SPLITTING HYPERGEOMETRIC FUNCTIONS
OVER ROOTS OF UNITY

DERMOT McCARTHY AND MOHIT TRIPATHI

ABSTRACT. We examine hypergeometric functions in the finite field, p-adic and classical
settings. In each setting, we prove a formula which splits the hypergeometric function
into a sum of lower order functions whose arguments differ by roots of unity. We provide
multiple applications of these results, including new reduction and summation formulas
for finite field hypergeometric functions, along with classical analogues; evaluations of
special values of these functions which apply in both the finite field and p-adic settings;
and new relations to Fourier coefficients of modular forms.

1. INTRODUCTION

Finite field hypergeometric functions were originally defined by Greene [19, 20] as ana-
logues of classical hypergeometric series. Functions of this type were also introduced
by Katz [25] about the same time. Greene’s work includes an extensive catalogue of
transformation and summation formulas for these functions, mirroring those in the clas-
sical case. These functions also have a nice character sum representation and so the
transformation and summation formulas can be interpreted as relations to simplify and
evaluate complex character sums [13, 21]. Using character sums to count the number
of solutions to equations over finite fields is a long established practice [8, 23, 29, 52]
and finite field hypergeometric functions also naturally lend themselves to this endeavor
[1, 4, 15, 16, 18, 30, 31, 37, 40]. Following the modularity theorem, and, by then, known
links between finite field hypergeometric functions and elliptic curves, many authors be-
gan examining links between these functions and Fourier coefficients of modular forms
[9, 10, 12, 14, 17, 26, 33, 34, 38, 39, 41, 44]. More recently, finite field hypergeometric
functions have played a central role in the theory of hypergeometric motives, which has
led to increased interest in the functions and their properties [2, 7, 11, 43].

While hypergeometric functions over finite fields were originally defined by Greene, we
will use a normalized version defined by the first author [35, 37]. Throughout, let ¢ = p”

be a prime power. Let [, be the finite field with ¢ elements, and let Fy be the group
of multiplicative characters of Fj. We extend the domain of x € I/Fg to Fy by defining
x(0) := 0 (including for the trivial character ¢) and denote Y as the inverse of xy. We
denote by ¢ the character of order two in I/F%, when ¢ is odd. More generally, for £k > 2 a
positive integer, we let x; € I@E denote a character of order k when ¢ = 1 (mod k). Let

0 be a fixed non-trivial additive character of F,, and for x € ﬁ define the Gauss sum
9(X) == Xper, X(@)0(x). We define the finite field hypergeometric function as follows.
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2 DERMOT McCARTHY AND MOHIT TRIPATHI
Definition 1.1 ([35, 37]). For A1, Ay, ..., Ay, B1, Bo..., By, € F2 and A € F,,

Al A2 Am‘ g ZX )
mFm ’ ’ ’ A : 1)y ().
(e o) = 2 S [0, ey

’ XE]F* =1 Z

In recent years, the second author, with Barman and others, [46, 47, 48, 49, 50] have
developed the theory of the finite field Appell functions. They establish several product
and summation formulas for these functions, which has also led to new relations for ,, F},,
as defined above. One such relation can be derived from recent work of the second author
and Meher [51].

Theorem 1.2. [51] For A,C € ﬁ% such that A? # ¢ and C? =&,

—2 —2 - 7
2F2< A%, A | A) +2F2< A%, A | _A> :4F4< A, pA A oA | )\2) ‘
g, € g, € e, v, C, C
q q q
The main purpose of this paper is to generalize Theorem 1.2 in multiple directions, using
more direct methods. Specifically, we generalize Theorem 1.2 from oF5 to ,,F;, for any
m, allowing any character arguments, without restrictions, where the sum is over all roots
of unity, not just £1, times A\. We then extend these results in the p-adic setting. We
also prove a classical hypergeometric series analogue. All these results will be outlined in
Section 2. In Section 5, we will provide multiple applications of these generalized results,
including new reduction and summation formulas for finite field hypergeometric functions,
along with classical analogues; evaluations of special values of these functions which apply
in both the finite field and p-adic settings; and new relations to Fourier coefficients of
modular forms. After outlining some preliminaries in Section 3, we will prove our main
results in Section 4. Section 6 contains a comprehensive discussion on the relationship
between our finite field and p-adic hypergeometric functions, and, in particular, how this
relationship is affected if the parameters, or some subset thereof, are “defined over Q”.

2. STATEMENT OF MAIN RESULTS

2.1. Finite Field Setting. Our first result generalizes Theorem 1.2 from o F5 to ,, F}, for
any m, allowing any character arguments, without restrictions, where the sum is over all
roots of unity, not just +1, times A.

Theorem 2.1. Let n be a positive integer and let ¢ = 1 (mod n) be a prime power. Let
Cn be a primitive n-th root of unity in Fy and let x,, € Fy denote a character of order n.

Then for A1, Ag, ... ,Am,Bl,BQ ., By € FZ’

n—1

AT, AR o AL
IR (s A A
=0 q

17 27 ceey
Aixt i 1<i<m,0<I<n—17,

= i P l , X

Bix, 1<i<m0<I<n-1 .

We also have the following converse result.



SPLITTING HYPERGEOMETRIC FUNCTIONS 3

Theorem 2.2. Let n be a positive integer and let ¢ = 1 (mod n) be a pmme power. Let
Xn € IF'* denote a character of ordern. Let A1, Ao, ..., Apm,B1,Bs..., By, € IF* If X eF,
18 not cm n-th power, then

I Aixﬁb:lgigm,oglgn—l \) —o
M Bixlh 1<i<m,0<1<n—1 q_'

When n = 2, the following corollaries are immediate.

Corollary 2.3. For q an odd prime power,

A2, A2 A2, A2 A2
mFm(B%, B3, ..., ‘A mfm B}, B3, ..., Bfn’_A .
—, F2 <A1, gOAl, AQ, LPAQ, ceey Am, gOAm ‘)\2>
m m Bl, SOBl, BQ, (pBQ, ey Bm, gOBm q.

Taking m = 2, Ay = A, Ay = A, B| = By = ¢ in Corollary 2.3 recovers Theorem 1.2.
Corollary 2.4. Let q be an odd prime power. If X € Fy is not a square, then

)3 A17 QOAl) A27 SOA27 B Am, QOAm ‘ A -0
2m = 2m Bl) @Bly BQa 90327 EER) Bm7 '

Let Fy = (T') and A;, B; € ﬁ. Then A; = 7%~ and B; = T~V for some a;, b; € Q,
such that a;(¢—1),b;(¢—1) € Z. Many applications of ,,, Fy,({4;}; {Bi} | A)q require fixed
a;, b;. For fixed a;, b;, if we consider ,, Fy,,({A4;}; {Bi} | A)q to be a function of ¢, then the
domain of this function is all ¢ = 1 (mod d), where d is the least common denominator of
of the elements in {a;} U{b;}. The first author has defined a function in the p-adic setting
which extends ,,, Fy, ({Ai}; {Bi} | A)g, and whose domain is all ¢ relatively prime to d. We
use this function to extend the domain of all results stated above.

2.2. p-adic Setting. Let Z, denote the ring of p-adic integers and let I',(-) denote
Morita’s p-adic gamma function. Let w denote the Teichmiiller character of F, (see Sec-
tion 3 for full details) with @ denoting its character inverse. For x € Q, we let |x| denote
the greatest integer less than or equal to x and (x) denote the fractional part of z, i.e.

() =z — |x].

Definition 2.5. [36, Definition 5.1] Let ¢ = p" for p an odd prime. Let A € F,, m € Z*
and a;,b; € QN Zy,, for 1 <i < m. Then define

g—
ai, ag, ..., Qm ’)\ _: -1
bla b27 .

7y De(llas = g50P") Do ({04 20P) oty 228ty 228
A= sy |

We note that the value of ,,,G,,[ - -| depends only on the fractional part of the a; and b;
parameters, and is invariant if we change the order of the parameters. For fixed parameters
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{a;} and {b;}, mGm|[ - -]q is defined at any odd prime power ¢ = p” where p is relatively
prime to the denominators of the a;’s and b;’s, i.e all a;,b; € Z,,.
mGml- - |q extends , Fp, (- - - )4 via the following relation.

Lemma 2.6 (c.f. [36] Lemma 3.3). For an odd prime power q, let A;, B; € E‘g be given by
w90~ gnd @Y respectively, where w is the Teichmiiller character of Fy. Then

Al, AQ, ey Am o ai, agz, ..., Qm -1
mFM<Bl, By, ..., Bm‘A>q‘me[bl, b o |2 ,

Following [7], we say the parameters ({a;}, {b;}) are defined over Q if there exist positive
integers p1,po,...,p: and qi1,qo, ..., qs, with t and s minimal, such that

ﬁ x —e?mai [T a” —1
pale T — 6271'1[)1' HZS:1 xqi — 1
Let D(x) = ged([Tie, 2% — 1,[[_, 2% — 1), of degree §, have zeros exp (27”‘31) for1 <i<

d. Let s(c¢) denote the multiplicity of the zero eXp(QmC) We note that m+6 = >0 p; =
>7_1 ¢i and we define

t )
M = Hi:l pipl )
Hf:1 q; %

Theorem 2.7. Let ¢ = p" for p an odd prime. If ({a;},{bi}) are defined over Q with
corresponding exponents ({p; : 1 <i <t},{q; : 1 <i<s}), then

q—2

m -1 j - ) —j
me[ ai, ag, y a ‘ )\] _ (_1)J(m+5) q 5(0)+s(4) W (M -\
bl, bg, bm q q—lj:[)
r—1 ¢ —iPi g S . J% K
< TLTITo (M) (—p) T [T (s ) ()l
k=01i=1 i=1

We now extend the results of Section 2.1.

Theorem 2.8. Let n be a positive integer and let ¢ = 1 (mod n) be an odd prime power.
Let ¢, be a primitive n-th root of unity in ¥, . If ({na;}, {nb;}) are defined over Q, then

n—1

nai nas e nam
>owGu| 0 ¢
— nby, nbo, . nb, ;

ey

1. '
:annm[ai+n.1§z§m,0§l§n—1 ’)\n}
q

bi+Lt:1<i<m,0<l<n-1
Furthermore, if ({na;}, {nb;}) are defined over Q with corresponding exponents ({p; : 1 <

i <t} {g 1 <i < s}) then ({ai + %},{bi + %}) are defined over Q with exponents
({npi 11 <i <t} {ng:1<i<s}).

We also have the following converse result, regardless of whether the parameters are defined
over Q.
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Theorem 2.9. Let n be a positive integer and let ¢ = 1 (mod n) be a prime power. If
A € F, is not an n-th power, then
ai+L:1<i<m,0<l<n-—1
bi+5:1§z§m,ogl§n—1 q

When n = 2, the following corollaries are immediate.

Corollary 2.10. For q an odd prime power and ({2a;},{2b;}) defined over Q,

2a1, 2a3, ..., 2am, 2a1, 2a3, ..., 2a;,
G ] A G ‘ )
m m[le, Dba, vy 2w |0 ], T 2b, 2ba, L, 2B ,
- GQ |:CL1, a1+%7 az, a2+%7 Tty OGm, am_{_% ’)\2:|
T by, b4 g, by, bot i oo b, bt "
Corollary 2.11. Let q be an odd prime power. If A € Fy is not a square, then
) +l, 3 +l7 ) ) :
Qmsz[ ai, a 2 az, a 2 Um, Qm + 2 ‘ )\] _o.
bla b1+§7 b27 b2+§7 Tty bmv bm+§ q

2.3. Classical Setting. Recall the classical generalized hypergeometric series ,, F}, de-
fined by

ay, as a 2 (a1),(a2), - (am)
F|: ’ st m‘Z:|Z: 1)p\42)1 ’mk:Zk7
e b17 b2a ey bm k,’Z:O (bl)k(bQ)k(bm)k
where a;, b; and z are complex numbers, with none of the b; being negative integers or
zero, m a positive integer, (a), := 1 and (a), :=a(a+1)(a+2) - (a+k—1) for a positive
integer k. Setting by = 1 recovers the more usual ,,, F},,—1 definition/notation.
We have the following classical series analogue of Theorems 2.1 and 2.8.

Theorem 2.12. Let n be a positive integer and let &, € C be a primitive n-th root of
unity. Then,

n—1
nay nas . nam
E mFm 7 ’ ’ ’ fil 4
=0 nb1 nbz, ey nbm

a;+Li:1<i<m0<i<n-1 n}

=N nmk
" ”m[bi+£:1gz’gm,0§5§n—1

Theorem 2.12 can be derived from [42, eqn. 24, p. 440], which is stated without proof.
For completeness, we provide a proof in Section 4.

3. PRELIMINARIES

We start by recalling some properties of Gauss and Jacobi sums. See [6, 24| for further
details, noting that we have adjusted results to take into account (0) = 0, where ¢ is the

trivial character. We first note that g(¢) = —1. For x € ﬁ‘g,

x(—=1)¢ x#e,

A N (3.1)

g(x)g(x) = {
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We now state the Hasse-Davenport product formula for Gauss sums.

Theorem 3.1 ([6] Thm. 11.3.5). Let n be a positive integer and let x, € I/FE be a character

—
*

of order n. For ¢ € F}, we have
n—1 n—1
[T 90dw) = g™y o (n) T] 9(xh)
1=0 I=1

The following is a variant of the standard orthogonal relation, but we prove it here for
completeness.

Proposition 3.2. Let n be a positive integer and let ¢ = 1 (mod n) be a prime power.
Let G, be a primitive n-th root of unity in ¥ and let x € F;. Then

nilX(Cl) _Jn if x =™ for some 1) EI/F%,
" 0 otherwise.

=0

Proof. If x = ™ then x(¢}) = ¥(¢™) = ¢(1) = 1, and the result follows. Now assume x

n

is not an n-th power. Then x((,) # 1 and so

n—1 n—1 n—1
X(Gn) D x(€h) =) o x (G =D x(¢h)
=0 =0 =0
implies Z?;()l x(¢!) must equal zero. O

Corollary 3.3. Let n be a positive integer and let &, € C be a primitive n-th root of unity.
Then, for a non-negative integer k,

gflk B {n if £ =0 (mod n),
=0

0 otherwise.

Proof. Let ¢ = 1 (mod n), F; = (a) and §,—1 € C be a primitive (¢ — 1)-st root of unity
q—1

such that £ "} = &,. Consider the primitive character T' € E‘g defined by T'(a') = & _;.
Then o5 is a primitive n-th root of unity in Fj and T(ozq%l) =¢,. Now let x = T* and

Cn = o5 in Proposition 3.2 and the result follows. U

We now recall some details about the Teichmiiller character and the p-adic gamma
function. For further details, see [27, 28]. Let Z, denote the ring of p-adic integers, Q,
the field of p-adic numbers, Q, the algebraic closure of Q,, and C, the completion of Q,.
Let Z4 be the ring of integers in the unique unramified extension of Q, with residue field
Fy. Recall that for each x € Fy, there is a unique Teichmiiller representative w(z) € Z;
such that w(x) is a (¢ — 1)-st root of unity and w(x) = = (mod p). Therefore, we define
the Teichmiiller character to be the primitive character w : F; — Zy given by z — w(z),
which we extend with w(0) := 0.
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Let p be an odd prime. For n € Z" we define the p-adic gamma function as

Lp(n) == (=" [T i

0<j<n
plj

and extend it to all z € Z, by setting I',(0) := 1 and I'y(z) := lim,—, I'y(n) for = # 0,
where n runs through any sequence of positive integers p-adically approaching z. This

limit exists, is independent of how n approaches x, and determines a continuous function
on Z, with values in Z;. The function satisfies the following product formula.

Theorem 3.4 ([22] Thm. 3.1). If n € Z*, ptn and 0 <z < 1 with (¢ — 1)z € Z, then

r—1n—1

H HF ( (zthpk ) _ w(n(qfl):r) ﬁfp(<xpk>> ﬁrp«zp@)' (3.2)
k=0 h=1

k=0 h=0

We note that in the original statement of Theorem 3.4 in [22], w is the Teichmiiller char-
acter of F). However, the result above still holds as w|F; is the Teichmiiller character of
F¥.
P
The Gross-Koblitz formula, Theorem 3.5 below, allows us to relate Gauss sums and
the p-adic gamma function. Let 7, € C, be the fixed root of 2P~ + p = 0 that satisfies

mp = ¢p — 1 (mod (¢ — 1)?).
Theorem 3.5 ([22] Thm. 1.7). For j € Z,

_ k
o(@) = —ny D) IIF ().

4. PROOFS OF MAIN RESULTS

4.1. Finite Field Setting. We first prove Theorems 2.1 & 2.2.

Proof of Theorem 2.1. We expand the summands by definition and then apply Proposition
3.2 and Theorem 3.1, as follows:

-— An AT L AR
SouFu( o m ;"(cé-A)
e (Bl, By, ..., B ‘
1 n—1 g }
q—1l:0 ]F*zl An Bn)X( "xG A

’L

- ZH AU ) Yon(e)

=q_121j SR RCER

Z z

x¢"
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_1 An " BZ’Lwn nm n
i Zﬂg(m;})) (g<Bz1>)¢(‘” v

peF: i=1
St —— (-1 10)

_ p Aixh i 1<i<m,0<1<n—-1 \n
M By 1<i<m,0<1<n—1 .

O
Proof of Theorem 2.2. By Definition 1.1, we have
Aixln 1< <m,0<I<n-1
Fom ! i A
Bix, 1<i<m,0<1<n-1 .
g BZX) nm
> HH X(=1)™"x(A). (4.1)
qfl (lB)
G]F =1 1=0

Making the change of variable x — x Xy in the right hand side of (4.1) gives us

P (Amgmgigmﬁgzgn—1 )
nm+ nm
q

BixL :1<i<m,0<l<n-1

X%ﬁﬁ1<i<mm<l<n—1lﬁ

= A) B
Xn(A) “nm "m<BixﬁL:1§i§m,0§l§n—1

Using the fact that x,(A) = 1 if and only if A is an n-th power, completes the proof. [

4.2. p-adic Setting. We now prove Lemma 2.6 and Theorems 2.7-2.9.

Proof of Lemma 2.6. The case when ¢ = p was proven in [36, Lemma 3 3] and the same
approach works here. If we let y = w’, 4; = @%@ 1) and B; bi(¢=1) " then it is
straightforward to show, using the Gross-Koblitz formula, Theorern 3.5, that

Substituting for (4.2) and x = w’ in Definition 2.5 yields the result. O
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Proof of Theorem 2.7. Let ({a;},{b;}) are defined over Q with corresponding exponents
{pi:1<i<t},{g:1<i<s}). Then

ﬁrp(“ai = Z20) T (b + 25)p") (-
o Dolfar®) N () B
: .

_en gk v . .
: ) Fp(< T p)) (_p)L(%p’W—ffﬁHL(—qfhlpkH%ﬁj‘
)

(4.3)

For a given ¢, with 1 <4 < ¢, choose | € Z such that 0 <[ — qj_% < 1. Then, noting that
{{+h|h=0,...,pi =1} ={h | h =0,...,p; — 1} (mod p;) and applying Theorem 3.4
withn =p; and z =1 — % we get that

Jpg

r—1p;—1 Fp(< Q_%)pk» r—1pi—1 Fp(<<h_qT

_ )pk>)

qg—1 p :
imonco Do((5P%) oo Do((ph)

r—1pi—1 pp(<<l+h;_ﬂ )pk>)
k=0 h=0 Fp(<1%l)k>)

ip; r—1
_ w(pgqil)(li;fl) H Fp<<(l N q]%)pk>>

)
(

r—1
= w(p ) TITo((—2257). (4.4)
k=0
Similarly, with 0 < ;_qa —1 < 1, we have
r—lqi—lr (((_Q_i_i)pk» ‘ r—1 '
p Qi q—1 _ ( J4i 14 ok
_wqi) Ly (Zp™) ). (4.5)
L N () [Tre(00)

As a;,b; € Zy, p does not divide their denominators and, hence, ged(p, p;) = ged(p, ¢i) =
1. So {hp* | h=0,...,p; =1} ={h | h=0,...,p; — 1} (mod p;) and

pi—1 pi—1 pi—1

Dol = ) =0l - ) = 2o - = 1R ()
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where we have used Hermite’s identity: for a positive integer m, |mz| = hm;[)l L:L" + %J
Similarly,
q;i—1 .
h, k j iqi K
ST (= ph) 4 2| = [, (4.7)
h=0

)L<;flpk>—g%ﬁj+t< ey

h=1
(4.8)
Finally, accounting for (4.4)-(4.8) in (4.3) we get that
ﬁ ﬁrp(«ai — ) To({(=hi + q%l)pk»( )~ Losph) = 2 b+ 2
k=01i=1 FP(<alpk>) FP(<7blpk>
= ¢ OFs0) (1) 57 (M)
r—1 t = Ja
< TTTIT ((G225) (—p) TP T 0 (2 p8) (—p)Ha 17 (a9)
k=0i=1 i=1
Substituting for (4.9) in Definition 2.5 yields the result. O

Proof of Theorem 2.8. Let ({na;},{nb;}) be defined over Q with exponents ({p; : 1 <
i <t} {g : 1 <i<s}). Then, ({a; +L1},{b; + L}) are defined over Q with exponents
({np;: 1 <i<t},{ng:1<i<s})as

ﬁ ﬁ xr — 27‘(‘1(0,14» L) ﬁ nl:[l T — e2mia; 627ri% m " — e2mina; Hf . i 1
- b, T n _ p,2mwinb; = ng; _
i1 isg @ — mlotn) g g edmibetrin et — et [ — 1

We note that

t i t i t ; n
o, = iz 020 st s iz p™ (Il p® )y
[1i=; (ng:)"™™ [Timy @™ [Tiog @9

We also note that if D(x ) = gcd(]_[t- xPi — 1,17, % — 1) has degree §, then D, (z) :=
ged([Ti, 2™ — 1, [[;_, 2™% — 1) has degree nd. If z = exp (27”’3) is a zero of D, (z) with

2minc

multiplicity s, (c) then 2" = exp ( — ) is a zero of D(x) with the same multiplicity, i.e.

s(nc) = sp(c).



SPLITTING HYPERGEOMETRIC FUNCTIONS 11

As ({na;},{nb;}) are defined over Q we use Theorem 2.7 expand the summands and
then apply Proposition 3.2, with y = @/, to get

n—1
nay, mNa, ..., nam
Zme|: nbl, an, ey Cn :|
1=0 q
_1 122 4 N
=— (=1)7(m+0) =s(O)+s() I (M - N)
¢—1=

—iPi ko o2 . 14
)T () (o)
=1

k=01i=1
n—1 )
x ) @ (G
1=0
= o (—1)d(m+8) g=s(0)+5() 557 (A . \)
=0
jEOJ(mod n)
e 2k | 4% )
< [T TIT»((Z50M) (- HF (Zp")) (—p) T
k=0i=1
=l
_ q__inl Z (_l)jn(m+5) q—5(0)+5(jn) wjn(M . )\)
=0
T . i g kg
< TTTTTe((G2p®) (=p) a2 P T T ((22% %)) (—p) ot
k=01i=1 =1

If we denote the summand of the last expression above as f(j) then it is easy to show that

G +b(EL)) = £(j) for all 0 < b<n—1. Thus Y% ' £(7) = L X922 £(j). So.
n J n ~j

n—1

me[ nZh n(Zz, ey NGy Qn ]
=0 noy, noz, ..., nb q
1 &2
= N (1 )inm ) o =s(0)+sGn) gin(ar . y)
q—1=
i =Inpi gy o2 Jngi
< [TTIr (G2 ) (—p) T P T T (124 p, ) (—p)ta-1?
k=0i=1 ey
-1 —2

— (—1)i(nm+nd) g=sn(0)Fsn(5) 557 (AL, - AT
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T ik | Py
< [T T (2P (- HF (") (=p) o~
k=0i=1
[ai—i—flzlgigm,Oglgn—l n]
:annm 1 . .
b¢+ﬁ:1§z§m,0§l§n—1 q

O

Proof of Theorem 2.9. This proof is similar to its finite field counterpart, Theorem 2.2.
We expand m,Grm[{ai + %}, {b; + %} | A ]g, by Definition 2.5, and make the change of
variable j — j — % to get that

-1
annm[{ai + %}7 {bl + %} | A ]q = qu()‘) : annm[{ai + %}a {bz + %} | A ]q-
Noting that w%l(}\) # 1, as A is not an n-th power, completes the proof. O

4.3. Classical Setting.

Proof of Theorem 2.12. From its definition, it is easy to see that

n—1
_ nk a l
nk =1 H (ﬁ +a
=0
Therefore,

n-! nay, mas na n-t
E mFm ’ ’ ’ ) g7l’l 2|l =
P nb1 nbs, ..., nby,

o

=n i ﬁ (na%- k ok (by Cor. 3.3)

I
s

as required. O

5. APPLICATIONS

In this section we give some applications of our main results. The purpose is mainly
to show the different types of applications, giving one or two illustrative examples in each
case. S0, the list of such results shown here is by no means exhaustive.
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5.1. Finite Field Setting. Using Corollary 2.3 we can leverage known reduction formulas
at lower orders to get new reduction formulas. We give examples when m = 2, 3, 4.

Corollary 5.1. For q odd and A%, B* # ¢,

(b B ‘1) _o(BCEBY) | g(A)(REY)

— +
e, , AB, goAB g(A2B2)g(B*)

Proof. Applying Corollary 2.3 with m =2, A\ =1, Ay = A, Ay = B, B| =c and By = AB
we get that

A7 SDA7 B’ (pB
4 Fy = = |1
e, ¢, AB, pAB
—FA2’B‘1 (A 32‘1
T2 e, AZRE 22\ e, A?B2 | q'

Each o F5 can be reduced to an expression in terms of Gauss sums by Theorems 1.9 and
1.10 in [35], respectively, giving the desired result. O

Corollary 5.2. For ¢ =1 (mod 4) and A% # ¢,

m X4 Xt x4, Xa14, x4A4, X4A‘1
N e o A A A4

_ S g9(S X4SA) .

2 2 if q=1(8),

1 Y g(RpA )}?(QRM ) z:: QOSA (x2S A) (®)

R2=p 9(8) 0 otherwise.
Proof. From [19, (6.38)] we can derive that, for C* # ¢,

v, ¢C, ¢C ‘
F — -1
3( e, C, C >q
0 if x4C is not a square,
=C0(=1) > |1+ Z —g(D)g(XiD) otherwise. (5.1)

pie,c 9@D) g(xaD)

We apply Corollary 2.3 with m = 3, A = 1, A; = x4, As = Y44, A3 = y4A, By = ¢,
By = A and B3z = A to split the ¢Fg in the statement of the corollary into gF3(--- |
+1) + 3F3(--- | =1). The 3F3(--- | +1) can be reduced by [35, Thm. 1.11] and the
3F3(--+| —=1) by (5.1), giving the desired result. O

The case corresponding to Corollary 5.2 with A = ¢ is covered by Corollary 5.5.
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Corollary 5.3. For g =1 (mod 4), A* # ¢, B8 # ¢ and A% # pB*,

F<A, pA, xs4, XaA, B, ¢B, xuB, XziB‘1>
58 g, ®, X4, X4, ABa QOABa X4AB, EAB q
_ 9(BYg(A1B®) g(Ah)g(RB")
g(A*BY)g(B®) . 9(R)g(A'BY)
A2 A2 4 A2 2 2
AT 5 (B 8
Q(A B )g(A »B )R2:A2 R, ¥ q

Proof. We apply Corollary 2.3 with m = 4, A = 1, Ay = A, Ay = x4A, A3 = B,
Ay =xuB, By = ¢, Bo = x4, Bs = AB and By = x4AB to split the gFg in the statement

of the corollary into 4Fy(--- | +1) 4+ 4F4(--- | =1). The 4F4(--- | +1) can be reduced by

Corollary 5.1 and the 4Fy(--- | —1) by [35, Thm. 1.5], giving the desired result. O

5.2. p-adic Setting. We begin by looking at Corollary 2.10 in the case that a; = %,

bi = 1, i.e.,

11 1 11 1
a |2 2 2 ’)\ a |2 2 2 ‘ 1
" m[ 11 1 . TmGml 1 .
13 1 3 13 )
ZZWGQm[‘* i1 1 1 %‘A]. (5.2)

15 13 L g

We will consider (5.2) for m = 2,3,4 and various values of \.

Corollary 5.4 (m =2,A=1). Let g =p" be an odd prime power. When ¢ =1 (mod 4),
we write ¢ = x° + y? for integers x and y, such that x =1 (mod 4), and ptx when p =1
(mod 4). Then

-1 if ¢ =3 (mod 4),

13 1 3
4G4{‘11 i ‘i %‘1} ={¢1+2z ifg=1(mod 8),
2 2 1 1—-2z if ¢g=5 (mod 8).
Proof. By [20, Thm. 4.9],
: 3 ~1 if ¢ =3 (mod 4
2G2[2 2‘1] :{ ?q_ (mod 4), (5.3)
11 q +1 if ¢g=1 (mod 4).
Combining [35, Thm 1.10] and [9, Lemma 3.5] we have
I 0 if ¢ =3 (mod 4),
QGQ[ i i ‘ -1 ] =14 +2z if ¢ =1 (mod 8), (5.4)
1 —2z if ¢ =5 (mod 8).
Substituting (5.3) and (5.4) into (5.2), when m = 2 and A = 1, yields the result. O

Corollary 5.5 (m =3,A\=1). Let g =p" be an odd prime power. When ¢ =1 (mod 4),
we write ¢ = 2% + y? for integers x and y, such that p { x when p = 1 (mod 4). When
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q = 1,3 (mod 8), we write ¢ = u? + 2v? for integers u and v, such that p{u when p=1,3
(mod 8). Then

4(x% +u?) —3q if ¢g=1 (mod 8),

R R R R N
Lo 1 5 1 517, |42 —¢ if ¢ =5 (mod 8),

—q if ¢ =7 (mod 8).

Proof. Combining [35, Thm 1.11] and [9, Lemma 3.5] we have

11 1 e
5 5 % 0 fqg=3 d4
3(;3[ 2 2 2 ‘ 1} _ ) e (mod 4), (5.5)
1 11 4 4x® —2q if ¢ =1 (mod 4).
From [13] we have
4u? —q if¢g=1 (mod 8),
1 1 40,2 e
3G3[2 5 2’_1] _ du® + q ?fq_3(mod8), (5.6)
11 1 ‘ q if ¢ =5 (mod 8),
—q if ¢ =7 (mod 8).
Substituting (5.5) and (5.6) into (5.2), when m = 3 and A = 1, yields the result. O

When ¢ = p we can relate the hypergeometric functions in (5.3), (5.5) and (5.6) to the
p-th Fourier coefficients of certain modular forms. All modular forms will be denoted fa,
where the subscript # is the form’s unique identifier from LMFDB [32], and will have

Fourier expansion fu =Y <, an(fz)q".

Corollary 5.6. Consider the modular form fss.9.4.q = n°(42)n%(8z2) = anl an(f32.2.0.0)9" €
S2(T0(32)). If p is an odd prime, then

13 1 3
Gl FE ] =een otz
2 2 p
Proof. From [40, Prop. 1 & Thm. 2] we have
11
2G2[ i i ’ - 1] = ap(f32.2.0.a)- (5.7)
P
Substituting (5.3) and (5.7) into (5.2), when m = 2 and A = 1, yields the result. O

Corollary 5.7. Consider the modular forms fi63.cqa = n°(42) = Zn21 an(f16.3.c.a)q" €

S3(To(16), (;4)) and fo56.2.0.0 = ZnZl an(f256.2.0.0)¢" € S2(L'o(256)). Ifp is an odd prime,
then

138 1 3 1 3
6G6[11 L1 111‘1} = ap(f163.ca) + ¢(2) - ap2(f256.2.0.0)-
2 2 2 p
Proof. The relation
11 1
3(;3[ 2 2 2 ‘ 1} = ap(f163.c.a) (5.8)
111l
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corresponds to one of Rodriguez Villegas supercongruence conjectures [44] and can be
found in[39]. From [40, Thms. 5 & 6] we have

1 1 1
3G3[ i i i ) -1 ] = 0(2)(ap(f2562.00)° = P) = ¢(2) - ape(fas6.2.0.0)- (5.9)
P
Substituting (5.8) and (5.9) into (5.2), when m = 3 and X\ = 1, yields the result. 0

In fact, we can produce similar results to Corollary 5.7, for almost any rational A, via
the following result of Ono’s combined with the modularity theorem.
Theorem 5.8 ([40] Thm. 5). Lett € Q—{0,4} and consider the elliptic curve Ey/Q given

by
By y? =23 — 222 4 (4t — tYx + 15 — 445,
If p is an odd prime for which ord,(t(t —4)) =0, then
1114y
3G3[ i i 2 I ] = o(t* — 4t) (ap(Er)? — p) ,
p
where ap(Ey) =p+ 1 — #E(F)p).

Here are some examples where one of the modular forms has complex multiplication
(CM), corresponding to the elliptic curves in [40, Thm. 6].

Corollary 5.9. Let

13 1 3 1 3
GA::G444444(A.
sl {1411 D,

(1) Forp#2.3,
GGG[ 6714 ]p = @(=T7)- ap2 (f1568.2.0.a) + ap2 (f32.2.0.0)

—p if p=3 (mod 4),
= —7 . a.a +
©(=T7) - ap2(f1568.2.0.a) {4x2 —p ifp=1(mod 4),

where p = 2% +y? = 1 (mod 4), with x odd.
() Forp#23,

G| 64 ]p = p(14) - ap2(f1568.2.0.0) + ©(2) - a2(f32.2.0.0)

= 14 ° a.a 2
©(14) - ap2(f1568.2.0.0) + (2) {4$2 —p if p=1 (mod 4),

where p = 2% +y? = 1 (mod 4), with x odd.
(3) Forp#2,5,
6Go| 15 ]p = ¢(5) - ap2(f200.2.a.6) + ©(—3) - ap2(f36.2.0.0)

—p if p =2 (mod 3),

= ¢(5) - ap2(f200.2.0.6) + ©(—3) {4332 —p ifp=1(mod 3)

where p = 2% + 3y* = 1 (mod 3).
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(4) Forp#2,5,
6Gs[ 16 | = ¢(5) - ay2(fa00.2.0.0) + #(3) - 2 (f36.2.0.0)

—p if p =2 (mod 3),

= ¢(5) - ap2(f200.2.a.6) + ©(3) {4:52 —p ifp=1(mod 3)

where p = 2% + 3y? = 1 (mod 3).
(5) Forp#2,3,5,13,

6G6 | 1055 ]p = p(65) - ap2(fa225.2.0.0) + P(=7) - ap2(f19.2.0.0)

—p if p=3,5,6 (mod 7),

#(65) - ape (faz25.2.0.0) + ){4952—]? if p=1,2,4 (mod 7),

where p = 2% + Ty*> = 1,2,4 (mod 7).
(6) Forp#2,3,5,13,

6Gs[ 4096 | = 0(65) - ap2(fa225.2.0.0) + ¢ (7) - ap2 (f29.2.0.0)

—p if p=3,5,6 (mod 7),

= (65) - a 7
©(65) - ap2(fa225.2.0.0) + (7) {4932 —p ifp=1,2.4 (mod T),

where p = 2% + 7y? = 1,2,4 (mod 7).

Proof. We use (5.2) with m = 3. We then consider Theorem 5.8 for appropriate values of
t and combine with the modularity theorem (curves and modular forms are determined in
Sage [45] and LMFDB [32]). We follow [40, Thm. 6] for evaluation of coefficients in the
CM forms. (1)t =12,3. (3)t=5,3. (5) t = 62,9, For cases (2), (4) and (6) we note
that [20, Thm. 4.2]

1101 11011
GQQZ‘)\:—)\-G 222‘7'
33[111 A R Y

p P
O
We can perform a similar exercise in the case of m = 2 for a; = %, CLQZ%, blzéand

by = %, using the following result of the first author.

Theorem 5.10 ([36] Thm. 1.2). Letp > 3 be prime. Consider an elliptic curve Eq,/F) of
the form Eq : y? = 23 +ax+b, with j(E,p) # 0,1728. Define ap(Eqp) = p+1—#Eq,(Fp).
Then

(5.10)

(SN
[SSI] N [OV)

ap(Eap) = o(b) - p- 202[

‘ 27h2 }
—== .
4a »

Combining Theorem 5.10 and Corollary 2.10, with m = 2, the following corollary is
immediate.

Corollary 5.11. Let p > 3 be prime. For E,;/F, and E_,;/F, elliptic curves with
J(Exap) # 0,1728,

1 5 3 7 61,4
15 3 T 36 b

4G4[ E15 g 51; ? 94,6 } el )(ap(Ea,b) + ap(E—a,b))'
6§ 3 3 6 a”1p P
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By taking different values of a and b we can relate special values of the 4G4 in Corollary
5.11 to coefficients of modular forms. Here is one such example with ¢ = 1 and b = 1.
Again, we use Sage [45] and LMFDB [32] to identify the relevant elliptic curves and
modular forms.

Corollary 5.12. Forp > 3,

1 5 3 7 36
p'4G4[? 51 5 24] = (1) - ap(faas2ac) + ap(for2.0.0).
6 3 3 6 p

Barman and Saikia [5] provide similar results to Theorem 5.10 for the elliptic curves
FEj : y2 =23 +ar?+band Fy : y2 = 2% 4+ az? + bx. Their results can also be used to
provide relations similar to those in Corollaries 5.11 and 5.12.

We now examine an application of (5.2) in the case m = 4.

Corollary 5.13. For p an odd prime,

1 1
G 4 4
8L 1 1

[SIEEEN[)
— e
D[ o
==
[ SN[
[SIEUNIY

‘ 1 ] = ap(f.a.a.a) + ap(f32.2.0.0) - ap(f32.3.ca) + P
p

Furthermore, the right-hand side reduces to ap(fg.4,a.a) + p when p = 3 (mod 4).
Proof. By a result of Ahlgren and Ono [1, Thm. 6] we have, for p odd,

1 1 1 1
202 2 27| = : 11
4G4[ 1111 ‘ L ap(fs.4.a.a) + D (5.11)
In [38], the first author and Papanikolas proved that, for p odd,
11 1 1
4G4 2 2 2 2 ‘ -1 = ap(f32.2.a.a) : ap(f32.3.c.a)u (5'12)
1 1 1 1 »
and both sides of (5.12) are zero when p = 3 (mod 4). Substituting (5.11) and (5.12) into
(5.2), when m = 4 and A = 1, yields the result. O

5.3. Classical Setting. Similar to the development of Corollaries 5.1-5.3 in the finite
field setting, we can use Theorem 2.12, with n = 2, to leverage known reduction formulas
at lower orders to produce reduction formulas at higher orders in the classical setting.

Corollary 5.14. For Re(b) < 1,

a, a+ 3, b, b+ 1
JFy o 2 ’ 1]
1, 55 5t+a—b, 1+a—1>
1 [DO+2a—2)0(1—4b)  T(1+2a—20)0(1+a)
2 7 [T —20)I(1 +2a —4b) ' T(1 +2a)C(1+a—2b)]

Proof. We use Theorem 2.12 withn=m =2, A=1,a1 =a, a3 = b, by = % and by =
3+a—b to split the 4F} in the statement of the corollary into o F [ -+ | +1]42F5 [+ | —1].
The 9F5[--- | +1] can be reduced by Gauss’ theorem [3, p. 2] and the 2F[--- | —1] by
Kummer’s theorem [3, p. 9], giving the desired result. O
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Corollary 5.14 is a direct analogue of Corollary 5.1 and is already known. It appears
(without proof) in [42, eqn. 11, p. 555].

Corollary 5.15.

1 3 1 3 1
i 1 1Ta4 1ta z—a j—a
6L 1 1 1 1
1, 5, 1=a, 5—a, 1+a, 5+a

(1 42a)T(1 - 2a) [ r(4)? . V272

- P(§—-20)0(7+20) T(a+)T(a+ I (—a+ )T (-a+g)

Proof. Combining Whipple’s [53, eqn. (9.3)] and [53, eqn. (

BF[;, $+a, 3—a _1] 7(1+a)l(1 —a) ‘
Lote - |l T T UATE R DGR DRC DT E )

WenowuseTheorem212withn—2 m=3, A =1, al—i,a2—4+a ag—l—a,

10.3)] we get that

(5.13)

by = ; by = 5 —a and by = 5 —i— a to split the gFg in the statement of the corollary into
3B [ | +1) + 3F5 [+ | —1]. The 3F3[- -+ | +1] can be evaluated using Dixon’s theorem
[53, eqn. (10.1)] and the 9 F» [ - - | —1] by (5.13), giving the desired result. O

Corollary 5.15 is a direct analogue of Corollary 5.2. We are conscious of the fact that it
is unlikely such a result is not already known. However, we haven’t found Corollary 5.15
in the literature.

Corollary 5.16. For Re(b) < %,

F[a, a+ 3, a—i—%, a+ 3, b, b+ 1, b+ 1, b+ 3 ‘1]
e 1, %, Z 3, %+afb, 14+a—0, iqtafb, %+afb
_ 1 [P0 +4a—4b)P(1—8b)  D(1+4a—4h)I(1 +2a)
1 [(1—4b)[(1+4a—8b) T(1+4a)l'(1 + 2a — 4b)
(14 2a — 2b)T (3 + 2a — 2b) {;—a, 2b, 2b M
2T(1+2a)T(3 +2a—4ap) °° 1+a, %

Proof. Again, we use Theorem 2.12, this time withn =2, m=4,A=1,a1 =a, a3 = a—l—%,
a3 = b, ay :b—i-i, by = %, by = %, bz = %—i—a—band by = %—i—a—b. This splits the

gFg in the statement of the corollary into 4Fy[--- | +1] + 4Fy[--- | —1]. The 4Fy[--- | +1]
can be evaluated using Corollary 5.14 and the 4Fy[--- | —1] by a result of Whipple [53,
eqn. (3.4)], giving the desired result. O

Corollary 5.16 is a direct analogue of Corollary 5.3 and, again, we haven’t found it in
the literature.

6. MORE ON THE RELATIONSHIP BETWEEN F'(---), AND G| -],

We recall the discussion at the end of Section 2.1 and beginning of Section 2.2 regarding
the domains of F(--- ), and G- - - ]4, when considered as functions of ¢. Let F; = (T'). For

fixed a;,b; € Q, if we consider ,, Fy, ({T@@~D}; {T%(a=1} | .}, to be a function of ¢, then
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the domain is all ¢ = 1 (mod d), where d is the least common denominator of the elements
in {a;}U{b;}, ensuring a;(q—1),b;(¢—1) € Z. Via Lemma 2.6, ,,, Fy, ({741}, {Tb:(a=1} |
-)q extends to G [{ai}; {bi} | -], whose domain is all ¢ relatively prime to d.

It is possible to extend the domain of ,, Fy, ({T%@D}; {T%(@=1} | ), without moving
to the p-adic setting, in certain circumstances. Specifically, if the parameters ({a;}, {b:}),
or some subset thereof, are defined over Q. Using the same notation as in Section 2.2, if
({a;},{bi}) are defined over Q with corresponding exponents ({p; : 1 < i < t},{g;: 1<
i < s}), then [7], for A; = T~ and TP (@1

Ay, As, .., An
mFm( By, B, ..., Bn ‘ /\>q
(—1)tFs+1 92 0 ot . s ' . 5 )
i Zq—ﬁ( )+s(=3) Hg(TJPi) HQ(T_M) CTI((=1)™ M), (6.1)
q 5=0 i=1 i=1
We can use (6.1) as the definition of ,, Fp,({T%@~ D} {Tb@=D}y | X), if ({a;},{b:})
are defined over @, and then its domam is all g relatively prime to d, the same as
ml{ai}; {bi} | 14 Letting T'= @ in (6.1), then using the Gross-Koblitz formula, Theo-
rem 3.5, followed by the change of variable j — (¢ — 1) — j, we get, via Theorem 2.7, that
({7 D} {100V | X)), = nGo[{ai}; {bi} | A1, So, if ({a;}, {b;i}) are defined
over Q, then ,, Fy,({T% (41}, {Tb(@=D} | .),, as defined by (6.1), and ,,Gm[{ai}; {bi} | - 14
are equivalent, up to inversion of the argument \. Therefore, Theorem 2.8; Corollary
2.10; equation (5.2); and, Corollaries 5.4-5.13 all still hold with ,,G,,[{a;}; {b;} |
\], replaced by ,, F,, ({T%(@DY; {T0(@=D} | \71), | as defined by (6.1).

The case where some, but not necessarily all, of the ({a;}, {b;}) parameters are defined
over Q was considered by Doran et al. in [11]. Let S, and S, be submultisets of {a;} and
{b;}, respectively, such that

i | T

[hes, # — e [l o =1

for some positive integers p1,p2,...,p: and q1,qo, ..., qs, with ¢ and s minimal. We say
(Sq, Sp) are defined over Q and we use the the same notation D(z),d,s(c) and M, as
defined in Section 2.2. Let S, = {a;} \ S, and S, = {b;} \ Sp. Then [11], for A; = T%(@~1
and Tbi(fI*l)’

Ay, As, ..., Ay
mFm<Bla B25 sy Bm ‘A q
(—1)t+s+1 9—2

t s
= Z g (O +s(=) H g(T7P) H g(T74)
4= i=1 i=1

7=0

g(T7 et h) g(ro2 ) m+6 g r—1
H Ta(q 1) H (T b(q— 1)) T (( ) M )\) (62)
beS,

b
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So, we can use (6.2) as the definition of ,, F,, ({T%@~D}; {T%(@=DY | X), if (S,, Sp) are
defined over QQ, and then its domain is all ¢, such that ¢ is relatively prime to d;, where
dy is the least common denominator of of the elements in S, U Sy, and, ¢ = 1 (mod ds),
where dy is the least common denominator of of the elements in S, U S,. If ({a;}, {b;})
are defined over Q, then, taking S, = {a;} and S, = {b;}, we recover (6.1).

If (Sq, Sp) are defined over Q, it is straightforward to show, using the same approach as
in the proof of Theorem 2.7, that

ai, az, ..., Gm _ 1 - _1)i(m+3) —5(0)+5(j) —J .
mam[bh e Mq_q_lzjo( 1im ) g (M)
r—1 t = . |49
X HHF qufp ))(=p) Tt HFP((;fllp ))(=p)
k=01i=1 i=1

({((a = F)p* byt | To(((=b+ 4p)p" bty it
y H qkiip >)(_p)7L<ap = ({( 1P >)(_p) [(=bip*)+ 25|

(6.3)

Again, letting 7' = @ in (6.2), then using the Gross-Koblitz formula, Theorem 3.5, followed
by the change of variable j — (g—1)—7, we get, via (6.3), that ,,, Fy, ({741}, {Tb:(a=1} |
N)g = mGm[{ai};{bi} | A1), However, in this case, if the full ({a;},{b;}) are not
defined over Q, then the domain of ,, F, ({791}, {T%(a=D} | ), is smaller than that
of wGrnl{as}: (i} | 1o

This is the reason we use G[---];. While G[---], will coincide with F(---), (up to
inversion of the argument \) on any domain on which F(---), is defined, GJ---], will
always be defined on the largest domain possible, i.e., when ¢ is relatively prime to d,
where d is the least common denominator of the elements in {a;} U {b;}.
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