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Vector and Matrix Algebra



Vectors

o N

# Our setting Is the Euclidean Plane

# A vector is a quantity that has a magnitude and a
direction.

-
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Vector Operations

o N

# 0 Is the vector with magnitude zero. Draw it as a point.
# ||u|| denotes the magnitude of the vector w.

#® A scalar is a quantity with a magnitude (+) but no
direction, I.e., Just a number.

# Two operations on vectors
s Scalar Multiplication.
s \Vector Addition.

o |
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Scalar Multiplication
- -

# Scalar Multiplication sw.
s If s =0, then sv is the zero vector.
s If s > 0, then sv Is the vector whose magnitude is
s||v|| and whose direction in the same as the
direction of v.

s If s <0, then sv Is the vector whose magnitude Is
s| ||v|| and whose direction is opposite to the

direction of v.

® ||sv]| = |s] ||v]l-
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Scalar Multiplication

20



Vector Addition



Vector Subtraction




Vectorsin Coordinates

-

# \We can put a coordinate system on the plane.

Y
yp---=(2,y)
|
:
|
|
I
I
I
X X
# Distance Formula: dist((0, 0), = /22 + 92
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Vectorsin Coordinates

-

# Coordinates give one-to-one correspondences

Vectors « Points « (u1,us) € R

Y

P

(ula uQ)
u

o Write a vector as u = (uy,uz). We call u; and uy the

components of u. ||u| = /u? + u3.
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Scalar Multiplication in Coordinates

o N

y (v1,v2)
UV = Su
(u17u2)
(v
X
U9 B (0) B ())
lull ol sfjul
Vo — SuU9

s(uy,us) = (suy, sug)



Vector Addition in Coordinates

o N

A (wla w2)

w1 = Ul + U1

L (Ul,UQ) + (121,?}2) — (U1 + v1, ug + Ug) J



Standard Basis Vectors

(ul,ug) — ul(l, O) + UQ(O, 1) — uije1 + uoen
e1 = (1,0), ey =(0,1)
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A Nonstandard Basis

w = au+ PBu



© © o o o o o

Rules of Vector Algebra

(u+v)+w=u+ (v+w). (Associative Law)
u+ v = v+ u. (Commutative Law)

0 + v = v. (Additive Identity)

v+ (—v) = 0. (Additive Inverse)

s(u +v) = su + sv. (Distributive Law)

(s + t)u = su + tu. (Distributive Law)

lu = u.

|
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Dot Product
-

# The angle 0 between two vectors.

0
U
# Definition of dot product
u-v = [[ull ||v]| cos(f).
0-v=0.

® u-u=|ul

L’ uw-v=0 < u L . J
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L aw of Cosines

¢ = a* + b* — 2abcos(H).



Formula for Dot Product

2 2 2
lu = o||” = flull” + [[v]|” = 2[ull {[v]] cos(6)

= lul||” + ||v 2—2u-v

2u-v = ||ul|* + ||v]|* = ||u—v]*.




Dot Product in Components
N -

2u-v = Jul* + [[v]|* = Jlu— o]
= [I(ur, ua)[I* + | (v, v2)[* = [[(ur = w1, ug = va)]|?
— ud 4+ us 4+ v7 +v5 — [(ug — v1)? + (ug — v2)?]
= uf +uj + 0} + 03 — (g —v1)? = (ug — v2)°
= uf +us + v 4+ v5 — (uf — 2uiv 4+ vF) — (U5 — 2uvy + v5)
:u%—l—ug—l—v%—kv%—u%—FQulvl —v%—u%+2u2vg—v%

= 2u1v1 + 2ugv9.

UV = ULV + UV9.

Geometric Transformations | — p.19/39



Properties of Dot Product

f # Rules of Algebra for Dot Product
o u-u=|ul*
$ U-V=7"U.
s (su)-v=s(u-v)=1u-(sv)

s u-(V+w)=u-v+u-w.

# Compute the angle in terms of components

U - v
0 = arccos( )
Jul Jv]]

# Exercise: If w and v are orthogonal unit vectors (i.e.,
|ull =1) and w = au + Bv, show a = w-u and g = w - v.
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Matrices
L -

# Anm x n matrix is a rectangular array of numbers with
m rows and n columns.

# Example:

1 2 3|
2 0 5|’

A= 2 % 3.

® q;; denotes the entry in row ¢ and column j.

o |
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-

ail
as1
A= |asl

Am1l

# A general matrix

M atrices

a2 a3
azz  a23
a32 433
Am2 Um3

Amn

# Matrix addition and scalar multiplication are defined
slotwise, like vectors

.

|

Geometric Transformations | — p.22/39



Matrix Multiplication

-

# Size condition for multiplication:

(m xn)-(nxXp) =mxp.

® (Ixn)-nx1)=1x1

[al a2 asz ... Qap

— a1by1+agbs+aszbs+---+a,by,.

|
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Matrix Multiplication

® Entriesof C = AB

Cij — ROWZ'(A) COlj(B).

#® |mportant Cases:

Axr =

AB

ai1
a21

ail
a21

a12

a22

a12

a22

L1

L2

b11
bo1

a11b11 + ai12b21
a21011 + a22b22  a21b612 + a22b22

a11xr1 + a12x2

b12

522_

a11b12 + a12b92

a211 + 92222

|
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-

Multiplication isnot Commutative!

# |f AB and BA are the same size, they must both be
n x n for some n.

# Example

-

|
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Ways of L ooking at Multiplication

-

Ax =

® Consider Azx

a11xr1 + a12x2 ail ai2
a21x1 + a22T2 a1 a2

-

= r1 + T2

— x1 Coly (A) -+ I9 COIQ(A).

® Aey = Coly (A) and Aey = CO]Q(A).

# Consider yB

e w

= {ylbll + Y2021 Y1612 + y2b22}

= y1 Rowy (B) + Y2 ROWQ(B).

|
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Ways of L ooking at Multiplication

® In terms of rows and columns

# Rules of Algebra for Matrix Multiplication
s (AB)C = A(BC). (Assocative Law)

o

e o ©

Alby | ba] = [Aby | Abs].

ai

a2

B —

alB

CLQB .

-

A(B+C)=AB + AC. (Left Distributive Law)
(A+ B)C = AC + BC'. (Right Distributive Law)
(sA)B = s(AB) = A(sB).

A0 =0and 08B = 0.

|
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| nvertible M atrices

o N

# [, denotes the n x n identity matrix. It has ones on the
diagonal and zeros elsewhere.

1 O- I 0 0
I = , I3=10 10
2 01 3
- 00 1
® IfAiIsmxn
I,A=A=Al,.
#® Alsinvertible or nonsingular if there is a matrix B
such that
AB=BA=1

o |
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| nvertible M atrices

-

# Only square matrices can be invertible.

® B is unique, if it exists, and is denoted A~

A lA=A4"1 =T

e (A Hl=A

® The Determinant of A =

det(A) = |

Is defined by

c = ad — be.

|
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| nvertible M atrices

o N

# Theorem TFCAE.
1. Ais invertible.
2. The only column vector x such that Az =01s x = 0.

3. det(A) # 0.
® (1) = (2). Multiply both sides of Az =0by A1,

® (2) = (3). Instead, do Not (3) = Not (2). Assume
ad — bc = 0. Of course, 0x = 0 for all z. Suppose A # 0.
Then at least one of the vectors

L IS not zero. J
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-

.

so (2) falls.

# Continuing, compute

A7l =

1
det(A)

_ad — bc_
bd — bd

—ac + ac

—bc + ad

—b a

d —c

| nvertible M atrices

® (3) = (1). Just check that this forumla works:

|
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Exerciseson I nvertiblity

-

If A and B are invertible, sois AB and
(AB)"! = B~tA-1,

A 1s invertible if and only if the equation Ax = b has a
unique solution x for every column vector b.

Show by brute force computation (for 2 x 2 matrices)
that det(AB) = det(A) det(B).

Show that if det(A) = 0, one of the columns of A is
multiple of the other.

Show for 2 x 2 matrices that if AB = I, then B = A1
and if BA=1then B= A1,

|
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| inear Transformations

o N

# A transformation 7: R? — R? is linear if
T(u+v) = T(u) + T(v); T(su) = sT (),
or, equivalently,
T(ou + Bv) = aT(u) + BT (v).

® If Aisa matrix, T'(x) = Ax IS linear.

#® Proposition. If T'is linear, there is a unique matrix A so
that T'(x) = Az. Infact, A = [T'(e1) | T'(e2)].

o |
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| inear Transformations

® Proof:

T(x) — T($161 -+ 513262)

—= CClT(el) -+ ZIZQT(GQ)

= [T'(e1) | T(e2)]

L1

513'2.

# Let T be rotation by angle 8 around the origin. Why is

this linear?

|
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Rotations




Rotations

T(u+wv)="T(u)+T(v)



M atrix of Rotation

-

#® We needto find T'(e;) and T'(e2).
Y

T'(e2)




M atrix of Rotation

-

#® We know T'(e1) from trig:
Y

T(e,) (cos(f),sin(6))
0

B
€1 i




M atrix of Rotation

o N

® T(eo) must be (—sin(#d), cos(f)) or (sin(f), — cos(h)).
Check the signs.

T'(eg) = (—sin(f), cos(f)).
L’ (e2) = (—sin(0), cos(0)) |



M atrix of Rotation

The matrix of rotation through angle 0 is

_ cos(#) —sin(0)

R(6) = _ sin()  cos(6)

R(O)R(p) = R(0 + ») = R(p)R(0).

Compare enteries. Use cos(—0) = cos(f) and
sin(—f) = —sin(f). We get the Additon Laws for sine
and cosine

cos(f + @) = cos(0) cos(p) F sin(f) sin(yp),
sin(f 4 ) = sin(A) cos(p) + cos() sin(yp).

|
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