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Introduction

Physical quantities in studies of Fluid Dynamics:

o the kinetic energy/mass

1 2

£t)= > | lu(x, t)dx,

2 Ja

@ the dissipation rate of energy/mass
F(t) = / lw(x, t)]2dx, w=V xu.
Q
@ and the helicity/mass
H(t) = / u(x, t) - w(x, t)dx.
Q

Their ensemble averages (£(t)), (F(t)) and (H(t)).
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Turbulence!

GOAL: Use the analysis of Navier—Stokes equations to understand the
above quantities.
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Navier-Stokes Equations

Navier-Stokes equations (NSE) in R3 with a potential body force

0
£+(U-V)u—yAu:—Vp—V¢,
div u =0,

U(X,O) = UO(X)v

v > 0 is the kinematic viscosity,

u = (u1, Uz, u3) is the unknown velocity field,
p € R is the unknown pressure,

¢ is the potential of the body force,

u® is the initial velocity.
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Let L > 0 and Q = (0, L)3. The L-periodic solutions:
u(x + Lej) = u(x) for all x e R3j =1,2,3,

where {e1, &, €3} is the canonical basis in R3.
Zero average condition

Throughout L =27 and v = 1.
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Let V be the set of R3-valued L-periodic trigonometric polynomials which
are divergence-free and satisfy the zero average condition.
We define

H = closure of V in L%(Q)3 = H(Q)3,
V = closure of V in H}(Q)3,
Da= VN H(Q):.
Norm on H: |u| = ||u|ly = ||UHL2(Q),

Norm on V: [[u|l = [Jullv = [[Vull2(q) = IV x ull2(q),
Norm on Da: ||Aul|2(q)-

The Stokes operator: Au = —Au for all u € Dy.
Spectrum of A: o(A) = {|k|?,0 # k € Z3}.

If N € o(A), denote by RyH the eigenspace of A corresponding to N.
Otherwise, RyH = {0}.
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The bilinear mapping:
B(u,v) = P (u-Vv) for all u,v € Da.
Py is the Leray projection from L?(Q) onto H.

The functional form of the NSE:

du(t)
dt

+ Au(t) + B(u(t),u(t)) =0, t >0,

u(0) = u°.
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Leray-Hopf weak solutions

Recall that for each up € H, there exists a Leray-Hopf weak solution u(t)
of the Navier—Stokes equations with u(0) = up. This weak solution
satisfies

u € C([0,00), Huear) N L>((0, 00), H) N L2((0, 00), V).
Additionally, let G = G(u(-)) be the set of tp > 0 such that

li ti — ul t =0
lim fJuto +7) — u(to)lln =0,
then 0 € G, the Lebesgue measure of [0,00) \ G is zero and for any ty € G
t
lu(t)IIZ +2/ lu()I[ds < [lu(to)lEy,  t = to.
to

Denote by ¥ the set of the Leray-Hopf weak solutions of the
Navier-Stokes equations on [0, 00). Hence X C C([0, 00), Hyeak)-
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Statistical solutions

We denote by 7 the class of test functionals

<D(u):qb((u,gl),(u,gg),...,(u,gk>), ueH,

for some k > 0, where ¢ is a C! function on R¥ with compact support
and g1,82,...,8k arein V.

A family {p¢, t > 0} of Borel probability measures on H is called a
statistical solution of the Navier—Stokes equations with the initial data pg

if
o the initial kinetic energy [, [|ul|Z,dpo(u) is finite;

o the function t — [, p(u)dpu(u) is measurable for every bounded and
continuous function ¢ on H,

o the function t — [, ||lul|?,dp:(u) belongs to L7.([0,00));
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o the function t — [, ||ul|3,dpe(u) belongs to Lj, ([0, 0));
@ i satisfies the Liouville equation

/Hd>(u)dut(u)=/H¢(U)dM0(U)
—/Ot/H<Au+B(u, u), & () dpis(u)ds,

forallt>0and ® € T;

@ the following energy inequality holds

/ Nl dpe(u) + 2 / / ull dpss(u)ds / a2 dpio(u
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Vishik-Fursikov Statistical solutions

Definition
A statistical solution {p¢, t > 0} is called a Vishik-Fursikov (VF) statistical

solution if there is a Borel probability measure [i, called the
Vishik-Fursikov (VF) measure, on the space C([0,00), Hyeak), such that

° i(X)=1;
o for each t > 0, p; is the projection measure Prifi on H, i.e.

/ (u)dpie(u) = / S(v(1))dp(v()),
H >

for all ® € C(Hyeak)-
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The existence of the statistical solutions

We summarize the results by Foias and Vishik-Fursikov.

Let m be a Borel probability measure on H such that [, ||ul|?,dm(u) is
finite. Then there exists a Vishik-Fursikov statistical solution {yu,t > 0}
with po = m.

Note: The Vishik-Fursikov statistical solutions and measures are not
necessarily unique.
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Asymptotic expansion of regular solutions (Foias-Saut)

Denote by R the set of all initial data 1 € V such that the solution is
regular for all times t > 0.

For u® € R, the solution u(t) = u(t, u®) has the asymptotic expansion of
u(t) ~ qu(t)e " + go(t)e > + g3(t)e > + .,
where g;(t) = W;(t, u®) is a polynomial in t of degree at most (j — 1) and

with values in V.
One has for N € N and m € N that

N
lu(t) = gj(t)e | um() = O(e”(M+))
Jj=1

as t — 00, for some € = ey, > 0.
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Normalization map

Let
() = (Wa(u®), Wa(u), W(u), - ),
where W;(u®) = R;q;(0), for j =1,2,3....

Here we focus on the the first component

Wi(u®) = lim efu(t) = Jim_ e'Ryu(t).

t—o0

Let u(-) € ¥ and ty > 0 such that u(ty) € R. Then

etW1(u(t)) = el Wl(u(to)), t>t.

Luan Hoang
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Properties of the normalization map

Definition

Let u(-) € X. We define

Wi(u()) = e® WA(u(to)),

where to > 0 such that u(t) € R.

One also has

Wi(u(-)) = tlim etu(t) = tlim e'Ryu(t).
where the limits are taken in either H or V.
Note: If up = u(0) € R, then to = 0 and Wi(u(-)) = Wi(up). Thus
Wi (u(-)) is an extension of Wi(up), up € R.
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Properties of the normalization map (cont.)

Let u(-) € X. Then

IWA(u()llm < e flu(®)lln,  t € G(u()).

In particular,
[WA(u( )l < [u(0)[H-

@ Fort >0,

IWA(u()IH = e |u(r)[wd < [[u(0)[[%,
t

o2 e—2(t+T) )

t+T t
/t lu()Ivdr < =——[[u@IF - ———IWa(u(-DI-

1R1u(0) = Wa(u()lln < Gullu(0) 1.
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Asymptotic behavior of the mean flows.

tim e [ ulfdne(e) = [ 1WAGE)Bida(a).

Theorem
We have for any T > 0 that

| A

t—o0 T

t+T
lim & / a2 dpee () ds

1 — e‘zT
- / IWAu()) 2 dAu()),

\
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Theorem (continued)

1 — e_2T
- / IWAu()IBdA(u().
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Forany T >0 andt >0,

. — t+T
~2(e47) / IWau())IBdA(u / / el (i

< e /H lal2 o),

and

t+T
e2(+T) / HWw(-))H%dﬁ(u(-))si / ] 1l (e

72t T)
bt~y [ IVAWONRIRC)

_2T
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Beltrami flows

A C? vector field u(x) in R3 is a said to be Beltrami if
V x u(x) = a(x)u(x), x € R3 some a(x) € R.

If u=u(-) is an eigenfunction of the curl operator €, then it is Beltrami
with @ = +4/n, for some n € o(A).

Proposition

Let u € R,H\ {0} where n € o(A). Then u is Beltrami if and only if u is
an eigenfunction of the curl operator, i.e., Cu = \/nu or Cu = —/nu.

Notation: RFH is the eigenspace of the curl operator corresponding to

4 /7.
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Asymptotic Beltrami flows

We say that a time dependent vector field u(x, t) is asymptotically
Beltrami if there are a(x, t) € R such that

im V xu(x, t) — a(x,

Hulx ) =0, a.e. on R3.
t=e2 lu(x, t)|

Let u(-) € X such that there is ty > 0, u(ty) € R\ {0}. Denote

R a3
Pl = e,

Define
Wi (u(-)) = ™ W, (u(to)) = lim e™u(t),

t—oo

where the limit is taken in either H or V.
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Let u(-) € X such that u(ty) € R\ {0}, for some ty > 0. The following
are equivalent

© u(t) is asymptotically Beltrami.
@ There is a subsequence ty /" oo and a(x, tx) € R such that

.V oxou(x, tr) — ax, te)u(x, tx)
lim =
k—00 lu(x, tg)]

0,

a.e. on R3.
Q@ W.(u(:)) is a Beltrami vector filed.
Q For n, = n.(u()),

’ [€u(t) — ey/niu(t) || 2@
im =0,
B lu(t)ll 2

wheree =1 or —1.
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Definition

Let i be a Vishik-Fursikov measure on . We say that the [ is
asymptotically Beltrami if almost surely every solution u(-) in X is
asymptotic Beltrami; more precisely,

,&({u() € X : u(+) is asymptotically Beltrami}) =1.

The necessary condition for i to be asymptotically Beltrami is that
A({u() € = ¢ [RF WA(())| IRT MA(U())| = 0}) =

equivalently,

/ IR Wa(u()| Ry Wa(u()|da(u()) =0, or

/ZIRTWl(U(-))I + [Ry Wa(u())l = [Wa(u(-))ldi(u()) = O.
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Proposition

If v is a VF measure with initial data p satisfying

/H[nytuRl—u\—\Rlu\]du(u)>3c5/Hyuy2d#(u),

then [i is not asymptotically Beltrami.

There exists a VF measure [i with initial Gaussian probability measure
such that [i is not asymptotically Beltrami.
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Fast decaying mean flows

We study the case when

/ |WACu(-))I2,dA(u()) = 0.

Denote
Mi={veR: Wi(u) =0}
Let

Nt = {uw € H: Fu(-) € L,u(0) = wp,u(t) € My, t > to(u(-))},

Y1 = {u() € £ :u(t) € My, t > ty, some ty depending on u(-)}.

Luan Hoang
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Proposition

Sy I WA(u()IB,di(u() = 0 if and only if fi(51) = 1,
equivalently,
Sy IWAu()IBdi(u()) > 0 if and only if A(E1) < 1,

If Ji IWACu())I3di(u(-)) = O then po(A) = 1.
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Generic properties

Let 1 and fi be two Borel measures on . We define di(fi, fi) by the total
variation of the measure i — [i, that is,

N
(i, i) = sup { D 1) — ) }.
j=1

where the supremum is taken over all Borel partitions {E1, Es, ..., En},
N e N, of Z.

Let 971 be the set of all VF measures and define the following metric in 91:

d( i) = ch(p. i) /| )2d|p — fil(u(-)),

where |i — fi| is the total variation measure of the signed measure (i — fi).

Proposition

The metric space (M, d) is complete
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A property P(f1) of a VF measure /i is called generic if the set of all VF
measures [i enjoying the property P(fi) contains an intersection of dense
open sets in M.

Theorem

The set Mg of all {1 € M such that

LWMWW%@DO (1)

holds is open and dense in 9. Subsequently, (1) is generic.

Denote by 90ty the set of all i € 901 such that

/Hm )di(u(-)) # (2)
holds.

The set My is open and dense in M. Subsequently, (2) is generic.
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The genericity of the VF measures which are asymptotically Beltrami: let

Mp = {ji € M : [ is asymptotically Beltrami},

Ng = {ﬂ em: /Z IRY WA(u()] Ry Wau()ldii(ul-)) > o} .
Note: Mg C M\ Ma.

The set Np is open and dense in M. Consequently, the property “fi is not
asymptotically Beltrami” for a VF measure [i is generic.

Let i, me M, e € (0,1) and i = (1 — )i +em. Then ji € M and

d(fi, fu 28+6{/| )2da(u /| )2 dm(u ))}
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Applications to decaying turbulence

Kolmogorov's empirical theory of turbulence: let

1
U? = L3</ lu(x, t)[?dx) and € = E</ |V % u(x, t)|dx),
[o,L]? [o.L?

where ( - ) denotes an ensemble average. These two quantities are
connected by

kqg ka
U? ~ / S(k)dk, e~wv / kS (k)dk,
k; k;

where S(k) is the energy spectrum and [kj, k4] is so called the “inertial
range” of the turbulent flows.

Assume k; ~ ko = VA1 = 21/L, kg ~ (¢/v3)Y/* and S(k) ~ 2/3k=>/3
(based on the dimensional analysis), we obtain

K,
U2 ~ 62/3/ K5k~ 2P (L))
k

i
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Let (u¢)r>0 be a VF statistical solution to the Navier—Stokes equations
with the VF measure i and T > 0. We define for t > 0

Uz = )\3/21/ /|u| dur(u
_oad2l 1
€ = VA] HuH dp(u)dr,

The first component of the normallzatlon map is defined now by

and

Wi(u(r)) = lim e’ Mtu(t),

t—o0

where the limit is taken in any Sobolev norms.
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Let

of = N3 /H (uldo(u) and a2 = XY /z Wi (u()) Pd(u(-)).

One has for each T > 0 that
1— e—2T
. 2wty 2 _ 2
tll>no-Ioe U = 2T 1
. 1— e—2T
tlltgo 62V)\1t€t = ?a%

If Kolmogorov's theory applies to U? and ¢, then there are absolute
positive constants cx and Ck such that

v? N U
< = < .
= (L/2m)2/323 e’ T o
t t
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For T >0 and t > 0, one has

e—21/>\1(t+T)a% S Utz S e—21/>\1tag’

ele//\lt

V)\l U? < €t S ?

(63— 2N Tad),

Consequently, let Q@ = a% /a%, one hase for t > 0 that

2]/)\17' 2/3 e—2uz\1ta§ 1/3 )‘1/3Utg 6_2V>\1t0é(2) 1/3
- - —_— < < .
Qfle2u)\1T -1 >\1V2 — 65/3 — )\1,/2
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Corollary

Kolmogorov's universal features may only be valid on the time interval
[tk, Tk] where

1 a2 Qfle21/)\1T -1
t log -1~ 3log Cx — 2log ~— =
K= 20 <°g a2 OB K TR T T )
1 a?
Tk = | DAl :
K= 20 <°g a2 08 CK>

Example

Let L=27 (A1 =1),v=1, M >0, and 0§ € (0,1). There is a VF
measure [i with initial Gaussian data such that ag >Mand 0 < Q <1,
hence one obtains

| N\

e

1 071 2T_1
tx > 5 <Iog/\/l—3|ogCK—2Iog2T>,

1
Tk = i{log(a%) —3log ek}
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