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Navier—Stokes Equations (NSE)

x = (x1, X2, x3): spatial variable, t: time,
u = (u1, up, u3) € R3: velocity,

p € R: density,

p € R: pressure,

f(t) is the body force/unit mass.

e Conservation of mass:

Otp+ V- (pu) = 0.

e Conservation of moments:
D(pu) _
Dt

where D/Dt is the material derivative, i.e., 9; + (u - V), positive constant
1 is the dynamic viscosity, and

V- (=ph +2pD(u)) + pf,

D(u) = %(Vu—l— (Va)T).
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Navier—Stokes Equations (NSE)

Incompressible fluid: p = constant. We derive from the above:

deu+ (u-V)u—vAu=—IVp+ T,
div u =0,
u(x,0) = uo(x),

v = pu/p > 0 is the kinematic viscosity,

u = (uy, up, uz) is the unknown velocity field,
p € R is the unknown pressure,

We assume p = 1 through out.

Domain Q is open, bounded in R3.

No-slip boundary condition u = 0 on 99.
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Weak formulation

A pair of functions (u, p) € L7 (2 x (0,00))3 x L} (2 x (0,00)) is a weak

solution to the NSE if for any ¢(x,t) € C(Q x (0,00))3

o oo 3 o0
—/ / u - pedxdt — 1// / u- Apdxdt — Z / / uju;Ojp;dxdt
0 U 0 U 0 U

ij=1

= / / pV - cpdxdt+/ / f - pdxdt,
0 U 0 U

and for any ¢(x,t) € C°(Q2 x (0,00))

/ / u-Vodxdt = 0.
0 U
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Existence and Uniqueness

Denote by N the outward normal vector to the boundary. Define
H={uel?(Q):V-u=0inQ, u-N=0on 0},
V={uc HNHYQ):u=0o0ndQ}.
[Leray 1933, 1934] Suppose f = f(x) € L?(Q).
e If up € H, then there exists a weak solution on [0, c0):
u € C([0,00); Hyear) N L°°(0, 00; H) N L2(0, o0; V).
Question 1: Is this weak solution unique?

o If ugp € V, then there exists a unique strong solution on [0, T') for some
T > 0: ue C([0,00); V)N L>®(0,00; V) N L2(0, 00; H?(Q)).
Question 2: Canitbe T = 0c0?

In the 2D case, Questions 1 and 2 have affirmative answers.
In the 3D case, still open!
Small data results: If |lug| 41(q) and [|f]|;2(q) are small then the strong

solution exists for all t > 0.
L. Hoang - Texas Tech Incompressible Fluids In Two-layer Domains TTU - Apr. 4&11, 2012 6



Rotating Fluids

NSE with Coriolis force:
Oru+ (u-V)u—vAu=—-Vp+ Kes x u+f.

e Q =R": dispersive effect.

e [Babin-Mahalov-Nicolaenko 1990s, early 2000s]

Domain: Q = T? x (0,1) (this is an example, their result holds for more
general domains.)

Stress-free condition on the top and bottom boundaries:

u3 =0, O3up =03u0=0, x3=0,1.

Given M > 0, there exists Ko(M, v, ) > 0 such that if ||ug||yr < M and
K > Ky then the strong solution exists for all time.
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Boussinesq Approximation

Gravity force: —pges.
Boussinesq approximation: p = po(1 — B(T — Tp)).
Boussinesq equations for the ocean:

Oru+ (u-V)u—vAu=—-Vp+ Kes x u+ Ky T es,
0:T +(u-V)T —sTAT = fr,

div u =0,

u(x,0) = wo(x), T(x,0) = To(x),

v > 0 is the kinematic viscosity, k7 > 0,

u = (u1, up, uz) is the unknown velocity field,
T: unknown temperature,

p € R is the unknown pressure,

(uo, To) are the initial data.
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Hydrostatic Assumption and Primitive Equations (PE)

Notation: v = (u1, up), w = u3, Vo = (01,02).

From the equation for the 3rd component: horizontal scale/velocity v.s.
vertical scale/velocity give

KTT - —83[3,
orv + ((v,w) - V)(v,w) — vAu = —Vop + Kes X v,
8,57_ + ((V7 W) : V)T - KTAT = fT,
div (v,w) =0,

v(x,0) = w(x), T(x,0)= To(x).
Domain: Q = Qy x (—h,0), h = constant.
By the divergence free condition, we have

X3
w(x1, X2, x3) = w(x1,xo, —h) — / Vo - v(xi, X2, y)dy.
0

Boundary conditions: Dirichlet, Neumann or Robin.
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Global well-posedness for PE

Theorem (Cao-Titi 2007)

For any vo and Ty in HY(Q) that satisfy some boundary conditions, there
exists a unique strong solution (v, T) for all time:

(v, T) € C(]0, ); Hl) N leoc([O, 00); H2).

For domains with non-flat bottom: [Kukavica-Ziane 2007,2008].
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NSE in thin domains

@ Damped hyperbolic equations in thin domains: Hale-Raugel 1992

@ NSE on thin domains: Raugel-Sell 1993, 1994

@ Spherical domains: Temam-Ziane 1996

@ Later: Avrin, Chueshov, Hu, Iftimie, Kukavica, Rekalo, Raugel, Sell,
Ziane, LH, ...

Note: There were papers on PE in thin domains before Cao-Titi's result.

Consider NSE in Q = T? x (0, ¢).
If luollv, Ifllh = o(e7/?) ase — 0, then the strong solution exists for
all time when ¢ is sufficiently small.
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NSE in two-layer domains

Flat boundaries: Chueshov-Raugel-Rekalo 2005, Hu 2011.
In this talk:

@ Thin two-layer domains with non-flat boundaries
@ Navier boundary conditions

@ Interface boundary conditions (with stress)
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Let
Q: = {(x1,x0,x3) : (x1,%2) € T?, ho(x1,x2) < x3 < hy(x1,x2)},

Q; = {(X17X27X3) : (X17X2) S ']:[‘2’ h—(X17X2) <x3 < hO(X17X2)}7

where hg = cgo, hy =¢(go+ g4+), and h- =¢(go — g-).
The two functions g (x1,x2) and gy (x1, x2) are strictly positive.
The top and bottom boundaries are

M= {(x1, %, x3) : (x1,%2) € T, x3 = hy(x1, %)},

M= {(x1,x2,x3) : (x1,x) € T?,x3 = h_(x1, %)},
while the interface boundary is

Mo = {(x1, %2, x3) : (x1,x2) € T?, x3 = ho(x1, %)}

Let Q2. = [QE+,QE_], 0, = [aQ€+,BQE_], M= [I'+, I',], Moo = [ro, ro].

TTU - Apr. 4&11, 2012 1
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Consider the Navier—Stokes equations in €.

gl:+(u~V)u—1/Au:—Vp+f,
div v =0,

u(x,0) = u°(x),

u = [uy,u_] defined on Q. = [Q.T,Q.7] is the unknown velocity field,

p = [p+, p—] is the unknown pressure,

f =[f+, f_] is the body force,

v = [v4,v_] > 0 is the kinematic viscosity,

uO(x) = [u%, u®] is the known initial velocity field.

That means the equations hold on each domain Q.,Q.~ for each v, u_
with corresponding viscosity, body force and initial data.
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Boundary conditions

Let N, N_ be the outward normal vector to the boundary of Q. 7, Q.
respectively.
e The slip boundary condition on 90 is

up - Ny =0onT4,To; u--N_=0onTl_Tp.
e The Navier friction conditions on the top and bottom boundaries are
[v+(Duy) Niltan +y4us =0 on T,

[v_(Du-) N_]tan +v-—u— =0 onl_,

where v4,v- > 0.
e The interface boundary condition on g is

[v4(Dus ) NyJtan + yo(uy — u-) =0,

[v—(Du-)N_]tan +y0(u- — uy) =0,
where v9 > 0.
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Remarks on Navier friction boundary conditions

On the boundary I:
u-N=0,

v[D(u)N]tan + yu =0,

@ v = oo: Dirichlet condition.

@ v = 0: Navier boundary conditions (without friction/free slip).
One-layer domain: flat bottom [Iftimie-Raugel-Sell 2005], non-flat top
and bottom [LH-Sell 2010]

e 7 # 0, one-layer domain [LH 2010]

@ If the boundary is flat, say, part of x3 = const, then the conditions
become the Robin conditions

u3 =0, ~yui+vdzup =~yur +vdzup; = 0.

See [Hu 2007].
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Assumptions on Coefficients

There exist 0_, dp, 0+ € [0, 1] such that

0 <liminfe %7, <limsupe %7, < oo, ¢=+,—,
e—0 e—0

0 < liminfe™%~g < limsupe %4y < 0.
e—0 e—0

Here
dJop=1land2/3<d,=6_=6<1

Hence
Yy Y-y 0 = O(e°) as e — 0.

Therefore, without loss of generality, we assume that
Cle® <y_,7y S C0, Cle™ <y < Ce™,

for all € € (0,1], where C > 0.
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The Stokes operator

@ Leray-Helmholtz decomposition
L3(Q.)° = Ho H,
where H={u e [>()3:V-u=0inQ.,, u-N=0onT},
H+ ={V¢:¢ec HY(Q)}.

o Let V be the closure in H(Q., R3) of the subspace of

u € C®(Q,R3) N H that satisfies the boundary conditions.
@ Let P denotes the (Leray) projection from L2(S.) onto H.
@ Then the Stokes operator is: Au= —PAu, u € Dy, where

Da = {u € H*(Q.)}N V : u satisfies the boundary conditions}.

L. Hoang - Texas Tech Incompressible Fluids In Two-layer Domains TTU - Apr. 4&11, 2012



Vertical averaging of horizontal components

Let ¢ = [¢4,d_]. For x' € T?, define
y ¢( /) [ 1 /h+(X/)¢ ( , )d 1 /ho(x/)¢ ( , )d }
X )= |—T"—T X, X X3, —— —\X, X X3 .
¢ g () Iy T g () S S

Let u = (u1, up, uz) with u; = [u", u7].
Define o
Mu = (Mou1, Myus, 0).

Also, denote

420l =2 [ viDuax+2 [ lufdo +250 [ [~ udo
Q. r o
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Main results

There are positive numbers €, and k such that ife < e, and ug € V,
f € L%(0, 00; L2(Q.)3) satisfy that

- l _ —
IMuollZ2, el AZuollfz, e P IMPFlf 2, EllPFllfope <

then the strong solution u(t) of the Navier-Stokes equations exists for all
t > 0. Moreover,

lu(t)]2. < Ck, 20,
Az u(t)|[% < Ce7lk, t>0,

where C > 0 is independent of ¢, ug, f.

Remark: The condition on wug is acceptable.

L. Hoang - Texas Tech Incompressible Fluids In Two-layer Domains



A Green's formula

If v is tangential to the boundary 99.", « = +, —, then

—/ Z/LAUL-VO'X:2/ v,(Du, : Dv)dx+2fyo/ (uL—uL)-vdo*+2’yL/ u,-vdo.
QL Q/, r0 rL

Taking v = u, and summing up for ¢ = +, —, we obtain

—/ vAu - udx = E(u),
Q

where
E(u) = 2/ v|Dul?dx + 2/'y|u|2da + 270/ luy — u_|?do.
Q r o
Define the bi-linear form on V:

E(u,v) :2/ vDu : Dvdx+2/r7u-vda—i—2’}/o/r (uy—u_)-(vy—v_)do.
€ 0

Need Korn's inequality: Hu”f{l(ﬂs) < CG.E(u).
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Uniform Korn inequality

Lemma

There is €9 > 0 such that for ¢ € (0,&0], u € H(Q.) and u is tangential
to the boundary of )., one has

Cllullfs < E(u) < C'(IVull 2 + & ull2),

where C, C' are positive constants independent of ¢.

Then we can rewrite the NSE in the functional form
ur + Au+ B(u,u) = Pf in V',

where B(u,v) = P((u- V)v). We skip the details.
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Norm Relations

If u€ V =Dy, then
|AY2u|[?, = E(u).

Proposition

For £ € (0, 0], one has the following:
(i) If u € V then

— 1 1
lulliz < 22 A2u) 2, lulln < el A2ull2,

1 —
1Az ull,2 < c3(|Vull2 + €7D |ull 2):

(ii) If u € Da then

1 — —
1Az ul|,2 < 22| Aull 2, lullie < 26| Aull 2.
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Interpreting the Navier boundary conditions

Lemma

Let T be a tangential vector field on the boundary. If u satisfies the Navier
friction boundary conditions then one has on I that

ou ON
ar M=

O
on T Vor T TS

One also has [Chueshov-Raugel-Rekalo]

N x (V xu)=2Nx{N x ((VN)*u) —yN x u}.
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Interpreting the interface boundary conditions

Lemma

Let u = [uy,u_] satisfy the slip and interface boundary conditions on T.
Suppose T is a tangential vector field on Tgy. Let N € CY(Q,R3) such that
Mro = +N,, then one has on Iy that

Ou, =u %—2 (u, —u_y)
N, T=4u or YolU, —) T,

and
N, x (V x u,) =2N, x {IV x ((VN)*u,) — voN, x (u, — u_,)},

N, x (V x u,) =2N, x {N x ((VN)*u,) — voN, x u,} — 2vou_,.

L. Hoang - Texas Tech Incompressible Fluids In Two-layer Domains




Linear Estimates

Proposition
If u € Dgy, the

|Au+ Aul|2 < C€HV2U||L2 + C||Vul|p2 + C€5*1||u||,_2,

CllAull 2 < [lullpe < C'l|Aul| 2.

Note: for one-layer domain:

|Au + Aull2 < C2||Vul| 2 + CO7Hul 2,
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Key Lemma

Lemma

Let u=[uy,u_] € Dy and ® = [®,,_] € H(Q.)3. One has

/QE(VX(VXU))-CDC’X:/

92

+/ ¢ (V x G(u))dx—2'on/ u, - d_,do,
Q. — Jro

(Vx®) (Vxu—G(u))dx

where G(u) satisfies

|G(v)| < C2u|, |VG(u)| < CEVu|+ Ce®Lul.
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Estimate of ||Au + Aul|

Let ® = Au+ Au= —PAu+ Au. We have ® € HL, & = Vg, hence
V x® =0, and

||¢||%2 :/ |¢|2dX:/ Aud)dx:—/ (va)Q)dX
QE Qe QE

< / ¢ -V x G(u)dx —}-270’2/ [N, x (N, x u)]-P_,do| =h + b.
Q. — Jro

Then

h < C/ D[Vl + & Hul)dx < C||[|2{e’|Vull 2 + &7 H|ul| 2}
Qe
Estimate of /, involves more boundary behaviors:
< 230]|0]|12 (V202 + e 7| Vull iz +llul].2)

< Clll2 (= V2ull 2 + [ Vulliz + 22 ull2)
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Estimate of || V2ul|,2

There is g9 € (0,1] such that if e < g9 and u € H*(Q.)3 satisfies the
Navier friction boundary conditions, then

IV2ull 2 < CllAu]l2 + Cllull .

Remarks on the proof. Integration by parts

10|Vu?  du
V2u2dx:/ Au 2dx+/ < - — 'Au> do.
/QE | | Q. |Aul 00. \2 ON oN

Remove the second derivatives in the boundary integrals
Appropriate order for €

The role of the positivity of the coefficients v, on T,
The positivity of

Ouy —u_) 2
ol T

on g, where 7 and 7’ are tangential vector fields to .
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Integration by parts on the boundary

We also use:

Let S € {T'o,I+,T_}. For two periodic vector fields u,v on S and a
periodic, tangential vector field a(x) to S, we have

du(x)
s 0a(x)

[ ov(x)
s 0a(x)

-v(x)do = -u(x)do + O(e) /5 |u-v|do.

Then

IV2ullf < Aullf> + Cllulfp + Ce|1V2ul|Z.
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Non-linear estimate

Given v > 0, there is C, > 0 such that for any € € (0,1] and u € Dy, we
have

/ (u-V)u- Audx
Qe

< a|ul}e + CV2(|AY2u]| 2| Aull?,

1/3 _
+ Ca(llul + [ellulZ= A" 2u] 2] ) (71 AY20) ).

where C > 0 is independent of ¢ and «.
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Averaging operators

Let ¢ = [¢4,d_]. For x' € T?, define

e DN G DI
0p(x') = [€g+(X') /ho(x/) o1 (x', x3) X3’sg(x’)/,,_(xl) (X', x3) Xa},

Mu = (Mouy, Mous, 0),
v=Mu= (Va V3) = (M0u17 M0u27 V- ¢)7

"Lﬂ = ;g{(x;:, — ho)Vzhl + (h1 — X3)V2h0}.

If uis div-freeand u-N=0onT, sois v.
Let u € Dy and w = u — Mu. Then

@ w satisfies “good” inequalities: Poincaré, Agmon,
Ladyzhenskaya-Garliagdo-Nirenberg-Sobolev

@ v is “almost” 2D
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Let u € Dp, w=V X u,and ® = v x w.

[{u-Vu,Av)| = [{u X w,Au)| < 1 + o + J5.

< |w x w, Au)| < CeY2 ),
b < v x w, (Au+ Bu))| < allulFe + CeV2 A 2ul|z]|Aul s
Ca (llullZ + [ellul 2l A 2ullE] ) (72 AY2ull),
Js < (@, Bu)| = (0,7 x w)|
< [V % 0,) [+ [(V x &, G(u)] + |(®, V x G(u))

+ 27 Z_}/ uL-Cb,LdJ‘.

Lemma (Cao-Titi)

If f is 2D and g is 3D then

_ 1/2 1/2 1/2 1/2
Izl < Ce 2| FI2 I A el 4 Nl
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Global sotutions: [2-Estimate

Poincaré-like inequalities:

(1 = M)ulliz < Cellullpr,  luslliz < Cellull -

[(F,u)l = [{(/ = M)PFf, (I — M)u) + (MPf, Mu)]
CellPfll izl ull: + IMPF]| 2| ul] -

IN

luollz = IMuolf2 + (1 = M)uol| = < [|Muol72 + C<?||uol3n-
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Taking inner product of NSE with u:

d _
Seluli + IAY2ulf < [MPF||E + &2 PF 2.

d 2 ‘1 2 TIDE|12 2 2
gellullie + =5 llullie < IMPFI[L2 + 7| PF
Hence Gronwall's inequality yields
t
lu(t)1%2 < ||uol|Ze= /=" + C&2 / e at=)/< ) pF(7) |2, dr
0

t
+C / e~ a1/ VPE (1) |2, d7
0

< Juol|Fe™ " + Ce 02| PF||uc 2 + Cet 0 |MPF|[Fec -

t+1
(@)l [ 147 2ulds < Ci
Jt
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H'-Estimate

Taking inner product of NSE with Au:

1d

S IV, 4 | Aul3: < CIPF 2] Aulle

1
+ {5 + e AV 2u] 2} Aul s

1/3y —
+ Cllull?: + (ellullZ11AY2u]32) 2 )7t AV 202,

d
ZNAY2ulRs + {1 — 212 A2 ) Au

1/3, —
< doflullZ2 + (ellulZ]AY2ul) 22| AY2u| + s PF).

L. Hoang - Texas Tech Incompressible Fluids In Two-layer Domains TTU - Apr. 4&11, 2012 36



As far as {1 — 2d1/2(|AY 20|12} > 1/2 equiv. ||AY2ul|2 < de=1/2,
SN2l + S Aul < b= dhe A2, + o5 PFI:)
dt 12 > (2 > 1= a4 ujj,2 3 12)-
We have ftt—l h < e 1k, where k = k() is small.

Using uniform Gronwall's inequality

t t
memms(/ memm$+/ mw@,
t—1 t—1

we obtain
IAY2u(t)[7. < e k.

Take k < d?, then the bound for ||AY/2u(t)||;2 persists for all time.
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THANK YOU FOR YOUR ATTENTION.
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