THE NUMBER OF F,-POINTS ON DWORK HYPERSURFACES
AND HYPERGEOMETRIC FUNCTIONS

DERMOT McCARTHY

ABSTRACT. We provide a formula for the number of [F,-points on the Dwork hypersurface
xl +xh -+ xy —nAT1T2 ... T =0

in terms of a p-adic hypergeometric function previously defined by the author. This
formula holds in the general case, i.e for any n, A € F; and for all odd primes p, thus
extending results of Goodson and Barman et al which hold in certain special cases.

1. INTRODUCTION

The first part of the Weil conjectures, the rationality of the zeta-function of algebraic
varieties over finite fields, was proved by Dwork in a 1960 paper [7] using p-adic analysis.
Subsequently, Dwork further developed his p-adic techniques and studied the special case
of zeta functions of non-singular projective hypersurfaces. In particular, he examined how
his p-adic constructions varied within a family, his so-called deformation theory [8, 9]. The
family

xray - xn —nAriry... oy =0 (1.1)
appears often in his work and is now known as the Dwork family of hypersurfaces. In
the early 1990’s, the n = 5 case appeared in the celebrated work of Candelas et al [4] on
mirror symmetry, thus reviving interest in the Dwork family. More recently, the Dwork
family played a central role in the proof of the Sato-Tate conjecture for elliptic curves with
non-integral j-invariant defined over a totally real field [15].

Formulas for counting the number of points on algebraic varieties over finite fields using
hypergeometric functions are of special interest. The hypergeometric functions involved
often display interesting properties, in particular, their links to Fourier coefficients of
modular forms [1, 10, 11, 12, 20, 21] and to the periods of the variety [5, 6, 13, 24]. To
date, these formulas have focused on single varieties and have been developed on an ad-hoc
basis. We are interested in examining these relationships over families of varieties, and,
given its prominence in some of the above mentioned papers and that certain special cases
have already been studied, the Dwork family is our starting point.

Let F, denote the finite field with g elements, where ¢ is a power of a prime p. Koblitz
[18] provides a formula for the number of F-points on monomial deformations of a diagonal
hypersurface, of which the Dwork family is a special case, in terms of Gauss sums, when
¢ is in a particular congruence class. He then highlights the analogy between this formula
and the Barnes integral for classical hypergeometric series. In [21], this author provided a
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simple formula for the number of [F)-points on the Dwork hypersurface, in the case n =5
and A =1, in terms of a finite field hypergeometric function, when p = 1 (mod 5). We
then extended this result to all odd primes using a hypergeometric type function defined
in terms of the p-adic gamma function (see Definition 2.1 below). We also proved that
the values of this particular hypergeometric function were linearly related to the Fourier
coefficients of a certain modular form. In [13], Goodson considers the n = 4 case and gives
formulas for the number of Fy-points in terms of finite field hypergeometric functions when
g =1 (mod 4), and extends to all odd primes using this author’s p-adic hypergeometric
function. She also conjectures a formula in the special case that n is prime and that p # 1
(mod n), which was proven by Barman et al in [2].

The purpose of this paper is to provide a formula for the number of Fj-points on the
Dwork hypersurface in terms of the p-adic hypergeometric function in the general case, i.e
for any n and A in I, and which holds for all odd primes p.

2. STATEMENT OF RESULTS

We first define the p-adic hypergeometric function. Let I'y(-) denote Morita’s p-adic
gamma function and let w denote the Teichmiiller character of I, with @ denoting its
character inverse. For z € Q we let |x] denote the greatest integer less than or equal to
x and (z) denote the fractional part of z, i.e. z — |[z].

Definition 2.1. [23, Definition 1.1] Let p be an odd prime and let x € F),. For m € Z*
and 1 <i <m, let a;,b; € QN Z,. Then we define

.
ai, G, ..., Gm -1 _a\jm
me[bh b ]xL._Z( 1)7™ o ()

)

Throughout the paper we will refer to this function as ,,,G.,[- - -]. We note that the value
of ;G| - -] depends only on the fractional part of the a and b parameters, and is invariant
if we change the order of the parameters.

We now describe our main result. We consider the Dwork hypersurface as described in
(1.1). Let d := ged(p — 1,n) and

=0
X ﬁ Fp(<ai _ 17%1» Fp(<7bi + 1%1>) (_p)*L<ai>*%J*L(*bi>+ﬁJ.
i—1 Fp((az> r

n
W= {w = (w1, wa,...,wy) €Z": 0 < w; < d,Zwi =0 (modd)}. (2.1)
i=1
Define an equivalence relation ~ on W by

w ~ w! if w —w/ is a multiple modulo d of (1,1,...,1). (2.2)

We note |W| = d"~! and |W/ ~| = d"~2 as every equivalence class has d elements. We will
denote the class containing w by [w]. We note also that each class contains a representative
w where some w; = 0, for 1 < ¢ < n. We will write [w*] to indicate that we have chosen
such a representative for a particular class.
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For a given w = (wy,wy,...,w,) € W, define ny to be the number of k’s appearing in
w, ie, ng = [{w; |1 <i < n,w; = k}|. We then let Sy, :={k |0< k <d—1,n =0}
and S§ denote its complement in {0,1--- ,d — 1}. So the elements of S,, are the numbers
from 0 to d — 1, inclusive, which do not appear in w. We define the following lists

Ap: [ZE keS| U[L[0<h<n—1,h#0 (mod Z)]; (2.3)
By, ¢ [“E repeated ng-1 times | k € S5 . (2.4)

We note both lists contain
s:=n— |5, (2.5)
numbers.
Theorem 2.2. For a prime p, let N,(\) be the number of points in P"1(F,) on
x4y xn —nAzrizy ... oy =0,

for some n, A\ € Fj,. Define d := ged(p — 1,n) and let W, ~, Ay, By and s be defined by
(2.1) - (2.5) respectively. Then for p odd,

_pn_l_l n s g - w; Ay n

Np(A) = o1 +(=1) Z (—p)d =1 Hrp(j) sG's B, ’ AT
[w*)eW/~ i=1 P

The sum in the above expression is independent of choice of representatives w*, as we will

see from the proof. If p | n then the problem reduces to the A = 0 case, formulas for which

are well known and can be found in [16, 25]. We now look at a couple of special cases.

Corollary 2.3. If d =ged(p— 1,n) =1 then

pnfl _1

p—1

— 3=
—3

Np()‘) = +(=1)" n-1Gn1

n—l n
r v
P
Corollary 2.3 is a slight generalization of the result we mentioned in Section 1 for the case
n is prime and p # 1 (mod n), which was conjectured by Goodson [13] and proven by
Barman et al in [2].

As noted in Section 1 some of the previous results counting the number of F,-points
on the Dwork hypersurface have been in terms of finite field hypergeometric functions
and were valid only for primes in certain congruence classes. This restriction to primes
in certain congruence classes is a common theme in results involving finite field hyperge-
ometric functions. Establishing results for all primes is the main reason we developed the
p-adic function defined above. (See [23] for a more complete discussion.) Conversely, if we
choose to restrict results involving ,, G, [- - -] to primes in certain congruence classes then
it is always possible to reduce these results to expressions in terms of ,,, Fy,, (- - - ). Our next
corollary does exactly that for Theorem 2.2 in the case p =1 (mod n).

Let I denote the group of multiplicative characters of Fy. We extend the domain of
X € ﬁ% to IF, by defining x(0) := 0 (including for the trivial character ) and denote X as

the inverse of x. Let 6 be a fixed non-trivial additive character of IF, and for x € I/F% we
define the Gauss sum g(x) := Exqu x(2)0(xz). We define the finite field hypergeometric
function as follows. (See [22] for the relationship to the functions of Greene and Katz.)
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Definition 2.4. [22, Definition 1.4] For Ay, Ag,..., Ay, B1,Ba..., By € I/Fg and x € F,

m

Ay, Ag, ..., A 1 9(Aix) 9(Bix) _, \m )

We note Definition 2.4 is stated slightly differently than the original in [22], which has
an implied B; = ¢, as is often the custom in hypergeometric functions. The relationship
between ,, Fry(...) and G [ - -] is outlined in [23] and reproduced below in a slightly
altered form to take account of the altered definition of ,, F,(...) above.

Lemma 2.5 ([23] Lemma 3.3). For a fized odd prime p, let A;, By € ﬁg be given by

w4 (=1 gnd Wb P—1) respectively, where w is the Teichmiiller character . Then

Ala A2a cee Am _ ai, az, ..., am -1
mFm(Bl, B ! T b b o b K ;

Let p=1 (mod n) and so d := ged(p — 1,n) =n and t := 221 = 221 Tet T be a fixed

T =
generator for F} and define the following lists

ot [T ke 5,
Br, [T(”_k)trepeated ng-1 times | k € Sy, | .

Corollary 2.6. Ifd =ged(p —1,n) =n, i.e., p=1 (mod n), and t := 2= then

pn—l —1 - w;t A/Tw -n
NN =——+ > [T 5.1 Fs. B, ‘ A .
w p

Pl darmin

3. AN EXAMPLE

In this section we give an example of how Theorem 2.2 works in practice, when n = 4.
Let p be an odd prime and let N,()\) be the number of points in P3(F,) on

4 4 4 4
1+ Xy + 23 + x4 — A x1207324 = 0,

for some A € F.

If p=3 (mod 4) then d = ged(p — 1,4) = 2. We now evaluate the sets W and W/ ~.
We first note that the contribution of any w = (wy,ws, w3, wy) to the sum in Theorem
2.2 is the same as that for any permutation of w. We therefore list the elements of these
sets up to permutation. We will however indicate, using a superscript, the total number
of distinct permutations. So

W ={(0,0,0,0),(0,0,1,1)% (1,1,1,1)}
and
W/ ~=1{[0,0,0,0],[0,0,1,1]3}.

When w = (0,0,0,0) we see that ngp = 4,n; = 0, and so S, = {1} and S = {0} with
s:=n—|S5| = 3. Thus we get A, : %, %,% and By, : 1,1,1. Now when w = (0,0,1,1) we
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ot

get that ng = 2,n1 = 2, and so S, = ) and S§, = {0, 1} with s = 2. Thus we get A, : i,
and By, : 1, 3. So when p = 3 (mod 4) we get
‘)\4} .

p

L[S

= D=
=]

-1 1
Np(A) = 2; +3G3[ %

1 ’)‘4] _3p'2G2[
p

—
[CIEEENIY

This corresponds to Theorem 1.2 in [13].
If p=1 (mod 4) then d = 4. Here we have

W/ ~ = {[0,0,0,0 ) [0707272]33 [0707 1a3}12}'

]
When w = (0,0,0 0) we have A, : %, %,% and By, : 1,1,1. When w = (0,0, 2,2) we have
Ay i,i and By, 5. Finally, when w = [0,0, 1, 3] we get A, : % and By, : 1. So when
p=1 (mod 4) we get

P 118, L3y Ly,
N,(A) = _1+303“ 2 ﬂx] —3p-2G2[‘11 ‘11’)\] —12p-1G1[%‘)\].
p P 2 P P

This corresponds to Theorem 1.3 in [13], after simplification of the final term.

4. PRELIMINARIES

Let Z, denote the ring of p-adic integers, Q, the field of p-adic numbers, Q, the algebraic
closure of Q,, and C,, the completion of Q,.

Let ¢, be a fixed primitive p-th root of unity in Q,. We define the additive character
0 :Fp — Qp(¢p) by O(x) := (5. We note that Z, contains all (p —1)-st roots of unity.
Thus we can consider multiplicative characters of F), to be maps x : F,, — Z,. Recall that
for x € I/E’%, the Gauss sum g(x) is defined by g(x) := Zmer x(z)0(x).

The following useful result gives a simple expression for the product of two Gauss sums.
For y € I/F\; we have

9009%) = {’f“)p o (4.)

In [18], Koblitz provides a formula for the number of points in P"~}(F,) on the hyper-
surface z§ + 2§ + - - - + 2% — a z122... 2, = 0, for some a, A € Fp, where p =1 (mod a).
Koblitz’s result builds on the work of Weil [25] which provides a formula in the A = 0
case. Weil’s results hold for all primes p and it is a relatively straightforward exercise to
extend Koblitz’s result to all primes in the case a = n, as follows.

Theorem 4.1 (cf Koblitz [18] Thm. 2, Weil [25]). Let N,(\) be the number of points
in PP"YF,) on Y1 —nA[[j_ 2 = 0, for some n € Fy, A € Fp. Let T be a fized

generator for Iﬁ%, d:=ged(p—1,n) and t := P L Let W be deﬁned by (2.1). Then

= 3 N, (0,w) +— 3 ZHZ 19TZJ1 ") minn).

weW wGW 7=0
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where
0 if some but not all w; =0,

Np(0,w) = ¢ 2t if all w; =0,

SITim 9(T?)  if all w; # 0.

Theorem 4.1 can also be proved directly using the point counting technique in [25].
This technique is also often used to establish results involving finite field hypergeometric
functions [2, 3, 11, 13, 19, 21].

We define the Teichmiiller character to be the primitive character w : ), — Z; satisfying
w(z) =z (mod p) for all z € {0,1,...,p— 1}. We now recall the p-adic gamma function.
For further details, see [17]. Let p be an odd prime. For n € Z* we define the p-adic
gamma function as

Ip(n) = (-=1)" H J
0<j<n
pli

and extend it to all € Z, by setting I',(0) := 1 and

r = 1lim T

(@) am p(n)

for x # 0, where n runs through any sequence of positive integers p-adically approaching
x. This limit exists, is independent of how n approaches x, and determines a continuous
function on Z;, with values in Z;. We now state a product formula for the p-adic gamma

function. If m € Z*, pfm and x = pil with 0 <r < p—1, then

m—1 m—1
H FP(%) —w <m(1—z)(1—P)) Fp(x) H I‘p(%). (4.2)
h=0 h=1
We note also that
Lp(@)Tp(1 — x) = (=1)*°, (4.3)

where 29 € {1,2,...,p} satisfies zg = x (mod p). The Gross-Koblitz formula [14] allows
us to relate Gauss sums and the p-adic gamma function. Let m € C, be the fixed root of
2P~ 4 p = 0 that satisfies 7 = (, — 1 (mod (¢, — 1)?). Then we have the following result.

Theorem 4.2 (Gross, Koblitz [14]). For j € Z,
o(@) =~V T, ().
We recall also the following result which can be derived from (4.2).

Lemma 4.3 ([23] Lemma 4.1). Let p be prime. For 0 < j<p—2 andn € ZT with p{n,

((520)) o T = TT (4 - 54)
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5. PROOFS

Proof of Theorem 2.2. By Theorem 4.1 we have

N =2 S g Ly S IR gy

wGWz 1 weW j=0
w; 70
From (4.1) we get that
) o T (=1)p ifT™ #¢,
Tg(T™™) = .
g(T")g(T ) {1 i

Now T™ = ¢ if and only if j =0, as 0 < j < P==. Therefore

pn—l _ 1 n
=Ll S L - S [
p p weW =1 weW i=1
all w;#0
1 t—=1 n ‘
bl S S L) o) T ()
p(p_ )wGW j=11i=1
pl-1 1 = . 1 e . 1
— - w; - Twl 1 -
p=1 p 2 Ug( ) p 1ZH9( )[ p}
weW =1 weW i=1
all w;#0
1 t—=1 n .
+ =2 D Le@ ) o(r=9) T (=n)
p(p_ )wEW 7j=01i=1
pn 11 1 n
R I |
p weW  i=1

some w; =0
t—1 n

_1 Yo > ITo@e*) o(r="9) T (=n).

wGW] 0i=1

1 n
—pp_ll—l > [T

weWw =1
some w; =0

p—2

Z [To(T#47) g(T=79) T (=n)).

[w]eW/~ j=01i=1
We now examine the inner sum in the last term above, which we will denote Ry, i.e.,

pP—2 n

Ry = S [L o) g(T=") T (~n)),

j=0i=1
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and

n—1 _ n
N =g - 3 e+ Y Bu G

weW  i=1 [w]GW/N
some w; =0

We note that Ry, is independent of choice of representative for the equivalence class.
Recalling the notation from Section 2 we see that

Ry =>_ [T 9@y g(T=7) T (—n)).
j=0 keS¢

Again using (4.1) we get that

9T g(T M) = {

NowTktH:gifandonlyifk;:j:00rk>0,j:(d—k)t. So, as ng > 1 when k € S,

Tkt—‘rj(_l) p if Tkt+j £ e,
1 if THHT = .

g Tkt-l—j nig—1 Tkt+] 1 D i i
Ry = Z 1T ) ST CDP pniy 773 ()
j=0 keS¢,
j#0 (mod t)
g T(k—l—a nE—1 (ktat
S A ()
a=0 keS¢, keS¢,
kZ—a (mod d)
g Tk:t-l—j nE—1 Tkt-l—]( 1) P i i
5 AN D e
j=0 keS¢,
T(k+a)tyne—1
g ) (k+a)t k+a)t
_Z H —(k+a)t) H (T ) H (T )
a=0 keS¢, keSS, keSg
kZ—a(d)

For a given 0 < a < d — 1 define

- 0 ifa=0
" ld—a ifa>o0.
Then0<va§d—1and Vg = —a (mod d). So

g Tk:t—i—j ng— 1Tkt+] 1 D i i
R[w]—z 11 CP g pniy pni (—n)

T kt— j)
Jj=0 keS¢,
g k+a nk 1 (hra)t
a
p-0 Y T (e ).
a=0 keS¢ keSS,

va €SS, k#vq
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We will analyze the two terms appearing on the right-hand side of the above equation
separately, and refer to them as RE ] and R’[’ l respectively. It is easy to see that R

is independent of choice of equivalence class representative thus so is R[ - We note first

that for a given 0 < a < d —1, if v, € S, then

H g(T—(k—i-a)t) H g( k+a _ H g —(k+a)t H g I<:+a

kesSe, keSS, keSS, keSS,
k#vq k?éva k#”a
(k+a)t
== II [7*" 0]
keSs,
k;éva

using (4.1) and the fact that g(¢) = —1. Thus

[w]__ _1 Z Hg k-‘ra nklng (k-‘ra))

a=0  keSs, keSs,
va €S, k#vq
= (-1 Z [T o(rt+
a=0 keS¢
Vo €SS,
n
o1 % [awe
a=0 =1
Va €S,

For a given 0 < a < d — 1 let @ be the n-tuple (a,a,--- ,a). Note then that
Ve €Sy, = 0¢€ 5,5

where the addition w + @ is considered modulo d so w +a@ € W. Therefore

d—1 n
Y. Riy=@-1 > > Jle@wron
[w]eW/~ [w]eW/NO S:C i=1
w+a
weW =1

some w; =0

So now (5.1) becomes

n—1

- p -1 1 wit /
Np(A) = 1 9 Z HgT p—1 Z ( ) + 1
p P )
sorzlueet‘g/ Ol ! fw]ew/~
n—1
pt -1 1 Z /

- _ _ [w]
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where
p—2 g(Tkt—i-j)nk—l Tkt+j(_1) p

/A
=2 o(T—F-7)

j=0 kese
We now switch to the p-adic setting to analyze R/[w}' We let T' = @ and use the Gross-
Koblitz formula, Theorem 4.2, to get

)™ @ (- p

[w] Z H p(< §—i>)

j=0 keS¢

g(T™"9) T™ (—n\).

where

and
Yy = Z ng — 1) Z 1+1.
keSg, keSg,
Using the facts that (z) =z — |z],

an—an—n

keS¢,

and

Z kng —ZwlfO (mod d),

keS¢,
it is easy to see that
p= Y RS -0 |5+ 5]+ Y [h -k - ez 69
keSe, kesSe, keSS,
and
y=mn+1.
So
({5 +520)" @ (D
(a+ 52 _
) = Z 1 -~ T(E ) Tp((=520) @ (=nA) - (=p)" - (=)™
Jj=0 keSg, d 1
(5.4)
From Lemma 4.3 we see that as p{n,
n—1 n—1
h h
Tn(oe-a) Hn(e-2)
—nj h=0 h=0
O ((54)) = - TR (55)

ol [T (%) ) [T Ty (%)
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Now
n—1 d—1 el
(e~ ) - fIn(a-) 0T v
- - h£0 (%)
n—1
{2 T n(e-)
h£0 ()
d—1 4 1
=TIn((-4-)) 11 w((E-7)) 69
= bt (2)

Accounting for (5.5) and (5.6) in (5.4) we get

fw) = Z IT (5o(S+ 520" &0 p) TT B(t-5 - 54)
Fp % Jj=0 keS¢ keSy
hl;[l ()

H ( Y ) W (=N) - (=)t (B.T)

h‘f (%)

Our aim now is to convert (5.7) in to the appropriate ,,G,[---]. We start with a few
preliminary observations. Similar to (5. 6) we have

n—1
[I0G) HF (%) H Ty (5.8)
= ho (1)

Furthermore, and noting that T’ (O) := 1, we see that

d—1 d—1
Hrp(g) = HFP dT HF % H Fp((‘%)) H Fp(<_§>)- (5.9)
k=1 k=1

kE S keSe,
Using the Gross-Koblitz formula (Theorem 4.2) and (4 1) we also observe that

H r,((-E) 1 H g(@ ") g@") o= =D +HE)]

kese, kese,

= (—p) IO T (wkt(—l)p)
keSe\ {0}
|5c \{0}| H wh( (5.10)
keS¢,

as

0 k=20
(dk>+<§>:_Lko_L§J:_{_1 1<k<d-—1.
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Combining (5.8), (5.9) and (5.10) we get that

IT v ()™ T (40 TT ral) ey

k
keSe, kESw h=0 E
h#0 (%) _ kese,
n—l B \{0}]
TIr(®) 11
h=1

and so (5.7) becomes

p-2 (& + )™ 1 T (<__& __AJL,>)
A 1 1)15a\ O} {a+ 5% P\ d p-1
w) = (=1)" Z H 1 H T, ((—5)
j=0 kessg, p(<3 ) k€ Sw PAV o d
_ h
(= Fp((ﬁ B p%l>> E\\"k (—j IS5 —nj T
oy 1L (@)™ - @ (=1 p) (=N (=p)* (5.11)
h=0 P(<H>) kese,
h#0 (3)
We now turn our attention to the power of (—p). Comparing (5.11) to Definition 2.1 for
mGm|[ - -] we see that for our particular arguments of the p-adic gamma function we would

like the power of (—p) to be

n—1
pim = | - DU + el LR -l Y LA -
P P P
keSe, k€Sw h=0
h#0 ()
Comparing to (5.3) we see that
n—1
kng N : i . , L :
emz= Y S Y [Hh - D e X Wkl
keSg, keS¢, k€Sw h=0
h£0 ()
A straightforward calculation yields
n—1 n—1 d—1
-2 =Yl -l = Y KB -+ Y U-B - k)
h=0 h=0 k=0
h#0 ()
So
roz= Y Pl R B BIIE R
kese, kese, kesSg,
kg k j d—k ]
=D 0t 2 L—a—ﬁJ— > -4
kesy, keSg\{0} keSi\{0}
k
= > —E 185\ {0}
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Recall s :=n —[S|, W(—-1) = -l and ), g kng => 1" w;. Therefore

ful = HF (%) - (=pya iz pho (1!

where

So
; ||F (%) X phe () (p—1) -G Aw‘/\”
[w] — d p p sUs Bw p,

where A,, and Bw are the parameter lists defined in (2.3) and (2.4). Therefore, from (5.2)
we get that

j— ?_ 7 611)71 A
W =T e 5 T CotEhe o e

w]eW/~ i=1 P
If the representatlve w we choose in each equivalence class is such that w; = 0 for some
1 <i¢ < n then §,, = 1. Therefore, choosing only representatives of this form yields

prl—1 " A
ww=250 S e come oo 0]
GW/N =1 p
]
Proof of Corollary 2.3. If d = 1 then w = (0,0,---,0) is the only element in W, and
w = 0 and S5 = {0}. Thus A, is %,%,-~~ ,”;1 and B, is 1,1,---,1 (n —1 times).
Therefore in this case the result in Theorem 2.2 reduces to
L1 . 102 n—1
- — . n n " n n
NoN) ===+ (=1 "—1G"—1[1 1 ... 1 ‘A L'
Il

Proof of Corollary 2.6. Corollary 2.6 can be proved as a stand alone result, in a similar
manner to Theorem 2.2 but without having to transfer to the p-adic setting. But having
proved Theorem 2.2 above, we now derive Corollary 2.6 from that result.

When d = n then the list [2|0<h<n—1,h%0 (mod 2)] is empty and so we get
the lists

Ay : [”T*k | k € Sy]; and By, : ["Tfk repeated ny-1 times | k € S| .
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We note that [A,| = [Sw| = d — |S,| =n — S| = D iege (ke — 1) = |By|. Then using
Lemma 2.5 and Theorem 4.2 we see that in this case Theorem 2.2 reduces to

]' A/w’w —n
Np(A) = ———+ > Hg |sw|F|sw< B ’ A > : (5.12)
[w*] €W/~ i=1 @ P

This equation holds if we replace w by any generator 1" for Iﬁ%. To see this, let T' = w® for
some 0 < a < p — 2 with ged(a,p — 1) = 1. Define a map f, : W/ ~ — W/ ~ given by

falw] = low (mod n)],

where if w = (wy,ws, - wy,) then aw (mod n) = (aw; (mod n), aws (mod n),--- , cw,

(mod n)). Then, as ged(a,n) = 1, f, is a well-defined isomorphism on W/ ~. Now

replacing [w] by [aw (mod n)] in (5.12) yields the result. O
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