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1. Introduction
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Foias—Saut result for Navier—Stokes equations

Functional form of the Navier—Stokes equations:
us +Au+ B(u,u) =1f, u(0) = up.

o If f = const. # 0, turbulence.
elf f=0o0rf=f(t)— 0ast— oo, turbulence for short time, then the

flows settle (to zero) eventually.
e Consider f = 0. Foias—Saut (1987) proved that any Leray—Hopf weak
solution u(t) has an asymptotic expansion,

u(t) ~ 3 anlt)e ",
n=1

where gj(t)’s are polynomials in t with values in functional spaces.
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Asymptotic expansions

Let (X,] - ||) be a normed space and ()32 be a sequence of strictly
increasing non-negative numbers. A function f : [T,00) — X, for some
T € R, is said to have an asymptotic expansion

t)NZf e~ in X,

where f,(t) is an X-valued polynomial, if one has, for any N > 1, that

|f(e) - Zf et

for some ey > 0.

= O(e~(@nFEmt) a5t — oo,
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Other NSE and PDE results

e H.—Martinez (2017, 2018) prove that the Foias—Saut expansion holds
in Gevrey spaces with non-potential force

[oe)
ur + Au+ B(u,u) = f(t NZf,, t)e "t
n=1

e Cao-H. (2020), Cao—H. (2020)

o0

v+ Au+ Bu,u) = F(£) ~ > xno(t) 7
n=1

where ¢(t) = t,Int,Inlnt, etc.
e H.-Titi (2021): Rotating fluids

ur —vAu+ (u-V)u+ Res x u=—Vp.

e Dissipative wave equations: Shi (2000)
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ODE results

A. With analytic nonlinear terms, no forcing.
y'+ Ay = F(y).

@ Normal forms: Poincaré, Dulac, Lyapunov (first method), Bruno.
e Power geometry: Bruno (1960s—present).
e Foias—Saut approach: Minea (1998).

B. Lagrangian trajectories. H. (2021): For a Leray—Hopf weak solution
u(x, t) of NSE,

y'=u(y, ).
C. With forcing.
y'+ Ay = F(y) +f(t).
Cao-H. (2021). For p>0and r e R:

F(t)~ > t7* (Int)", (Inlnt)’(Ininint)", ...
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2. Problem and main assumptions
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Consider the following system of nonlinear ODEs in C":

y'= Ay + G(y) + f(1),

where A is an n X n constant matrix of complex numbers, G is a vector
field on C", and f is a function from (0, c0) to C".

All eigenvalues of the matrix A have positive real parts.

Denote by Ay, for 1 < k < n, the eigenvalues of A counting the
multiplicities. The spectrum of A is

o(A) = {Ac:1< k<nlcC.

We order the set Rec(A) by strictly increasing numbers A;'s, with
1 <j < d forsome d < n. Of course,

0< A <ReA, <Ay fork=1,2,...,n.
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Nonlinear part

Function G : C" — C" has the the following properties.

© G is locally Lipschitz.

@ There exist functions G, : C" — C", for m > 2, each is a
homogeneous polynomial of degree m, such that, for any N > 2,
there exists 6 > 0 so that

N

G(x) = > Gm(x)

m=2

= O(|x|N*°) as x — 0.

For each m > 2, there exists an m-linear mapping G, : (C")™ — C" such
that
Gm(x) = Gm(x,x,...,x) for x € C".
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General consideration

There exists a number Ty > 0 such that f is continuous on [Ty, c0).

Assumption

| \

There exists a number To > 0 such that y € C1((To, o)) is a solution on
(To,0), and y(t) — 0 as t — co.

11
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3. Asymptotic estimates
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Assume there is T > 0 such that f € C((T,0)). Lety € C*((T,0)) be
a solution on (T, 00) that satisfies liminf;_, |y(t)| = 0.

Q If there is a number o € (0, \1) such that
f(t) = O(e™™),

then

then
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4. Exponential decay
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For z € C and t > 0, the exponential and power functions are defined by
. z __
exp(z) = Z o and t% = exp(zInt).
k=0

If z=a+ ib with a, b € R, then

t? = t?(cos(bInt) + isin(blnt)) and |t*]| = t°.
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Let X be a linear space over C.
© Define Fg(X) to be the collection of functions g : R — X of the form

g(t) =) pa(t)e for t € R,
A€S

where S is some finite subset of C, and each p, is a polynomial from
R to X.

@ For p € R, define

Fe(p, X —{ );sp,\ ’\te]:E:Re/\:uforall)\ES}.
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Assumption

The function f(t) admits the asymptotic expansion in C"

f(t) ~ Z fi(t) = Z fi(t)e "+t where f, € Fg(—puk, C") for k € N,
k=1 k=1

with (uk)22, being a divergent, strictly increasing sequence of positive

numbers. Moreover, the set S % {1k : k € N} preserves the addition and
contains Rec(A).
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Main result (1)

There exist functions

yk € Fe(—pk,C") for k € N,

such that the solution y(t) admits the asymptotic expansion

k=1

y(£) ~ > (1) = Ju(t)e e
k=1

Moreover, for each k € N, the functions yy(t) solves the following equation

YI/<+Ayk:Z Z gm(yjpyjza"

3 Yjm) + fi, fort € R.
m>2 Pj iy e B =k
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Main tool for the proof

Asymptotic approximations for the linear system.

Given y1 > 0, f € Fe(—p,C") and a function g € C([T, ), C"), for some
T > 0, that satisfies

g(t) = O(e~F9t) for some & > 0.
Assume y € C([T,o0),C") is a solution of
y'(t) + Ay(t) = f(t) + g(t), fort>T,
and it holds for any A € Reo(A) with A\ < u and any number m € N that

lim t™e*|y(t)| = 0.

t—00
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Theorem (continued)

Then there exists a function z € Fg(—, C") and a number € > 0 such

that
Z'(t)+ Az(t) = f(t) forteR,

and

y(t) — 2(2)] = O(e”(+9)").

Proof of Main result (I). By induction. The remainder
v (t) = y(t) — SSh_, yk(t) satisfies

iy + Avy = p(t) + g(t),  g(t) = O(e~ (vt

Then approximate vy(t) by yny11(t) with

Yher + Ayngr = p(t),  [v(t) — ynaa(t)| = O(e(msatelt),

Thus,
(1) = Y yi(t)] = O(e(rwatelty,

L. Hoang (Texas Tech) Differential Equations with Coherently Decaying Forcing Functions 10.4.2021 TTU



5. Power decay
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Definition

Define the iterated exponential and logarithmic functions as follows:

Eo(t) =t for t € R, and Epy1(t) = e5() for me Z,, t e R,
L 1(t)=¢e", Lo(t)=tfortec R, and
Lms1(t) = In(Lm(t)) for me Z,, t > En(0).

For k € Z., define

ﬁk = (Ll, L2,. ooy Lk) and Ek == (Lfl, Lo, L1, 000 Lk).

Explicitly, R

Li(t) = (e t,Int,Inlnt,... Le(t)).
For z = (z_1,20, 21, - -,2k) € (0,00)k*2 and
a=(a_1,ag,01,...,0r) € Ck2, define

k
_ Qj
=11 2"

j=-1
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For u € R, m, k € Z with k > m > —1, denote by £(m, k, 1) the set of
vectors « such that Re(a;) = 0 for =1 < j < m and Re(ap,) = p.

Definition

Let K be C or R, and X be a linear space over K.
@ For k > —1, define P(k, X) to be the set of functions of the form

p(z) = Z z%¢,, for z € (0,00)K"2,
a€eS

where S is some finite subset of KX2, and each ¢, belongs to X.

Q@ Let K=C, k>m>—1and u € R. Define Pp,(k, p, X) to be set of
functions of the above form, where S is a finite subset of £(m, k, 1)
and each &, belongs to X. Define

F ok, 11, X) = {poEk pe iPm(k,,u,X)}.
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Definition

Let K be R or C, and (X, || - ||x) be a normed space over K. Suppose g is
a function from (T,00) to X for some T € R, and m, € Z..

Let (vx)32, be a divergent, strictly increasing sequence of positive
numbers, and (nx)?°; be a sequence in NN [m,, 00). We say

g(t) ~ > gk(t) = Bi(t)Lm, (), where g € Fm, (ni, —7k: X),
k=1 k=1

if, for each N € N, there is some p > 7y such that

N

g(t) =) a(t)

k=1

= O(Lm.(t)™").
X
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Given an integer k > —1, let p =3 52%, € P(k,C").
Define, for j = —1,0,..., k, the function Mp : (0,00)k*2 — C" by

z) = Z a;jz%,.

a€eS

In the case k > 0, define the function Rp : (0,00)**2 — C" by

(Rp)(z) = ZZO zt Lz Y Mp)(2).

J

In the case p € P_1(k,0,C"), define the function Zp : (0, 00)kt2 — C"

by
(Zap)(2) = 2*(A+ a1h) .

a€esS
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Assumption

The function f(t) admits the asymptotic expansion with m, = 0,

F(t) ~ > fi(t) =Y A(t)t™", where fi, € Fo(ni, —puk, C") for k €N,
k=1 k=1

with (uk)22, being a divergent, strictly increasing sequence of positive
numbers, and (ni)?2; being an increasing sequence in Z... Moreover, the

def " .
set S == {yuy : k € N} preserves the addition and the unit increment.
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Main result (II)

There exist functions

yk € Fo(nk, —pk, C") for k € N,

such that the solution y(t) admits the asymptotic expansion

o0

o0
y(O) ~ Y wk(t) =D () e
k=1
More specifically, assume, for all k € N,

fi(t) = p(Ln,(t)) for some py € Po(ni, —pu, C").
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Theorem (continued)

Then the functions yy's can be constructed recursively as follows. For each
keN,

~

yk(t) - qk(ﬁnk(t))7

where

qk:ZA Z Z gm(leaQJz,---»qjm)+Pk—Xk y
m2>2 by e o, =k

with

| Raqyx if there exists A\ < k — 1 such that py + 1 = pu,
Xk 0 otherwise.
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Main tools

Theorem

Given integers m, k € Z with k > m, and a number ty > E,(0). Let
w>0,pePn(k,—u,C"), and let function g € C([ty,00),C") satisfy

lg(t)] = O(Lm(t)~%) for some a > p.
Suppose y € C([tg, 00),C") is a solution of
y' = —Ay + p(Li(1)) + &(t) on (to,00).

Then there exists 6 > 0 such that

y(t) = (ZaP)(Lk(1))] = O(Lm(1)*~°).
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Lemma

If k € Zy and g € P(k,C"), then
d 4 ~ ~
aq(ﬁk(t)) = ./\/l_1q(£k(t)) T Rq(ﬁk(t)) for t > Ek(O).

In particular, when k > m > 1, p € R, and q € P, (k, p, C"), one has

d
ar?

(Li(t)) = M_1q(Ly(t)) + O(t™) for all v € (0, 1).
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6. Logarithmic and iterated logarithmic decay
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Assumption

There exist a number m, € N, a divergent, strictly increasing sequence
(k)52 C (0,00), and an increasing sequence (ni)?2; C NN [m,,co)
such that the function f(t) admits the asymptotic expansion

o o0
f(t) ~ Z Zf (t)Lm, (t)"H*, where fx € Fr, (nk, —pik, C").
k=1 k=1
Moreover, the set S 2L {pk : k € N} preserves the addition.
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Main result (IlI)

There exist functions

Yk € Fm, (ng, —pk, C") for k € N,

such that the solution y(t) admits the asymptotic expansion

o o0

Y1)~ () =) Pr(t) L, (£) 715

k=1 k=1

More specifically, suppose fi(t) = pk(f,,k(t)) with px € Pm, (nk, —pk, C")
for all k € N. Then yi(t) = qi(Ln, (t)), where

qk:ZA Z Z gm(leanz’---»qjm)“‘Pk

m>2 ity e B =k
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7. Problems in real linear spaces
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Problems in real linear spaces

Consider the following system of nonlinear ODEs in R":

y'=—Ay + G(y) + f(1).

@ The matrix A is an n x n matrix of real numbers. All eigenvalues have
positive real parts.

@ The function G is from R" to R”",

G(x) ~ D Gm(x),  Gm(X) = Gm(x, %, ..., %),
m=2
with Gp, : R" to R”, and the multi-linear mappings G, : (R")™ — R".
@ The forcing function f(t) and solution y(t) are R"-valued.
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Theorem (Summary of three results)
If

F(t) ~ ifk(t),
k=1

with real-valued functions f;'s, then

() ~ > (1),
k=1

with real-valued functions yy's.

Ideas:

o Complexification of the multi-linear mappings G,'s.

@ Exponential decay: complex expansion of a real function is a real
expansion. (By the uniqueness of the expansions + complex
conjugation.)

@ Power and iterated logarithmic decay: real approximation comes from
the explicit construction at each step.
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Example
If

cos(at)(In t)(Inln t)~1/3

= & for some me N and £ € R”,

f(t) =

then the solution y(t) admits the asymptotic expansion

=
=
¢
=
Mgk
35
1=

iy

where qi(t) = G(L2(t)) with G € P,
functions gx(t)’s are composed by

(2,R™). Roughly speaking, the

o

cos(wl;j(t)), sin(wL;(t)), Le(t)?,

for j=0,1,2 and £ = 1,2, with some real numbers w's and «'s.
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Example
If

cos(2t)sin(3InInt)(InInin t)?sin(5IniInin t)

f(t) = (in )12 £ for some £ € R”,

then the solution y(t) admits the asymptotic expansion

where, roughly speaking, gx(t)'s are functions composed by the functions
cos(wLj(t)), sin(wL;(t)), Le(t),

for j=0,1,2,3 and ¢/ =2, 3.

39
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THANK YOU!
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