point and a line, then it fails for every other
point and every other line not containing the point.

Proof. If fifth postulate holds for a point and a line, then the sum of the angles of some triangle
is a straight angle. But then the sum of the angles of any other triangle is congruent to a straight
angle. In that case the fifth postulate must hold for every point and every line. O

Corollary 4.2.2. Either Euclid’s fifth postulate holds, or for every line [ and every point A, A & [,
there are infinitely many lines passing through A which do not intersect [.
4.3 The area of a triangle in non-euclidean geometry

Since in non-euclidean geometry the area of a triangle is strictly less than w, we can associate to
each triangle AABC the positive number

e(AABC) = 1 — m(LA) — m(£B) — m(£C).

Proposition 4.3.1. If the triangular surface 7' is the union of the triangular surfaces 177 and 75,
then

E(T) = G(Tl) + E(Tg).
Because of this we can make the following definition.
Definition. The area of a triangle AABC is equal to e(AABC).

As a corollary, we have that the area of a polygon with n sides is (n — 2)7 minus the sum of
the angles of the polygon. This satisfies the four properties that the area should satisfy.



