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Introduction

Navier-Stokes equations (NSE) in R3 with a potential body force
∂u

∂t
+ (u · ∇)u − ν∆u = −∇p −∇φ,

div u = 0,

u(x , 0) = u0(x),

ν > 0 is the kinematic viscosity,
u = (u1, u2, u3) is the unknown velocity field,
p ∈ R is the unknown pressure,
φ is the potential of the body force,
u0 is the initial velocity.
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Let L > 0 and Ω = (0, L)3. The L-periodic solutions:

u(x + Lej) = u(x) for all x ∈ R3, j = 1, 2, 3,

where {e1, e2, e3} is the canonical basis in R3.
Zero average condition ∫

Ω
u(x)dx = 0,

Throughout L = 2π and ν = 1.
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Functional setting

Let V be the set of R3-valued L-periodic trigonometric polynomials which
are divergence-free and satisfy the zero average condition.

H = closure of V in L2(Ω)3 = H0(Ω)3,

V = closure of V in H1(Ω)3, D(A) = closure of V in H2(Ω)3.

Norm on H: |u| = ‖u‖L2(Ω). Norm on V : ‖u‖ = |∇u|.
The Stokes operator:

Au = −∆u for all u ∈ D(A).

The bilinear mapping:

B(u, v) = PL(u · ∇v) for all u, v ∈ D(A).

PL is the Leray projection from L2(Ω) onto H.
Spectrum of A:

σ(A) = {|k |2, 0 6= k ∈ Z3}.
Denote by RNH the eigenspace of A corresponding to N.
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Functional form of NSE

Denote by R the set of all initial data u0 ∈ V such that the solution u(t)
is regular for all t > 0. The functional form of the NSE:

du(t)

dt
+ Au(t) + B(u(t), u(t)) = 0, t > 0,

u(0) = u0 ∈ R,

where the equation holds in D(A) for all t > 0 and u(t) is continuous from
[0,∞) into V .
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Asymptotic expansion - Normalization map

For u0 ∈ R, the solution u(t) has an asymptotic expansion: [Foias-Saut]

u(t) ∼ q1(t)e−t + q2(t)e−2t + q3(t)e−3t + ...,

where qj(t) = Wj(t, u
0) is a polynomial in t with trigonometric polynomial

values. This means that for any N ∈ N, m ∈ N,

‖u(t)−
N∑
j=1

qj(t)e−jt‖Hm(Ω) = O(e−(N+ε)t)

as t →∞, for some ε = εN,m > 0.
Let W (u0) = ξ1 ⊕ ξ2 ⊕ · · · , where ξj = Rjqj(0), for j = 1, 2, 3... Then W
is an one-to-one analytic mapping from R to the Fréchet space

SA = R1H ⊕ R2H ⊕ · · · .
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Constructions of polynomials qj(t)

If u0 ∈ R and W (u0) = (ξ1, ξ2, ...), then qj ’s are the unique polynomial
solutions to the following equations

q′j + (A− j)qj + βj = 0,

with Rjqj(0) = ξj , where βj ’s are defined by

β1 = 0 and for j > 1, βj =
∑
k+l=j

B(qk , ql).

Explicitly, these polynomials qj(t)’s are recurrently given by

qj(t) = ξj −
∫ t

0
Rjβj(τ)dτ

+
∑
n≥0

(−1)n+1[(A− j)(I − Rj)]−n−1(
d

dt
)n(I − Rj)βj ,

where [(A− j)(I − Rj)]−n−1u(x) =
∑
|k|2 6=j

ak
(|k|2−j)n+1 e

ik·x , for

u(x) =
∑
|k|2 6=j ake

ik·x ∈ V.
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Normal form in SA

The SA-valued function ξ(t) = (ξn(t))∞n=1 = (Wn(u(t)))∞n=1 = W (u(t))
satisfies the following system of differential equations

dξ1(t)

dt
+ Aξ1(t) = 0,

dξj(t)

dt
+ Aξj(t) +

∑
k+l=j

RjB(Pk(ξ(t)),Pl(ξ(t)) = 0, n > 1,

where Pj(ξ) = qj(0, ξ) for ξ ∈ SA.
This system is the normal form (in SA) of the Navier–Stokes equations
associated with the asymptotic expansions of regular solutions.
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The normal form (with power series)

For d ≥ 1, let

P [d ](ξ) =
∞∑
j=d

P [d ]
j (ξ) =

∞∑
j=d

q
[d ]
j (0, ξ).

For d ≥ 2, let

B[d ](ξ) =
∞∑
j=1

B[d ]
j (ξ) =

∞∑
j=1

∑
k+l=j

∑
m+n=d

RjB
(
P [m]
k (ξ),P [n]

l (ξ)
)
.

Rewrite the normal form:

d

dt
ξ + Aξ +

∞∑
d=2

B[d ](ξ) = 0.
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Normal form in C∞

Let E∞ be the Fréchet space C∞(R3,R3) ∩ V .

Theorem (Foias-H.-Saut 2011)

The formal power series change of variable

u = ξ +
∞∑
d=2

P [d ](ξ),

where ξ ∈ E∞, reduces the Navier–Stokes equations to a Poincaré–Dulac
normal form

d

dt
ξ + Aξ +

∞∑
d=2

B[d ](ξ) = 0.
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Key Sobolev-norm estimates of homogeneous polynomials

Theorem (Foias-H.-Saut 2011)

Let α ≥ 1/2, d ≥ 1. Then P [d ](ξ) is a continuous homogeneous
polynomial of degree d from D(Aα+3d/2) to D(Aα):

|AαP [d ](ξ)| ≤ M(α, d)|Aα+3d/2ξ|d .
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General Gevrey classes

For α ≥ 0, σ ≥ 0, define

AαeσA
1/2

u =
∑
k 6=0

|k|2αû(k)eσ|k|e ik·x, for u =
∑
k6=0

û(k)e ik·x ∈ H.

The domain of AαeσA
1/2

is

D(AαeσA
1/2

) = {u ∈ H : |AαeσA1/2
u| <∞}.
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Main result: Gevrey-norm estimates

Theorem

Given α ≥ 1/2, σ̄ > σ > 0. Then

|AαeσA1/2P [d ]ξ| ≤ C (α, d , σ, σ̄)|Aαe σ̄A1/2
ξ|d .
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Indices

Set of (general) indices: GI =
⋃∞

n=1 GI (n), where for n ≥ 1,

GI (n) = {ᾱ = (αk)∞k=1, αk ∈ {0, 1, 2, . . .}, αk = 0 for k > n}.

For ᾱ ∈ GI , define

|ᾱ| =
∞∑
k=1

αk and ‖ᾱ‖ =
∞∑
k=1

kαk .

For d , n ≥ 1, define the set of special multi-indices:

SI (d , n) =
{
ᾱ = (αk)∞=1 ∈ GI , |ᾱ| = d , ‖ᾱ‖ = n

}
;

note 1 ≤ d ≤ n hence SI (d , n) ⊂ GI (n). Also, for n ≥ d ≥ 1 and
n′ ≥ d ′ ≥ 1 we have

SI (d , n) + SI (d ′, n′) ⊂ SI (d + d ′, n + n′).
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Degrees and Resonance

qj(t, ξ) =

j−1∑
m=0

qj ,m(ξ)tm =

j−1∑
m=0

j∑
d=1

q
[d ]
j ,m(ξ)tm =

j∑
d=1

q
[d ]
j (t, ξ),

q
[d ]
j (t, ξ) =

∑
|ᾱ|=d

q
[d ],(ᾱ)
j (t, ξ),

Lemma

(i) degt qj(t, ξ) ≤ j − 1, degt q
[d ]
j (t, ξ) ≤ d − 1.

(ii) If q
[d ],(ᾱ)
j 6= 0 then ᾱ ∈ SI (d , j).

(iii) Consequently, for each (non-zero) monomial of Pj(ξ), j ≥ 1 having
degree αk in ξk , k ≥ 1, one has∑

αk = d ,
∑

kαk = j .

L. Hoang - Texas Tech Normal form of NSE in Gevrey spaces AMS 4.19.2015 19



Homogeneous gauge

Let ξ = (ξk)∞k=1 ∈ SA and ᾱ = (αk)∞k=1 ∈ GI (n), define[
ξ
]ᾱ

= |ξ1|α1 |ξ2|α2 . . . |ξn|αn .

For n ≥ d ≥ 1, define

[[ ξ ]]d ,n =

 ∑
ᾱ∈SI (d ,n)

[
ξ
]2ᾱ1/2

=

 ∑
|ᾱ|=d ,‖ᾱ‖=n

[
ξ
]2ᾱ1/2

.

We have the following properties[
ξ
]ᾱ[

ξ
]ᾱ′

=
[
ξ
]ᾱ+ᾱ′

,[
ξ
]r ᾱ

= (
[
ξ
]ᾱ

)r for r = 0, 1, 2, . . . ,∑
|ᾱ|=d

[
ξ
]2ᾱ

= |ξ|2d .

[[ ξ ]]d ,n ≤
( ∑
ᾱ∈GI (n),|ᾱ|=d

[
ξ
]2ᾱ)1/2

≤ |Pnξ|d .
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Multiplicative and Poincaré inequalities

Lemma (Foias-H.-Saut 2011)

Let ξ ∈ SA, n ≥ d ≥ 1 and n′ ≥ d ′ ≥ 1. Then

[[ ξ ]]d ,n · [[ ξ ]]d ′,n′ ≤ ed+d ′ [[ ξ ]]d+d ′,n+n′ .

Note: The constant on the RHS is independent of n, n′.

Lemma (Foias-H.-Saut 2011)

For any ξ ∈ SA, any numbers α, s ≥ 0 and n ≥ d ≥ 1, one has

[[Aαξ ]]d ,n ≤
(
d

n

)s [[
Aα+sξ

]]
d ,n
≤
(
d

n

)s

|PnA
α+sξ|d .
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Estimates for the bilinear form

Lemma

If α ≥ 1/2 then

|AαeσA1/2
B(u, v)| ≤ Kα|Aα+1/2eσA

1/2
u| |Aα+1/2eσA

1/2
v |,

for all u, v ∈ D(eσA
1/2

Aα+1/2).

Using the fact that supx≥0 xe
−cx = (ce)−1 for any c > 0, we have:

Corollary

If α ≥ 1/2 and σ1, σ2 > σ > 0 then

|AαeσA1/2
B(u, v)| ≤ Kα(σ1 − σ)−1(σ2 − σ)−1|Aαeσ1A1/2

u| |Aαeσ2A1/2
v |,

for all u ∈ D(eσ1A1/2
Aα), v ∈ D(eσ2A1/2

Aα).
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Lemma

For j ≥ 2 and α ≥ 0,

|AαeσA1/2
q

[d ]
j ,0 (ξ)|2 ≤ 2(d!)(d − 1)!

(
|AαeσA1/2

ξ
[d ]
j |

2

+

(j−2)|d−1∑
n=0

|AαeσA1/2
(I − Rj)β

[d ]
j ,n (ξ)|2

)
;

|AαeσA1/2
q

[d ]
j ,m(ξ)|2 ≤ 2(d!)(d − 1)!

( |AαeσA1/2
Rjβ

[d ]
j ,m−1(ξ)|2

m2

+
1

m!2

(j−2)|d−1∑
n=0

|AαeσA1/2
(I − Rj)β

[d ]
j ,n (ξ)|2

)
for m = 1, . . . , (j − 2)

∣∣
d

; and

|AαeσA1/2
q

[d ]
j ,j−1(ξ)|2 =

|AαeσA1/2
Rjβ

[d ]
j ,j−2(ξ)|2

(j − 1)2
.
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Estimates of homogeneous polynomials

Let ∆σ = σ̄ − σ, σ′ = σ + 3
4 ∆σ, σn = σ + ∆σ

2n for n ∈ N. Then

σ̄ > σ′ > σ1 > σ2 > σ3 > . . . > σ.

Proposition

For j ≥ d ≥ 1 and 0 ≤ m ≤ (j − 1)
∣∣
d

, one has

|AαeσdA1/2
q

[d ]
j ,m(ξ)| ≤ c(α, d)jd−1

[[
Aαeσ

′A1/2
ξ
]]

d ,j
,

for all ξ ∈ SA and α ≥ 1/2, where

c(α, d) = E (α, d)d−1 = [8Kαd9(d!)ed(∆σ)−2]d−1.

In particular, when m = 0 one has

|AαeσdA1/2P [d ]
j (ξ)| ≤ c(α, d)jd−1

[[
Aαeσ

′A1/2
ξ
]]

d ,j
.
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Proof. By induction in j and the use of Multiplicative Inequality:

|AαeσdA1/2
β

[d ]
j ,m(ξ)|

≤
∑

l+l ′=j

∑
r+r ′=m

∑
s+s′=d

Kα(σs − σd)−1(σs′ − σd)−1|AαeσsA1/2
q

[s]
l ,r (ξ)|

· |Aαeσs′A1/2
q

[s′]
l ′,r ′(ξ))| ≤

∑
l+l ′=j

∑
r+r ′=m

∑
s+s′=d

Kα(σs − σd)−1(σs′ − σd)−1

· E (α, s)s−1l s−1
[[

Aαeσ
′A1/2

ξ
]]

s,l
E (α, s)s

′−1l ′s
′−1
[[

Aαeσ
′A1/2

ξ
]]

s′,l ′

≤
∑

l+l ′=j

∑
r+r ′=m

∑
s+s′=d

Kα4d4(∆σ)−2

× E (α, d)s+s′−2es+s′ j s+s′−2
[[

Aαeσ
′A1/2

ξ
]]

s+s′,l+l ′

≤
∑

l+l ′=j

∑
r+r ′=m

∑
s+s′=d

4Kαd4(∆σ)−2E (α, d)d−2ed jd−2
[[

Aαeσ
′A1/2

ξ
]]

d ,j

≤ d2 · 4Kαd4(∆σ)−2E (α, d)d−2ed jd−2 · j
[[

Aαeσ
′A1/2

ξ
]]

d ,j
.
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Proof. (cont) Letting N = N(α, d) = 4Kαd6ed(∆σ)−2E (α, d)d−2, we
have

|AαeσdA1/2
β

[d ]
j ,m(ξ)| ≤ Njd−1

[[
Aα+hδ(d−1)ξ

]]
d ,j
.

Then

|AαeσdA1/2
q

[d ]
j ,m|

2 ≤ j2(d−1)(d − 1)!d!2
(
N2
[[

Aαeσ
′A1/2

ξ
]]2

d ,j

+

(j−2)|d−1∑
n=0

N2
[[

Aαeσ
′A1/2

ξ
]]2

d ,j

)
≤ j2(d−1)d!2N22

[[
Aαeσ

′A1/2
ξ
]]2

d ,j

= j2(d−1)2N2(d!)2
[[

Aαeσ
′A1/2

ξ
]]2

d ,j
.

We can verify
2N2(d!)2 ≤ c(α, d)2.
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Proof of the Main Result

Let σ̄ > σ > 0, α ≥ 1/2, d ≥ 1, then

|AαeσA1/2P [d ](ξ)| ≤ C |Aαe σ̄A1/2
ξ|d .

Proof. Since σ̄ > σ′ > σn > σ > 0 for all n, and r > 0, then

|AαeσA1/2P [d ](ξ)| ≤
∞∑
j=d

|AαeσA1/2P [d ]
j (ξ)| ≤

∞∑
j=d

|AαeσdA1/2P [d ]
j (ξ)|

≤
∞∑
j=d

c(α, d)jd−1
[[

Aαeσ
′A1/2

ξ
]]

d ,j

≤
∞∑
j=d

c(α, d)
dd+r

j1+r
|Aα+d+reσ

′A1/2
ξ|d = C |Aα+d+reσ

′A1/2
ξ|d

≤ C ′|Aαe σ̄A1/2
ξ|d .
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