On the normal form of Navier-Stokes equations in

Gevrey spaces

Luan Hoang? and Vincent Martinez?

2 Department of Mathematics, Texas Tech University
b Department of Mathematics, Tulane University

April 19, 2015
2015 AMS Spring Western Sectional Meeting
University of Nevada, Las Vegas

L. Hoang - Texas Tech Normal form of NSE in Gevrey spaces AMS 4.19.2015 1



Outline

@ Introduction

9 Main result

© Sketch of proof

L. Hoang - Texas Tech Normal form of NSE in Gevrey spaces AMS 4.19.2015 2



Table of Contents

© Introduction

L. Hoang - Texas Tech Normal form of NSE in Gevrey spaces AMS 4.19.2015 3



Introduction

Navier-Stokes equations (NSE) in R with a potential body force

0
a—:+(u-V)u—1/Au:—Vp—V¢,
div u =0,

u(x,0) = u%(x),

v > 0 is the kinematic viscosity,

u = (u1, up, uz) is the unknown velocity field,
p € R is the unknown pressure,

¢ is the potential of the body force,

u® is the initial velocity.
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Let L > 0 and Q = (0, L)3. The L-periodic solutions:
u(x + Lej) = u(x) for all x e R3j =1,2,3,

where {e1, &, €3} is the canonical basis in R3.
Zero average condition

Throughout L =27 and v = 1.
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Functional setting

Let V be the set of R3-valued L-periodic trigonometric polynomials which
are divergence-free and satisfy the zero average condition.

H = closure of V in L%(Q)3 = H°(Q)3,
V = closure of V in H}(Q)3, D(A) = closure of V in H*(Q)3.

Norm on H: |u| = [|u]|;2(q). Norm on V: [Ju| = [Vu].
The Stokes operator:

Au = —Au for all u € D(A).
The bilinear mapping:
B(u,v) = P (u-Vv) for all u,v € D(A).

Py is the Leray projection from L?(2) onto H.
Spectrum of A:
o(A) = (k12,0 £ k € 3},

Denote by RyH the eigenspace of A corresponding to N.
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Functional form of NSE

Denote by R the set of all initial data u® € V such that the solution u(t)
is regular for all t > 0. The functional form of the NSE:
du(t)
dt

+ Au(t) + B(u(t),u(t)) =0, t >0,
u(0) =u® e R,

where the equation holds in D(A) for all t > 0 and u(t) is continuous from
[0,00) into V.
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Asymptotic expansion - Normalization map

For up € R, the solution u(t) has an asymptotic expansion: [Foias-Saut]
u(t) ~ qu(t)e " + qo(t)e > + g3(t)e > + .,

where g;(t) = Wj(t, u®) is a polynomial in t with trigonometric polynomial
values. This means that forany N € N, m € N,

N
lu(t) = > gi()e | um(@) = O(e”N+9)%)

Jj=1

as t — oo, for some € = ey m > 0.
Let W(W0) =& @& D -+, where § = R;q;(0), for j = 1,2,3... Then W
is an one-to-one analytic mapping from R to the Fréchet space

SA=RRHOR,HS --- .
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Constructions of polynomials g;(t)

If u® € R and W(u®) = (&,&,...), then gj's are the unique polynomial
solutions to the following equations
i+ (A=j)gi+ B =0,
with R;q;(0) = &, where §;'s are defined by
B1=0and for j > 1, 3 = Z B(qk, ar)-
k+1=j

Explicitly, these polynomials g;j(t)’s are recurrently given by

gi(t) = & - /0 R3(r)dr

F YDA )0 - RN - RS
n>0

where [(A—j)(/ — R-)]*”*l (%) = X ke qrpgrrre™™, for

u(x) = X k2 ake*x e V.
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Normal form in Sy

The Sa-valued function £(t) = (&a(t))02; = (Wh(u(t)))52; = W(u(t))
satisfies the following system of differential equations

D) | aq(n) =0,
dgéit) +AG(t) + Y RiB(PL(E(1), Pi(é(t)) =0, n> 1,

k+1=j

where P;(£) = q;j(0,¢&) for £ € Sa.
This system is the normal form (in S,) of the Navier—Stokes equations
associated with the asymptotic expansions of regular solutions.
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The normal form (with power series)

For d > 1, let
pld(¢) = ij[d] Z [d]
j=d j=d
For d > 2, let
B = Y B¢ = Z S 3 RBMPME©.PNE).
j=1 j=1 k+I=j m+n=d

Rewrite the normal form:

d o
fal ldlrey —
dtf+A§+ E B(¢€)

d=2
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Normal form in C*

Let £°° be the Fréchet space C*°(R3,R3)N V.
Theorem (Foias-H.-Saut 2011)

The formal power series change of variable

u=¢+) PUe),

d=2

where £ € E*, reduces the Navier—Stokes equations to a Poincaré—Dulac
normal form

d o0
— E [dl(ey —
dtf—i—Af—i-d:zB (&) =0.
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Key Sobolev-norm estimates of homogeneous polynomials

Theorem (Foias-H.-Saut 2011)

Let a >1/2, d > 1. Then Pl(¢) is a continuous homogeneous
polynomial of degree d from D(A*+39/2) to D(A®):

| APl (€)] < M(a, d)|A*+39/2¢)9,
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General Gevrey classes

For « > 0, o > 0, define

A% Ay =3 [kPea(k)eMe®x, for u= 3" a(k)e™* € H.
k=0 k0

The domain of Ao‘e"Al/2 is

D(Aae"Al/Q) ={ueH: |Aae”A1/2u| < 00}.
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Main result: Gevrey-norm estimates

Givena>1/2,5 > o > 0. Then

|AanA1/2,P[d]§| < C(a, d, o, 5)\Aae&A1/2§’d.
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Indices

Set of (general) indices: GI = |J>2; GI(n), where for n > 1,
Gl(n) = {a = (ak)izq, ak € {0,1,2,...}, ay =0 for k > n}.

For & € GI, define

6] = ok and [|a]] =) ka.
k=1 k=1
For d, n > 1, define the set of special multi-indices:
Si(d,n) = {a = () € G1,1a| = d, ] = n};

note 1 < d < n hence SI(d, n) C GI(n). Also, for n > d > 1 and
n > d >1 we have

Si(d,n) + SI(d',n")y C SI(d +d',n+n').
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Degrees and Resonance

Jj—1 Jj—=1 j
€)= Z Gm(©)t™ =3 g (o)t Z (e

m=0 d=1

@)= 3 Mt 6,

|al=d

Lemma

. . d
(i) deg, qj(t,€) < j — 1, deg, ¢ (t,6) < d — 1.
(ii) If g™ £ 0 then & € SI(d, ).
(iii) Consequently, for each (non-zero) monomial of P;(€), j > 1 having
degree ay in &, k > 1, one has

Yar=d, Y kap=j.
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Homogeneous gauge

Let £ = (gk) —1 € Saand a = (ak) °1 € G/(n) define
[€]% = ||t |ealo2 ... [&a] .

For n > d > 1, define

1/2 1/2
usnd,n< 3 [f]z"‘) ( > [5]2“) :
aesi(d,n) |&|=d,||&||=n

We have the following properties

[€]%[€]™ = [£]™*7,
[g]ra:([f]a) for r=0,1,2,.
[€]%% = leP.

|a|=d

[€]la,n < (&ecl%a:d [€17) < 1Pl
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Multiplicative and Poincaré inequalities

Lemma (Foias-H.-Saut 2011)

leté€Sa,n>d>1andn >d >1. Then

[[f]]d,n : [[5]]d',n' < el [[f]]d+d',n+n' :

Note: The constant on the RHS is independent of n, n'.
Lemma (Foias-H.-Saut 2011)

For any & € 5S4, any numbers a,,s > 0 and n > d > 1, one has

d

= () (v

n

S
) PyAT g[S,
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Estimates for the bilinear form

If « > 1/2 then

AR B(u, V)| < K| A2 AT || pot1/2g78 |

for all u,v € D(e7A* Ao+1/2),

Using the fact that sup,~qxe™ = (ce)™! for any ¢ > 0, we have:

Corollary

Ifa>1/2 and 01,09 > o > 0 then

1A% A B(u, v)| < K(o1 — ) Hoa — o) "L A%eT AP y| |A%e72A 2y,

for all u € D(e”AA%), v € D(e”2A? A%).

v
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Lemma

Forj>2 and a > 0,

a _gAl/2 o _oAl/2?
A gfd(e)? <2(d')( 1)1 (Jace )2

2)|d—1

. Z A (1 = R)BIMER);

Aee A RBI (6P

Ae gl ()2 < 2(dn)(d — 1))

m2
1 (=2)la—1 » y
toE X, WU R)BINE)P)
form=1,...,(j—2)|, and

JJ—2
(-1)
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Estimates of homogeneous polynomials

Let Ao =5 — 0, a’:U—F%AU, anza—i-%fornEN. Then

6>U’>01>02>a3>...>0.

Proposition

Forjzdzlandogmg(j—l)‘d,onehas

jAersH O] < elond)?t [ A4 e ]

for all £ € Sp and « > 1/2, where
c(a,d) = E(a,d)? = [8K*d°(d!)e!(Ac) 2|97 L.
In particular, when m = Q one has

Acee A Pl (6)] < o, d)jot [ | A4 e |

dj’

v
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Proof. By induction in j and the use of Multiplicative Inequality:

Avems A Bl ()]

<Y Y Y Kos—o) v —oa) AT o)

I+I'=j r+r'=m s+s'=d

- |A% a/Al/qu[,Sr/ €))] < Z Z Z _Ud)il(o's’ _ad)fl

I+I'=j r+r'=m s+s'=d

. E(a. s—1s—1 HAO{ o’ Al/2 H E s’—ll/s’—l |:|:Ao¢ o’ Al/? :|:|

(05) )] Es) R
CY Y Y Kudan)

I+1'=j r+r'=m s+s'=d

E d s+s'—2 _s+s’ :s+s'—2 HAQ o' Al/2 ”

x E(a, d) e’ ]
S Z Z Z 4Kad4(A0_) 2E(Oé d)d 2 d .d—2 |:|:Aae0"A1/2€:|:| .

I+I'=j r+r'=m s+s'=d .
< d2 . 4Kad4(A0')_2E(Oé, d)d—ZedJ'd—2 _/ |:|:Aaeo"A1/2£:|i|d .

o

s\l
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Proof. (cont) Letting N = N(a, d) = 4K®d%e?(Ac)2E(, d)972, we
have

er B ) < Nt [[ A De ]

Then

AW gl 2 < 2ED(d - 1)1di2 (N2 HAaea’A”ngzj
(—2)la-1 , ’
S (e

n=0

< jAd=Dg12 N2 HAaeolAl/2§H2

dj

- et e |

We can verify
2N?(d")? < c(a, d)?.
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Proof of the Main Result

Let G >0 >0, a>1/2, d>1, then

AP < clate gl

Proof. Since & > o' > o, > o > 0 for all n, and r > 0, then

’AaegAl/z'P[d](f)l < Z |AaegA1/27DJ[d](f)’ < Z ‘AaegdAl/Z’PJ[d](f)‘

j=d j=d
— /
1/2

< 3 el e [ e e
<> el )],

j=d

- Actdtr ol AL atd+r o' A2 41d
<) cla H,\ g7 = Clartarrer ATy
j=d

‘AanAl/zgld‘
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